LECTURE NOTES FOR REPRESENTATIONS DE GL,(Qp) ET (6,T)—
MODULES

DAVID ROE

1. OUTLINE
In this section I outline Colmez’s arguments without any of the proofs.

2. Representations of GLy(F'). In this section Colmez defines a bunch of subgroups of G. See
the Definitions section.

2.1. GLy(F)and its subgroups.

Proposition (2.1). (i) The subgroup of G genemted by (897 and (4. Y) is SLyOp.

(i) The subgroup of G generated by () “F) and ( 71% 1) is SLy(F).
2.2. The tree of PGLy(F'). Colmez defines the “tree” of PGLy(F'), whose vertices are homothety
classes of lattices in Fe; @ Fey, and with oriented edges between lattices of index index p in some

scaling of the other. See .7, D(a,n),.#,d(s,s'),0n, £(1), Hsy.s1), and s, in the Definitions section
for more details.

2.3. Representations of G.

Lemma (2.2). If M is an O1-module of finite length with a continuous action of U™ then UT acts
trivially on M.

Lemma (2.3). Let Il € Rep,, G. If M C 11 is a sub-Or-module of finite length stable under A then
M is stable under G and fized by SLo(F).

2.4. The presentation of a representation of G.

Lemma (2.4). If Il € Rep,, G then there exists W C 11 of finite type over Opthat is stable under
KZ and generates 11 as a G-module.

2.5. Representations admitting a standard presentation.

Lemma (2.6). Let Il € Repy, G, suppose W € #/ (1), and set W' =W N (”*1 (1)) -W. Then
1) (98)-W'=(39) - W', in particular, (59) - W' is contained in W.
(ii) W’ is stablized by I7(1) and (2}).

Proposition (2.7). Given the following data:

o A finite type Or-module W with action of KZ,
o A sub-Op-module W' of W stable under I7(1) and (2}),

o An isomorphism v: W' — (98) - W' such that o(g-z) = (§9)g(75" 9) - t(z) for all z € W’
and g € I(1), and such that o((9}) - 1(v)) = (2F) - v for allv e W';
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and making the following definitions:

o R(W, W' 1) as the sub-Or|G]-module of I(W) generated by the [(§9),v] = [(§9),¢(v)] for
veWw,

o Il = [(W)/R(W, W', 1),

o W and W' the images of W and W' in 11,

then I(W)/R(W ,1I) is a standard presentation of I and W =Wn (75" 9) - W.

Lemma (2.8). If a system of representatives for G/H is fized, then every element R of R(W, W’ 1)
can be expressed uniquely as

R= Y g-(1(59), v [(39),(vy)]) -
geG/H
Lemma (2.10). If W € #/(II), the following conditions are equivalent:

(i) W ewO(I);
(ii) Given any subtree T' of T, extremity [so,s1] of 7', and R =) _ /s, x5 € R(W,II) with

support included in ', we have sy - x5, € 5o+ W.
Lemma (2.11). If W € wO(I1), then W € 5w (O (11).

Corollary (2.12). If 11 admits a standard presentation, then for all W' € W (1), there exists
W" e wO(I) containing W'.
Proposition (2.13). Let 0 — II; — II — II; — 0 be an evact sequence of objects in Rep,, G.

(i) If I admits a standard presentation, then so do I1; and Ils.

(ii) If I} and Iy admit standard presentations, then so does II.

2.6. Representations of complexity < 1.

Lemma (2.14). If W € #/(Il), the following conditions are equivalent.
(i) W e wW(I);
(ii) Given any subtree T' of T, extremity [so, s1] of 7', and R € R(W,II) with support included
in T, there exists Ry € R (W, 1) such that R — s, - Ry has support in T' — {sq}.

Corollary (2.15). If W € # O (11) and if R € R(W,11) has support 7', then there is a finite family
of pairs {(g;, R;) : i € I} with g; € G and R; € RY(W, 1) such that

e foralli €I, g;- R; is supported in 7', and

* R=3 19 Ri.
Lemma (2.16). If W € # O (I1) then W € (O (11).

Corollary (2.17). IfII is of complexity < 1, then for all W' € # (II), there exists W" € () (II)
containing W'.

Proposition (2.18). Let 0 — II; — II — Iy — 0 be an ezact sequence of objects in Rep,, G. If I
and 11y are of complexity < 1, then so is II. More precisely, if Wy € # (V(Ily), and if W, is a finite
type sub-Or-module of 11y then there exists W &€ 7/(1)(1_[), containing W1y, with image Wy in Il,.
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2.7. Duals.
Lemma (2.19). If 7' is a subtree of 7, then

(Zs-w> — I((, (W, 1)) 7).

s€T’

Lemma (2.20). If g € G and if p € IIY then p is zero on Jy if and only if g - p is zero on T,y

Lemma (2.21). Let 7' be a subtree of T, {[sio,Si1] : @ € I} the extremities of 7' and suppose

the restriction of p € (Zseg, S - VV)v to sio- W 4 s;1 - W is zero for all i € I. Then there exists
fo € IV such that i restricted to " s - W is p and fu is identically zero on F,

i,1,550,0) °

Lemma (2.22). If W,W' € # (1) and p € 1V then the following conditions are equivalent.

(i) There exists a € N such that p, considered as an element of I'(7, % (W 1)), is zero on
D(0,a).

(ii) There exists a' € N such that u, considered as an element of T'(7,.F (W' 11)), is zero on
D(0,d’).

Corollary (2.23). Let W,W’' € # V(1) and p € TIV. Then u is compactly supported in F (resp.
F*) as an element of T'(7,. % (W,1I)) if and only if it is compactly supported as an element of
N, F(W' 1)).
Proposition (2.24). IfII € Rep,, G is of complexity < 1, the following conditions are equivalent.
(i) II3E2(0 =0,
(i) IIY is dense in II".

Lemma (2.25). If I8Y2(F) = 0 then for all finite type sub-Op-modules M, M’ of 11, there ewists
n € N with

M’ﬂ(Z(”m‘f)-M) —0 and M'N (Z(W?{”?)-M) —0

m>n m>n

2.8. The Jacquet functor II — J(II).

3. Representations of GL»(Q,).

Theorem (3.1). Every object of Rep,, G admits a standard presentation.
The irreducible objects of Rep,, G.

Theorem (3.2). (i) The representation I(r, A, x) is irreducible unless r = 0 and A = £1, in
which case I(r, A, x) is an extension of the infinite-dimensional irreducible representation
St ® xpuy o det by the character xuyodet; orr =p—1 and A = 1, in which case TI(r, A, x)
15 an extension of xuy o det by St ® xuy o det.
(ii) Ewery irreducible object in Rep,, G is isomorphic to a Jordan-Hélder factor of some IL(r, A, x).

Proposition (3.4). (i) The only isomorphisms between supersingulars are
H(Ta 07 X) = H(Ta 07 Xlufl) = H(p —-1- Ty Oa pr) = H(p —-1- Ty Oa pr:ufl)

(ii) There are no isomorphisms between supersingulars and subobjects of principal series, or
between Jordan-Holder factors of Ind%d; @ 6y and Ind%) @ & for (81, 82) # (6], ).
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2. Representations of the Borel.

Proposition (3.5). The ki[B]-module LC.(6; ® d3)is the quotient of Inng(Zp)Y((Sl, d2) by the sub-
kr[B]-module generated by Rs, s,.0-

3.3. The principal series in characteristic p.

Proposition (3.6).

(i) B(d1,02)is an object of Rep,, G with central character w™'8,0,.
(i) LC.(Qp, k1)is stable under the action of B, and there is an exact sequence of ki[B]-modules

0— LCC((Slafl (%9 (52) — B((Sl, 52) — (52 ® 51&)71 —0

Proposition (3.7). W(d1,d2) € # (B(01,92)) and R(W (01, 92), B(d1,02)) is generated as an OL[G]-
module by Rs, 5,0 and Rs, s, 00-

Corollary (3.8). I(W (61,62))/R(W (61, 62), B(d1,02)) is a standard presentation of B(d1,d2).
3.4. The Steinberg.

Proposition (3.10). The representation St admits a standard presentation and, more precisely,
Wo(w,1) € #O(St) and R(Wy(w, 1), St) is generated by [(&9), b0l — Zf:_g[(g 9), ¢4l

3.5. The Supersingulars.

Proposition (3.11). If 0 < r < p—1, and if x: Q5 — kj, then we have the isomorphisms of

representations of G,

[(WT,X) ® [(Wpflfr,xwr)
(ROa Rl)

I

H(T707X> = H(p_ 1 _T707pr)'

2. PROOFS

Proof of Proposition 3.5. Let J be a system of representatives for Q,/Z,. Then

e The matrices (p; pnc) for n € Z and ¢ € J for a family of representatives for G/KZ.

o (I 71) - 6 = 0(p)" Ly (iveyprirz,
e The p"(i + ¢), where ¢ € J and i € {0,1,...,p — 1} form a system of representatives for

Qp/ anZp'
e Considered as a kp-vector space, we have

@P? kL @ @ kL . 1b+pn+lZp @ @ kL 1b+an - E 1b+p”l+p"+1zp
n€Z beQyp /pnt17Zy n€Z beQyp/p™ZLy
p—1 _ 1-n(p"~1b
b 1b+p"Zp - Zi:o 1b+p”i+p"+12p - 51(17) (p 0 ) R61 82,0+
U

Proof of Proposition 3.6. The map v — ¢, defines a G-equivariant isomorphism of Indgél ® 09
to B(dw, 1), and therefore B(d1,ds) = Ind%d, ® §;w™. Moreover, evaluation on (§9) defines a
B-equivariant, surjective map Ind$d, ® d1w™! — 8, ® d;w~ L. After applying the aforementioned
isomorphism, the kernel of the map B(d;,d;) — o ® djw ™! is LC.(d ® 1w ™). d
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Proof of Proposition 3.7. To simplify notation, let IT = B(d1,d2), W = W (61, 8,) and § = w1605 "
for the duration of this proof. Quick calculations show that
(§1) - & = i1 it i € Z,, /Dy,
Sr—1)=06(x)(1—a7') ifx¢gZ
11, ¢m ) = { B D
(61)  Pinp(@) =9 if € 7,

. « Ya)s wi 1€ Zy/pZy
if a € (Zy/pZp)*, then (§9) - ¢ = { (a()gf))ool( e if i = og/p
(96) - di=0(=1)3(0) " i1 if i € (Zp/pZy)*, (§5) b0 = boos  (18) - b = 0
Therefore W is stable under ZG(Z, ) and thus W € W(H)
We now have d1(p) ™ (8 9) - ¢; = 14,27, and

) (5) omle) = ontefp) = { 00 HTEEE —osh T s,
i€(Zp [PLp)*
One deduces that Ry = Ry, 5,0 and Re = Ry, 5,.00 are contained in R(W,1I).

If one considers IT modulo LC.(d; ® §;w ™), then it is generated as a B-module by ¢, and R
is generated by [(29),61(p) '¢dos] — [(§ 1), doo). Let R'(W,II) be the sub-k;[B]-module of R(W,II)
generated by Ry and R,. The quotient of I(WW) by R'(W,1I), by Proposition 3.5, fits into the exact
sequence of k[B]-modules

0 — LCu(6y @ 0yw™) — I(W)/R(W,II) — kr, - oo — 0.

Since II = I(W)/R(W,1I) is a quotient of I(W)/R'(W,II) which, by virtue of Proposition 3.6,
embeds in an exact sequence of kr[B]-modules, we deduce that the natural map of I(W)/R'(W,II)
to IT is an isomorphism, and thus R(W,II) = R'(W,1I). O

Proof of Proposition 5.10. We have that Wy(w, 1) = @jez, /pz, kL - $0, Where the action of Z is trivial
and

(61) - & = bia if i € Z, /L,
(89) - ¢i = ¢ui if a € Z; and i € Z,/pZ,,
(98) - 61 = i1 if i € (Z,/0Zy)",
((1) é) * o Z Oi-
i€Zp [PLp
This gives the desired result. U

Proof of Proposition 3.11.
Lemma (3.12). In F,we have P,(c0) = (?!y and
_1)\¢ (p—1-r : . I
peiy={ CTT) H0sisp-1om,
0 ifp—r<i1<p-1.
Proof. Both sides are clearly zero if p —r <1 < p — 1. Moreover, if 0 <i < p—1—r then modulo
p one has

(p—l—r) p—1—=r)---(p—i—r) :(_1)2-(7“+1)~-~(7“+i)

{ 1! 7!

_ (1) (r+)!

= (=1)"P.(—1i).

rl.ql
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O
Lemma (3.13). The sub-K Z-module of I1(r, 0, x) generated by f(r,x) is isomorphic to Wy_1_, yur.

14+pZy  Zp

vy 1422, e 1a9) (75 §)

. 1015w .
Proof. Since (o 1) 1 is invariant under ( vz, 1+p2,) "o 1
<1+pr DLy

PLp 14pZp

), the vector f(r, x) is invariant under (8 ?) (

). Moreover, we have
(98) - (o) = (62)(25)
(88) - flr0=(59)(89)

((31) = 1P S = 1(—1)?*‘“2‘(]”_1.”)(81‘)-1

x(=1)(oyp) - X",

1
1= x(a)a” f(r,x) = (xw"(a)) f(r, x),

1
0
0
1

]

= Y R (3
= (PP (b)) X = (59) X = (1) - 1= n(3) X

where the last equality is by Wilson’s theorem,
rllp—1—r)l = (=P (p—1)! = =(=1)P"7" = —(=1)".

Lemma (3.14). The k;, vector space R(W,11(r,0,x)) contains the relations Ry and R;.

Lemma (3.15). The OL|G]|-module generated by the relations Ry, Ry contains the sub-Op-module
(Tp - I(Wy1),0) @ (0,1, - I(Wp_1—rywr)) as a strict submodule.

O

3. DEFINITIONS

I collect in this section definitions that Colmez uses, together with references to where they first
appear.

e A (2.1, pg. 11) - The subgroup of diagonal matrices in G.

e AT (2.1, pg. 11) - The subgroup (% 9) of G.

A~ (2.1, pg. 11) - The subgroup (§ 2 ) of G.

e admissible (representation) (2.3, pg. 13) - A A-representation IT of G is admissible if 15" is
of finite type over A for each n € N.

e B (2.1, pg. 11) - The standard Borel of GLy(F), ie (§ £).

e B(s,N) (2.7, pg. 22) - For s € 7 and N € N define B(s,N) to be the set of vertices of
T of distance at most N from s. Colmez doesn’t explicitly define this notation on page 22.

e B(Z,) (3.2, pg. 27) - The Borel with entries in Z,.

—

e B(61,09)(3.3, pg. 27) - For 6,69 € 7 (kr), define B(d, d2)to be the vector space of functions
with values in kg, locally constant on @Q,, such that @ — (w™18,6; ) (z) - ¢(1/x) extends to
0 and defines a locally constant function on Q,. Equal to LC.(Q,, kL) @ k1 - ¢oo. Define a
right action of G by

(@ *s15, (¢5))(@) = (wdy ') (ad — be)(w™018; ) (ca + d)o(

ar +b
cr +d

),
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and a left action by g 5,5, ® = @ *s5,.5, 9 -

central character (2.3, pg. 13) - If IT is a A-representation then we say that w: Z — A* is a
central character of II if every g € Z acts by multiplication by w(g).

compact support (2.7, pg. 22) - We say that p € I'(7,.% (W, II)) is compactly supported
in F if there exists a € N such that u is zero on D(0c0,a), and compactly supported on
F* if it’s zero on D(0,a) and D(oco,a). It turns out that this notion is independent of W:
p € TV is compactly supported in F if there is a W € # () (II) such that u, as an element
of I'(7, #(W,1I)), is compactly supported in F', and similarly for F™*.

complexity < n (2.4, pg. 15) - If n € N we say that II is of complexity < n if there is a
W € # (1) such that R™ (W, 1) generates the & [G]-module R(W,II).

d(s,s") (2.2, pg. 12) - If s, € & and A is a representative for s, there is a unique A’
representing s’ with A’ C A and A/A’" a cyclic &r-module, ie isomorphic to O /7" O for
some n. Define d(s, s') = n.

D(a,n) (2.2, pg. 12) - An elementary open subset of P}(F), given by a + "0 for a € F
and n € Z.

D(oo,n) (2.2, pg. 12) - An elementary open subset of P!(F), defined as the complement of
D(0,1 —n). The image of D(0,n) under w.

Diss1 (2.2, pg. 13) - See s, for the definition of b. If s’ = s, then define D, ¢} to be the
elementary open of P!(F)given by the complement of b + 7"0p. If s’ = s, for x € kp
then set D, ¢ = b+ 7"2 + 7" 0k, Note that there is a typo (p in place of b in Colmez’s
definition).

elementary open in P'(F)(2.2, pg. 12) - D(a,n) or its complement for some a € F and
n e Z.

extremity (2.2, pg. 13) - If 7 is a subtree of .7, we say an edge [sg, s1] of 7" is an extremity
if 7' —{s0} C Aso,s1)-

F (2.1, pg. 11) - a complete nonarchimedian local field. In section 3, F is set to be equal to
Q,

e f(r,x) (3.5, pg. 30) - The vector (59) -1 € II(r,0,x).

e G (2.1, pg. 11) - GLy(F).

o I'(7',.F(W,II)) (2.7, pg. 21) - If II is of complexity < 1 and W € #((II) then define
(7', % (W,1I)) to be the set of p € [[,co[s, W]¥ such that (u,z) = 0 for all z € G -
RM (W, TI) supported on 7.

e H (2.5, pg. 16) - The subgroup of G generated by Z, I~ (1) and the matrix ((1) g).

e 7(2.2, pg. 12) - homothety classes of lattices in Fe; @ Fe5, where a homothety is the action
of a scalar matrix. Isomorphic to G/KZ.

I, (2.1, pg. 11) - The subgroup of K consisting of lower tringular matrices modulo 7", where
n > 1.

I~ (n) (2.5, pg. 16 (implicitly)) - The subgroup of K consisting of lower triangular matrices
modulo 7™, where n > 1.

I*t(n) (2.5, pg. 15) - The subgroup of K consisting of upper triangular matrices modulo 7",
where n > 1.

o I(W) (2.4, pg. 14) - For W € #/(II), set I(W) = Ind$ ,W.

o K (2.1, pg. 11) - GLy(OF).

e K, (2.1, pg. 11) - The subgroup of K consisting of matrices congruent to ((1) (1)) modulo 7",
where n € Z.
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e L (0.1, pg. 2) - a finite extension of Q,.

e ((I) (2.2, pg. 12) - For an oriented segment [ = [s,s'], define the length of I to be ¢(I) =
d(s,s"). The action of G on the oriented segments preserves the length, is transitive on
segments of a given length, and the stabilizer of [(eq, e2), (7"e1, €2)] is I, and the G-set of
oriented segments of length n is isomorphic to G/I,,Z.

o LC.(Qp,kr)(3.2, pg. 26) - The kyvectors space of locally constant functions with compact
support in Q,and values in kj,.

o LC.(01 ® 02)(3.2, pg. 26) - LC.(Qy, k1 )equipped with left and (and corresponding right)
actions of B,

dr —b

a

(85) 508 d(x) = 1(a)da(d)o( ),

6500, (55) (@) = 67 (@)5 (Do (“0).

o LC.(Q;, k)(3.3, pg. 29) - the vector space of locally constant functions on Q,with values
in krand compactly supported in Q.

e LC(PY(Q,),kr)(3.4, pg. 29) - B(w,1), the vector space of locally constant functions on
P!(Q,)with a left action of G defined by g- ¢ =¢xg~' and ¢ x (2})(z) = qﬁ(iﬁg)

e locally constant (representation) (2.3, pg. 13) - A representation Il of G is locally constant
(or lisse) if the stabilizer of each element v € II is open in G.

o M;s s, (2.8, pg. 24) - If M is a k[B]-module of finite length over k; with central character
wyr and 97 ® o a character of A then denote by Ms, s, the set of € M such that there is
a k(z) € N with (g —0; ®2(g))¥® -z = 0 for all g € B. Note that M, s, = 0 if 6,0, # wyy.

e P (2.1, pg. 11) - The mirabolic subgroup of GLy(F), ie (5 1').

e P (3.1, pg. 25) - used to represent an element of Sym”"k? thought of as a polynomial in X
of degree < r.

e P(00) (3.1, pg. 26) - if P € W, ,, then P(oc0) is the coefficient of X",

e Pt (2.1, pg. 11; 2.7, pg. 21) - Defined on page 11 as the monoid (ﬁFa{O} ‘ﬁF). Redefined
on page 21 as the monoid (” ﬁlF).

e P. (3.5, pg. 30) - The polynomial of degree r given by M

e principal series (3.1, pg. 26) - A representation of the form Indgél ® 0 is called a principal
series.

e R(W,II) (2.4, pg. 14) - The kernel of the morphism of G-modules from I(W) to W defined

by ¢ = > ca/kz9- o(g~").
e RO(W,II) (2.4, pg. 15) - For W € #/(II), define

ROWIL) = {[(§9).2] = [(59).9]:y e W (75" 9) - Wz = (59) -y}

o R™W(W,II) (2.4, pg. 15) - For n > 1, the kernel of the natural map @d(wo)gn[s, W] — whi,

o R(W, W' 1) (2.5, pg. 16) - If W is a finite type &7-module with an action of KZ, W’ a
sub-&-module stable under I*(1) and (2¢), and ¢ is an isomorphism W’ — (94) - W’
with the property that L(g x) =(59)g(75"9) - u(z) for all 2 € W’ and g € I7(1) and the
property that o((94) - ¢ =(97) v for all v € W', then define R(W, W', 1) to be the
sub-0y |G]-module generated by [(59),v] = [(§9),¢(v)] as v ranges over W".
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o Rs, 5,0(3.2, pg. 27 and 3.3, pg. 28) - Define
Rs o0 =1[(89) 00l — D [(59),01(p) " ¢4l.

i€Lp /pLyp

o Rs, .5,.00(3.3, pg. 28) Define
R61,62,oo = [(8(1)),51(]9)71%0] - [((1)(1))7¢oo] - Z [((1)(1))7(w71615271)(1)¢1]

i€(Zp/pLyp)*

o Ry (3.5, pg. 30) - Ry is the element of I(W, ) & I(Wy_1_, ) given by

Ro=1[(49). (0,Y" )] = [(§7) (1, 0)].
e Ry (3.5, pg. 30) - Ry is the element of I(W, ) & I[(Wp_1_rywr) given by

Ro=1[(579). 0. )] = (=1)"x(@)*[(3%), (X", 0)].

e ray from s (2.2, pg. 13) - If s € .7, define a ray from s to be a nested union of oriented
segments J, with ¢(J,) — 0o as n — oo.

e Rep,, G(2.3, pg. 13) - The category of locally constant, admissible, finite length &-
representations of G admitting a central character.

e 5,5 80,5 (2.2, pg. 12) - usually represent elements of 7.

e s, (2.2, pg. 13) - Given s € .7, there is a unique lattice A in the class of s such that the
projection of A, onto F'ey parallel to Fey is Opes. Ay M Feq will be of the form n"0're; and
there will be a b € F', uniquely defined up to 7" @p, such that Ag has Op-basis {n"e1, ea+be; }.
Fix a choice of b. For x € kp, define s, to be the class of the lattice (7" ey, eo + (b+7"%)eq)
where & € O lifts x. Define s, to be the class of the lattice (7" 'ei, es + bey). The edges
emanating from s are the set {[s, s,| : x € P(kr)}.

e St (3.4, pg. 29) - The quotient of LC(P!(Q,), k1 )by the subspace of constant functions.

e standard presentation (2.4, pg. 15) - We say that I(W)/R(W,1I) is a standard presentation
of IT if R(W, 1) is generated as an & [G]-module by W N (F9) - W. Equivalently, R(W,II)
is generated by R (W, 1I).

e supersingular (3.1, pg. 26) A representation II(r, 0, y) is called a supersingular.

e support of x (2.4, pg. 15) - The smallest subtree .7’ of Jsuch that z is supported on 7.

e supported on 7' (2.4, pg. 14) - Since I(W) = @, ,[s, W], so we can write x € I(W) as
T =7 5% with z, € [s, W]. If T is a subtree of 7, then we say that x is supported on
T ifrs=0fors¢ T

e T, (3.1, pg. 26)-If 0 <r <p-—1, Barthel and Livné construct T,,: I(W,,) — (W, ),
commuting with the action of G and such that, if g € G and P € W, ,,

Tlo. P) = 3 P(=)lg(31), 1] + P(oo)a(32). X]

7=

e 7(2.2, pg. 12) - The tree (building) of PGLy(F'). The vertices of Zare the homothety
classes of lattices in Fe; @ Fey. The oriented edges are pairs [s, s'] with d(s,s") = 1.

e 7(A) (0.1, pg. 2) - the ring of continuous characters Q; — A*, where A is a topological
ring.

e 7 (2.2, pg. 13) - If U is an elementary open of P!(F)then it corresponds to an edge [sg, s1].
Set yU = %30751).
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Fsos1) (2.2, pg.13) - The subtree issuing from [s, s1], the vertices of which are the vertices
s € J with s; € [so,5]. Note that so ¢ Fs, 5,) but 51 € Fgg5)-
UT (2.1, pg. 11) - The subgroup of G consisting of upper triangular unipotent matrices, ie

(61)

e U~ (2.1, pg. 11) - The subgroup of G consisting of lower triangular unipotent matrices, ie
( 10
Fi)
o UT(7"OF) (2.1, pg. 11) - The subgroup (} ™% ) of G, where n € Z.

~(7"Op) (2.1, pg. 11) - The subgroup ( sy, {) of G, where n € Z.

W (3.5, pg. 30) - W, , &W,_1_; yor- Represent an element as (P, ()) where P is a polynomial
in X of degree < r and ) a polynomial in Y of degree <p —1—r.

e w (2.1, pg. 11) - The matrix (9}).
o W (I1)(2.4, pg. 14) - For II € Rep,, G, denote by % (Il)the set of finite type sub-&r-modules

of II that are stable under K'Z and generate II as a G-module.

# (1) (2.4, pg. 15) - For n € N, denote by # (™ (II) the set of W € # (II) such that
R™ (W, 1) generates the €|G]-module R(W,II).

Wl (2.4, pg. 15) - If W C II is stable under K and n € N, set W™ to be the image in II
of the submodule ;. ... [s, W] C I(W).

W, (3.1, pg. 25) - the KZ-module (Sym"k?) @ y o det, where the action of K factors
through GLy(IF,).

o Wo(w,1) (3.4, pg. 29) - Defined by W (w,1)/kz - 1p1(q,).-
o W(d1,02)(3.3, pg. 28) - The kr-subspace of B(d1,0s)generated by ¢ and the ¢; for i €

Ly[PLy.
Y(é1,62) (3.2, pg. 27) - The kpvector space ey /7 ki - ¢; with the action of ZB(Z,)
obtained by restriction from LC.(d; ® d2).

e Z (2.1, pg. 11) - The center of GLy(F), ie {(39) :a € F*}.
e zero on U (2.7, pg. 21) - We say that p € I'(.7,.% (W,11)) is zero on U if the restriction

to [s, W] is identically zero for all s € 9. Equivalently, if gy € G sends Orto U then we
require (u, guh - v) = 0.

A (2.1, pg. 11) - The dihedral group generated by A and w.

X (3.1, pg. 25) - a character Q5 — k7.

L (2.5, pg. 15) - Define ¢: W — (39) - W by +(v) = (§9) - v.

on (2.2, pg. 12) - the homothety class of the lattice (7"eq, e2).

¢y (3.3, pg. 27) - For v € Ind%6; ® 0y, define ¢,: Q, — kr, by ¢u(z) = v(( 5 1)).

b0 (3.3, pg. 27) - The function on Q,defined by:

W Y (x) ifx ¢ Ly,
Poo(2) = { 0 if © € Z,.

¢; (3.2, pg. 27) - For i € Zy,/pZy, set ¢; = 1iypz, € LC(Qp, k).

7 (2.1, pg. 11) - a uniformizer for F.

IT (2.3, pg. 13) - For a ring A, a A-representation IT of G is a A-module equipped with a
left, A-linear action of G. We often implicitly set A = O7..



LECTURE NOTES FOR REPRESENTATIONS DE GL3(Qp) ET (¢,I)— MODULES 11

o ITV (2.7, pg. 21) - If II is an Op-representation of G, define the dual of II by IIV =
Hom(II, L/0). Tt is given the structure of a G module by (g - u)(v) = p(g~!-v). Y
is given the weak convergence topology, making it a compact &r-module.

ITY (2.7, pg. 22) - The set of elements of IV compactly suppported in F*. See compact
support.

I(r, A, x) (3.1, pg. 26) - For A € kz, 0 <7 < p—1and x: Q — kj define TI(r, A, x) =
(W, )/ (T, = ) - (I(W,.).

® w (3.3, pg. 27) - Define w: Q5 — F; to be the reduction modulo p of the character x — z|z|.
e wyr (2.8, pg. 24) - The central character of a finite length %k [B]-module M.

o [s,5] (2.2, pg. 12) - When s, s’ € .7, this is an oriented edge or oriented segment of the tree
.

lg,v] (24, pg. 14) - W € #(I), v € W and g € G let [g,v] be the element of (W)
defined by

0 if hg ¢ KZ.
g, W] (2.4, pg. 14) - U W € #(1I) and g € G, set [g,W] = {[g,v] : v € W}. This is a
submodule of I(W) depending only on the class of g in G/KZ = 7. It’s image under the
map to II is the translate g - WW.
[s, W] (2.4, pg. 14) - Since [g, W] depends only on the class of g in G/KZ = 7 we can
define [s, W] in the natural way.
(u,v) (2.7, pg. 21) - If p € I1Y and v € II then (u,v) is the result of applying u to v.
® 500 (3.2, pg. 26) - see LC.(d; ® dy)and B(dy, da).
® X505, (3.2, pg. 27) - see LC.(d; ® dy)and B(dq,ds).

hg-v ifhge KZ,
[g,vwwz{ g-v ifhg



