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Abstract. We describe a function-sheaf dictionary for one-dimensional char-

acters of arbitrary smooth group schemes over finite fields. In previous work,
we considered the case of commutative smooth group schemes and found that

the standard definition of character sheaves produced a dictionary with a non-

trivial kernel. In this paper, we give a modification of the category of character
sheaves that remedies this defect, and is also extensible to non-commutative

groups.
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Introduction

In previous work [1], we generalized the function-sheaf dictionary from connected,
commutative, algebraic groups over a finite field k to smooth commutative group
schemes G over k. Writing G(k)∗ for Hom(G(k), Q̄×` ), we described a category
CS(G) of character sheaves on G and a surjective homomorphism TrG : CS(G)/iso →
G(k)∗. In contrast to the connected case, TrG may have nontrivial kernel; we gave
an explicit description of its kernel as H2(π0(Ḡ), Q̄×` )Fr [1, Thm. 3.6].

The first aim of this paper is to repair this defect in the function-sheaf dictionary
by describing a full subcategory CCS(G) of CS(G) so that TrG restricts to an isomor-
phism CCS(G)/iso → G(k)∗. We refer to the resulting objects as commutative char-
acter sheaves, since the passage from CS(G) to CCS(G) involves a condition that ex-
changes the inputs to the multiplication morphism on G (see Definition 2.1). When
G is connected, all character sheaves on G are commutative. This category clarifies
several questions about character sheaves on G: invisible character sheaves [1, Def.
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2.8] are precisely those that are not commutative, and Tr−1G : G(k)∗ → CCS(G)/iso
provides a canonical splitting of TrG : CS(G)/iso → G(k)∗ [1, Rem. 3.7].

Next, we broaden our scope further to encompass smooth group schemes G
that are not necessarily commutative. In this paper, we do not consider Lusztig’s
geometrization of arbitrary characters of connected, reductive groups G(k) using
character sheaves [5, Def. 2.10], but focus on the case of 1-dimensional characters
G(k)∗ assuming only that G is smooth, allowing for the possibility that G is not
connected and not reductive. The category CS(G) has a straightforward general-
ization to this case, but again there are more linear character sheaves than there
are characters, as pointed out by Kamgarpour [4, (1.1)]. We define a category
CCS(G) and a forgetful functor to CS(G) so that TrG : CCS(G)/iso → Gab(k)∗ is an
isomorphism. Since Gab(k)∗ surjects onto G(k)∗, it follows that for each character
χ ∈ G(k)∗ there is a commutative character sheaf L on G with TrG(L) = χ. More-
over, we find that pullback along the quotient q : G → Gab defines an equivalence
of categories CCS(Gab) → CCS(G). Note that the functor CCS(G) → CS(G) is not
essentially surjective, missing the kinds of linear character sheaves highlighted by
Kamgarpour.

Finally, we use the category CCS(G) to give a geometric description of generic
types for supercuspidal representations of connected reductive groups over local
fields. In this way, we provide all of the ingredients needed to parametrize super-
cuspidal representations of arbitrary depth in the same category: perverse sheaves
on group schemes over finite fields.

In Section 1, we recall the category CS(G) from [1] and note that it still makes
sense when G is not commutative. We focus on the case of commutative G in
Section 2, giving the definition of a commutative character sheaf and proving our
first main theorem, that TrG : CS(G)/iso → G(k)∗ induces an isomorphism on
CCS(G)/iso.

Passing to the case that G is non-commutative, we give the definition of and main
results about commutative character sheaves in Section 3. We note that we should
only consider character sheaves that arise via pullback from Gab in order to elimi-
nate those that have nontrivial restriction to the derived subgroup. This observation
underlies the definition of commutative character sheaves for non-commutative G.
We state our second main theorem, that pullback along the abelianization map
defines an equivalence of categories CCS(G) → CCS(Gab). In Section 3.2, we use
Galois cohomology to describe the relationship between G(k)∗ and Gab(k)∗. We
also compute the automorphism groups in CCS(G). Then in Section 3.4, we give
proofs of the results in Section 3, which require a development of equivariant linear
character sheaves.

1. Recollections and definitions

Let G be a smooth group scheme over a finite field k; that is, let G be a group
scheme over k for which the structure morphism G → Spec(k) is smooth in the
sense of [3, Def 17.3.1]. This implies G → Spec(k) is locally of finite type, but
not that it is of finite type. We remark that the identity component G0 of G is of
finite type over k, while the component group scheme π0(G) of G is an étale group
scheme over k, and both are smooth over k.

In this paper we use a common formalism for Weil sheaves, writing L for the
pair (L̄, φ) where L̄ is an `-adic sheaf on Ḡ :=G ⊗k k̄ and where φ : Fr∗ L̄ → L̄ is
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an isomorphism of `-adic sheaves. We also follow convention by referring to L as
a Weil sheaf on G. We will also write α : L → L′ for a morphism α : L̄ → L̄ such
that

Fr∗ L̄ Fr∗ L̄

L̄ L̄

φ

Fr∗ α

φ′

α

commutes, where L′ refers to (L̄′, φ′). While this simplifies notation considerably,
it is, unfortunately, not consistent with our earlier paper.

We write m : G × G → G for the multiplication morphism, and G(k)∗ for
Hom(G(k), Q̄×` ). Define θ : G×G→ G×G by θ(g, h) = (h, g).

When G is commutative, a character sheaf on G is a triple (L̄, µ, φ), where L̄ is
a rank-one `-adic local system on Ḡ, µ : m̄∗L̄ → L̄�L̄ is an isomorphism of sheaves
on Ḡ×Ḡ, and φ : Fr∗G L̄ → L̄ is an isomorphism of sheaves on Ḡ; the triple (L̄, µ, φ)
is required to satisfy certain conditions [1, Def. 1.1]. Write CS(G) for the category
of character sheaves on G.

Even when G is not commutative, the category CS(G), defined as in [1, Def. 1.1],
still makes sense. In order to distinguish the resulting objects from the character
sheaves of Lusztig, we will refer to the former as linear character sheaves (to evoke
the one-dimensional character sheaves of [4]).

2. Commutative character sheaves on commutative groups

We consider first the case that G is commutative, which will be used for general
smooth G. Let L be a character sheaf on G. Since m = m ◦ θ in this case, there
is a canonical isomorphism ξ : m∗L → θ∗m∗L. There is also an isomorphism
ϑ : L� L → θ∗(L� L) given on stalks by the canonical map L̄g ⊗ L̄h → L̄h ⊗ L̄g.

Definition 2.1. A character sheaf (L, µ) on a smooth commutative group scheme
G is commutative if the following diagram of Weil sheaves on G×G commutes.

m∗L L� L

θ∗(m∗L) θ∗(L� L)

ξ m=m◦θ

µ

ϑ

θ∗µ

We write CCS(G) for the full subcategory of CS(G) consisting of commutative char-
acter sheaves.

2.1. Eliminating Invisible Character Sheaves. In [1, Thm. 3.6], we showed
that TrG : CS(G)/iso → G(k)∗ is surjective and explicitly computed its kernel.
In this section, we show that the corresponding map TrG : CCS(G)/iso → G(k)∗

for commutative character sheaves is an isomorphism. We begin by reinterpreting
Definition 2.1 in terms of cocycles.

Let G be a commutative étale group scheme over k. For a character sheaf L on G,
recall [1, §2.3] that SG : CS(G)/iso → H2(E•G) is an isomorphism mapping [L] to [α⊕
β], where E•G is the total space of the zeroth page of the Hochschild-Serre spectral
sequence, α ∈ C0(W, C2(Ḡ, Q̄×` )) is obtained from µ and β ∈ C1(W, C1(Ḡ, Q̄×` )) is
obtained from φ.
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Let a ∈ Z2(Ḡ, Q̄×` ) correspond to α. We say that [α⊕β] ∈ H2(E•G) is symmetric
if a(x, y) = a(y, x) for all x, y ∈ Ḡ. This condition is well defined, since every
coboundary in B2(Ḡ, Q̄×` ) is symmetric. The connection between commutative
character sheaves and symmetric classes is given in the following lemma.

Lemma 2.2. Suppose G is a smooth commutative group scheme, and let L be a
character sheaf on G. Then L is commutative if and only if SG(L) is symmetric.

Proof. The symmetry of SG(L) is a direct consequence of the commutativity of the
diagram in Definition 2.1 after choosing bases for each stalk. �

We may similarly define a symmetric class in H2(Ḡ, Q̄×` ) to be one represented
by a symmetric 2-cocycle. The following lemma will allow us to show that there
are no invisible commutative character sheaves.

Lemma 2.3. Let Ḡ be a commutative group. Then the only symmetric class in
H2(Ḡ, Q̄×` ) is the trivial class.

Proof. By the universal coefficient theorem,

0→ Ext1Z(Hn−1(Ḡ,Z), Q̄×` )→ Hn(Ḡ, Q̄×` )→ Hom(Hn(Ḡ,Z), Q̄×` )→ 0

is exact for all n > 0. When n = 2, using the fact that Ḡ is commutative, we have
that H1(Ḡ,Z) ∼= Ḡ and that H2(Ḡ,Z) ∼= ∧2Ḡ. We get

0→ Ext1Z(Ḡ, Q̄×` )→ H2(Ḡ, Q̄×` )→ Hom(∧2Ḡ, Q̄×` )→ 0.

The map H2(Ḡ, Q̄×` )→ Hom(∧2Ḡ, Q̄×` ) maps a 2-cocycle f to the alternating func-
tion

(x, y) 7→ f(x, y)

f(y, x)
.

Thus the cohomology classes represented by symmetric cocycles are precisely those
in the image of Ext1Z(Ḡ, Q̄×` ). But Ext1Z(−, Q̄×` ) vanishes because Q̄×` is divisible.

�

Lemma 2.4. If G is a connected commutative algebraic group over k then every
character sheaf on G is commutative.

Proof. We can use étale descent to see that pullback by the Lang isogeny defines
an equivalence of categories between local systems on G and G(k)-equivariant local
systems on G. Thus every character sheaf on G arises through the Lang isogeny;
since the covering group is G itself, which is commutative, every character sheaf on
G is commutative. �

Theorem 2.5. If G is a smooth commutative group scheme over k then TrG :
CCS(G)/iso → G(k)∗ is an isomorphism.

Proof. Suppose first that G is étale. Consider the isomorphism of short exact
sequences

0 ker TrG CS(G)/iso G(k)∗ 0

0 H0(W,H2(Ḡ, Q̄×` )) H2(E•G) H1(W,H1(Ḡ, Q̄×` )) 0

SG

TrG

from [1, Prop. 2.7].
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Suppose that L is a commutative character sheaf with tL = 1, and set [α, β] =
SG([L]). Then SG([L]) is in the image of H2(Ḡ, Q̄×` )W , so is cohomologous to [α′, 0].
Since α is symmetric and coboundaries are symmetric, α′ is symmetric as well. So
by Lemma 2.3, α′ is cohomologically trivial, and thus [L] is trivial as well.

To see that TrG is still surjective on CCS(G)/iso, note that the character sheaf
constructed in the proof of [1, Prop. 2.6] has trivial α, and is thus commutative.

For general smooth commutative group schemes, we use Lemma 2.4 and the
snake lemma, as in the proof of [1, Thm. 3.6] �

Remark 2.6. Since H0(W,H2(Ḡ, Q̄×` )) is not necessarily trivial [1, Ex. 2.10], the
functor CCS(G)→ CS(G) is not an equivalence of categories in general.

3. Commutative character sheaves on non-commutative groups

We now consider the case of a smooth group scheme without the commutativity
assumption. We start by relating character sheaves on G to character sheaves on
its abelianization.

If χ ∈ G(k)∗ is a character, it must vanish on the derived subgroup Gder(k).
Kamgarpour gives an example [4, (1.1)] of a character sheaf that does not vanish
on Gder, defined by the extension

1→ µn → SLn → PGLn → 1.

In order to obtain a relationship between character sheaves on G and characters of
G(k), he opts to give a different definition of commutator. Since we already need to
adapt our notion of character sheaf, even in the commutative case, we instead add
restrictions to the definition of commutative character sheaf and leave the definition
of Gder unchanged.

3.1. Definition. In order to get character sheaves that correspond to characters
in G(k)∗, we must discard those character sheaves whose restriction to the derived
subgroup is nontrivial. The following proposition will be proven in Section 3.4.5.

Proposition 3.1. Suppose G is a smooth group scheme and L ∈ CS(G) is a linear
character sheaf on G. Then the restriction of L to Gder is trivial if and only if
L ∼= q∗(Lab) for some character sheaf Lab on Gab.

We may now define commutative character sheaves on G. Suppose (L, µ) is a
linear character sheaf on G such that its pull-back along j : Gder ↪→ G is trivial; let
β : L|Gder

→ (Q̄`)Gder
be an isomorphism in CS(Gder). Let CS ′(G) be the category

of such triples, (L, µ, β), in which a morphism (L, µ, β)→ (L′, µ′, β′) is a morphism
α : (L, µ)→ (L′, µ′) in CS(G) such that β = β′ ◦ α|Gder

.
Every β : L|Gder

→ (Q̄`)Gder
determines an isomorphism γ : m∗L → θ∗m∗L

as follows. Let c : G × G → Gder be the commutator map, defined by c(x, y) =
xyx−1y−1. Then c is a smooth morphism of k schemes. Set m′ = i ◦m ◦ θ; then
j ◦ c = m ◦ (m × m′). Then, β : L|Gder

→ (Q̄`)Gder
determines the isomorphism
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γ′ : m∗L ⊗ θ∗m∗i∗L → (Q̄`)G×G by the diagram of isomorphisms, below.

(1)

c∗(L|Gder
) c∗((Q̄`)Gder

)

c∗j∗L (Q̄`)G×G

(m×m′)∗m∗L m∗L ⊗ θ∗m∗i∗L

(m×m′)∗(L� L) m∗L ⊗ (m′)∗L

c∗(β)

j◦c=m◦(m×m′)

(m×m′)∗(µ)

γ′

m′=i◦m◦θ

In the diagram above, the arrows labeled with equations come from canonical iso-
morphisms of functors on Weil sheaves derived from the equations; so, for exam-
ple, the middle left isomorphism comes from (m × m′)∗m∗ ∼= c∗j∗ since j ◦ c =
m ◦ (m×m′). Using the monoidal structure of the category of Weil local systems
on G×G, the isomorphism γ′ : m∗L⊗θ∗m∗i∗L → (Q̄`)G×G defines an isomorphism

m∗L → (θ∗m∗i∗L)∨.

Since (θ∗m∗i∗L)∨ ∼= θ∗m∗i∗(L∨) canonically, and since L∨ ∼= i∗L, canonically, this
defines the promised isomorphism

γ : m∗L θ∗m∗L.

Definition 3.2. The category CCS(G) of commutative character sheaves on G is
the full subcategory of CS ′(G) consisting of triples (L, µ, β) such that the following
diagram of Weil sheaves on G×G commutes,

m∗L L� L

θ∗(m∗L) θ∗(L� L)

γ

µ

ϑ

θ∗µ

where γ : m∗L → θ∗m∗L is the isomorphism built from β : L|Gder
→ (Q̄`)Gder

,
above.

3.2. Objects and maps in commutative character sheaves. Suppose G is
commutative, so Gder = 1. Suppose (L, µ, β) is an object in CS ′(G). Then β :
L1 → Q̄` is an isomorphism in CS(1), and unique by [1, Thm 3.9]. Tracing through
the construction of γ : m∗L → θ∗m∗L from β : L1 → Q̄`, we find that γ : m∗L →
θ∗m∗L is the canonical isomorphism coming from the equation m = m ◦ θ. Thus,
when G is commutative, Definition 3.2 recovers Definition 2.1. The next result
generalizes this observation.

Theorem 3.3. Pull-back along the abelianization q : G → Gab defines an equiva-
lence of categories

CCS(Gab)→ CCS(G).
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Sections 3.4.1, 3.4.2, 3.4.3 and 3.4.4 set up machinery needed to prove Theo-
rem 3.3. The precise definition of the functor CCS(Gab) → CCS(G) will be given
with the proof of Theorem 3.3, in Section 3.4.6.

Theorem 3.3 shows that CCS(G) is a categorical solution to the problem that lin-
ear character sheaves on G need not be trivial on Gder, as discussed at the beginning
of Section 3; at the same time, it is the categorical solution to the problem, dis-
cussed in Section 2.1, that the dictionary between linear character sheaves on Gab

and characters of Gab, need not be perfect. But a description of CCS(G) requires,
at the very least, a description of isomorphism classes of objects, and maps.

Corollary 3.4. Category CCS(G) is monoidal and CCS(G)/iso ∼= Hom(Gab(k), Q̄×` ),
canonically. Every map in CCS(G) is either trivial or an isomorphism, and the au-
tomorphism group of any object in CCS(G) is Hom(π0(Gab)Fr , Q̄×` ), canonically.

3.3. Geometrization of characters.

Theorem 3.5. The trace of Frobenius Tr : CCS(G)/iso → G(k)∗ fits into the fol-
lowing diagram,

CCS(Gab)/iso CCS(G)/iso

1 ∆∗G Gab(k)∗ G(k)∗ 1,

Tr∼=

∼=

Tr

where ∆G denotes the image of the connecting homomorphism Gab(k)→ H1(k,Gder).
Thus, category CCS(G) geometrizes characters of G(k) in the following sense: for
every group homomorphism χ : G(k) → Q̄×` there is an object (L, µ, β) in CCS(G)

such that tL = χ. The geometrization of χ : G(k) → Q̄×` is not unique, but the
group of isomorphism classes of possibilities are enumerated by ∆∗G.

Proof. By the definition of ∆G, we have a short exact sequence

1→ G(k)/Gder(k)→ Gab(k)→ ∆G → 1.

Applying Hom(−, Q̄×` ) and using the fact that every homomorphism G(k) → Q̄×`
vanishes on Gder(k), we get

1→ ∆∗G → Gab(k)∗ → G(k)∗ → 1.

By Theorem 3.3, the map CCS(Gab)/iso → CCS(G)/iso is an isomorphism. More-
over, since both CCS(Gab)/iso → CCS(G)/iso and Gab(k)∗ → G(k)∗ are defined by
pullback along q, the square in the statement of the theorem commutes. Finally,
Tr : CCS(Gab)/iso → Gab(k)∗ is an isomorphism by Theorem 2.5. �

Remark 3.6. Note that when H1(k,Gder) = 0, as is the case when Gder(k̄) “is sim-
ply connected,” then CCS(G)/iso ∼= G(k)∗, so we succeed in geometrizing characters
of G(k) on the nose.

3.4. Proofs for results from Section 3.1.
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3.4.1. Equivariant Weil local systems. Let G be a smooth group scheme over k, as
above. Let H be a group scheme and write n : H ×H → H for the multiplication
morphism. Let a : H × G → G be a group action compatible with the group
structure on G and write p : H ×G→ G for projection. Consider the morphisms

H ×H ×G H ×G G
b1,b2,b3 a

p

defined by

b1(h1, h2, g) = (h1h2, g)

b2(h1, h2, g) = (h1, h2g)

b3(h1, h2, g) = (h2, g).

Note that

a ◦ b1 = a ◦ b2
a ◦ b3 = p ◦ b2(2)

p ◦ b1 = p ◦ b3.

Define s : G→ H ×G by s(g) = (1, g). An H-equivariant Weil local sytem on G is
a Weil local system L on G together with an isomorphism

ν : a∗L → p∗L

of Weil local systems on H ×G such that

(3) s∗(ν) = idL

and the following diagram of isomorphisms of local systems on H×H×G commutes.

(4)

b∗2a
∗ L b∗2p

∗ L

b∗1a
∗ L b∗3a

∗ L

b∗1p
∗ L b∗3p

∗ L

a◦b1=a◦b2

b∗2(ν)

p◦b2=a◦b3

b∗1(ν) b∗3(ν)

p◦b3=p◦b1

Morphisms of H-equivariant Weil local systems (L, ν)→ (L′, ν′) are morphisms of
Weil local systems α : L → L′ for which the diagram

(5)

a∗L a∗L′

p∗L p∗L′
ν

a∗(α)

ν′

p∗(α)

commutes. This defines LocH(G), the category of H-equivariant Weil local systems
on G.
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3.4.2. Equivariant linear character sheaves. We define anH-equivariant linear char-
acter sheaf on G to be a triple (L, µ, ν), where (L, µ) is a linear character sheaf and
(L, ν) is an H-equivariant local system. We require that µ be compatible with ν in
the following sense. We define morphisms:

c0 : H ×G×G→ H ×G×H ×G
(h, g1, g2) 7→ (h, g1, h, g2);

c1 : H ×G×G→ G×G
(h, g1, g2) 7→ (hg1, hg2);

c2 : H ×G×G→ H ×G
(h, g1, g2) 7→ (h, g1g2);

c3 : H ×G×G→ G×G
(h, g1, g2) 7→ (g1, g2).

We require that the following diagram of Weil local systems on H×G×G commutes:

(6)

c∗2a
∗L c∗2p

∗L

c∗1m
∗L c∗3m

∗L

c∗1(L� L) c∗3(L� L)

c∗0(a∗L� a∗L) c∗0(p∗L� p∗L)

c2◦a=m◦c1

c∗2(ν)

p◦c2=m◦c3

c∗1(µ) c∗3(µ)

pi◦c1=a◦pi◦c0 p◦pi◦c0=pi◦c3

c∗0(ν�ν)

A morphism of H-equivariant linear character sheaves (L, µ, ν) → (L′, µ′, ν′) is
a morphism of H-equivariant Weil sheaves α : L → L′ which is also a morphism
of linear character sheaves. Let CSH(G) be the category of H-equivariant linear
character sheaves on G.

Lemma 3.7. If (L, µ, ν) is an H-equivariant linear character sheaf on G then
µ : m∗L → L�L and ϑ : L�L → θ∗(L�L) are morphisms of H ×H-equivariant
Weil local systems on G×G.

Proof. Define

d : H ×H ×G×G→ H ×G×H ×G
(h1, h2, g1, g2) 7→ (h1, g1, h2, g2)

a2 : H ×G×H ×G→ G×G
(h1, g1, h2, g2) 7→ (h1g1, h2g2)

p2 : H ×G×H ×G→ G×G
(h1, g1, h2, g2) 7→ (g1, g2).
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The following diagram defines the isomorphisms needed to see that both m∗L and
L� L are H ×H-equivariant Weil local systems.

a∗2(m∗L) p∗2(m∗L)

a∗2(L� L) p∗2(L� L)

d∗(a∗L� a∗L) d∗(p∗L� p∗L)

a2(µ) p∗2(µ)

a2=(a×a)◦d p2=(p×p)◦d

d∗(ν�ν)

The dashed arrows both satisfy (3) and (4) as they apply here. This diagram
also shows that µ : m∗L → L � L is a morphism of equivariant sheaves, since it
satisfies (5) as it applies here. The proof that θ∗(L�L) is also straightforward, since
a2◦θ = θ2◦a2 and p2◦θ = θ2◦p2 for the obvious θ2. Let ν2 : a∗2(L�L)→ p∗2(L�L)
be the middle horizontal isomorphism of Weil local systems, above. Then, to see
that

a∗2(L� L) a∗2θ
∗(L� L)

p∗2(L� L) p∗2θ
∗(L� L)

a∗2(ϑ)

ν2 θ∗(ν2)

p∗2(ϑ)

commutes, consider the commuting diagram of stalks, below.

Lh1g1 ⊗ Lh2g2 Lh2g2 ⊗ Lh1g1

Lg1 ⊗ Lg2 Lg2 ⊗ Lg1

ϑ

ν2 ν2

ϑ

�

3.4.3. Descent along a torsor. Now suppose q : G → G0 is a regular epimorphism
of smooth group schemes with kernel pair (a, p)

H ×G G G0.
a

p

q

Let L0 be a linear character sheaf on G0. Consider the functor

q∗ : CS(G0)→ CS(G)

given on objects by (L0, µ0) 7→ (q∗L0, (q × q)∗µ0); see [1, Lem 1.4]. This linear
character sheaf (L, µ) := (q∗L0, (q × q)∗µ0) on G comes equipped with the canon-
ical isomorphism ν : a∗L → p∗L defined by the following diagram of canonical
isomorphisms.

a∗L p∗L

a∗(q∗L0) p∗(q∗L0)

ν

q◦a=q◦p

Since this isomorphism satisfies (6), it follows that (L, µ, ν) is an H-equivariant
linear character sheaf on G. If α0 : (L0, µ0) → (L′0, µ′0) is a morphism in CS(G0),
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then q∗(α0) : (L, µ) → (L′, µ′) satisfies [1, CS4], so α is a morphism in CS(G).
These simple observations define the comparison functor

q∗H : CS(G0)→ CSH(G)

and show that the functor q∗ : CS(G0)→ CS(G) factors according to the following
commuting diagram of functors

(7)

CS(G) CS(G0)

CSH(G).

q∗

q∗H
forget

The definition of q∗H : CS(G0) → CSH(G) will be revisited in the proof of the
following result.

Lemma 3.8. If q : G→ G0 is an H-torsor in the fpqc topology then q∗H : CS(G0)→
CSH(G) is an equivalence.

Proof. First we observe that the comparison functor Loc(G0) → LocH(G) is an
equivalence. To see this, first recall that Loc is a stack on schemes over k in
the Zariski topology. Then, observe that the comparison functor for Weil local
systems is an equivalence for flat surjective morphisms of affine schemes over k.
It follows that Loc is a stack over schemes over k in the fpqc topology; see [6,
Lem 4.25] for example. (This is a slight variation on the argument showing that
quasicoherent sheaves are a stack over schemes in the fpqc topology; see [6, Thm
4.23] for example.) Since q : G → G0 is an H-torsor in the fpqc topology, is now
follows from descent theory that the comparison functor Loc(G0)→ LocH(G) is an
equivalence; see [6, Thm 4.46] for example.)

For use below, we write L1 : Loc(G0) → LocH(G) for the comparison functor,
R1 : LocH(G)→ Loc(G0) for its adjoint, and (ε1, η1) for the counit and unit of the
adjunction. Arguing as above, we also see that pull-back along q × q determines
an equivalence L2 : Loc(G0 × G0) → LocH×H(G × G). For use below, we write
R2 : LocH×H(G × G) → Loc(G0 × G0) for its adjoint and (ε2, η2) for the counit
and unit of the adjunction.

We may now revisit the definition of the functor q∗H : CS(G0) → CSH(G): on
objects, q∗H : CS(Q) → CSH(G) is given by q∗H(L0, µ0) = (L1(L0), L2(µ0)); on
maps, q∗H : CS(Q) → CSH(G) is given by q∗H(α0) = L1(α0). Direct calculation
confirms [1, CS1, CS2, CS3], (3), (4) and (6), and therefore that (L1(L0), L2(µ0))
is an object of CSH(G); likewise, L1(α0) is a map in CSH(G) after checking [1, CS4]
and (5). With this description of q∗H : CS(Q) → CSH(G) is is easy to see that it
is an equivalence. Its adjoint is given on objects by (L, µ, ν) 7→ (R1(L, ν), R2(ν)),
making use of Lemma 3.7, and on morphisms by α 7→ R1(α). The adjunction is
built from the adjunctions (ε1, η1) and (ε2, η2) for (L1, R1) and (L2, R2). �

3.4.4. Quotient by a closed subgroup. We now suppose that j : H ↪→ G is a closed
subgroup scheme over k and that the action a : H×G→ G is obtained by restricting
the action m : G×G→ G to H×G. Define f : H×G→ G×G by f(h, g) = (j(h), g)
and note that a = m ◦ f . Every H-equivariant linear character sheaf (L, µ, ν)
uniquely determines an isomorphism β : L|H → (Q̄`)H by

(8) ν = (β � id) ◦ f∗µ,
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or more precisely, by the following diagram of isomorphisms, where we write p1 :
G×G→ G for projection to the first component and p2 : G×G→ G for projection
to the second.

a∗L p∗L

f∗m∗L (Q̄`)H � L

f∗(L� L) L|H � L

m◦f=a

ν

f∗µ

p1◦f=j
p2◦f=id

β�id

In this way we see we may replace (L, µ, ν) with a triple, (L, µ, β), from which
(L, µ, ν) may be recovered. The next lemma makes that statement more precise.

Lemma 3.9. If H ↪→ G is a closed subgroup scheme over k then CSH(G) is

equivalent to the category CSH(G) of triples (L, µ, β) where (L, µ) ∈ CS(G) and
β : L|H → (Q̄`)H is an isomorphism in CS(H); a morphism (L, µ, β)→ (L′, µ′, β′)
in CSH(G) is a morphism α : L → L′ in CS(G) such that β = β′ ◦ α|H .

Proof. We have seen how every (L, µ, ν) ∈ CSH(G) determines an isomorphism
of Weil local systems β : L|H → (Q̄`)H . This isomorphism is constrained by the
conditions appearing in (3), (4) and (6). It is a straightforward, tedious exercise
to show that those conditions are exactly equivalent to the condition that the
isomorphism of Weil local systems β : L|H → (Q̄`)H is an isomorphism in the
category of of linear character sheaves on H. �

We can now give the missing proofs from Section 3.1.

3.4.5. Proof of Proposition 3.1. By [2, Thm. 3.2], the abelianization Gab :=G/Gder

exists in schemes over k and the quotient q : G → Gab is a Gder-torsor in the fppf
topology. To simplify notation below, set H = Gder and let j : H ↪→ G be the
inclusion. With reference to (7) and Section 3.4.4, consider the following diagram.

CS(H) CS(G) CS(Gab)

CS ′(G) CSH(G)

j∗ q∗

equiv

q∗H

β 7→ν
equiv

forget

Here we use the notation CS ′(G) from Section 3.1 and the observation that CS ′(G)

is precisely the category CSH(G) from Section 3.4.4 for H = Gder. Since the
quotient q : G → Gab is an H-torsor in the fppf topology [2, Thm. 3.2], it is
also an H-torsor in the fpqc topology. It now follows from Lemma 3.8 that the
comparison functor CS(Gab) → CSH(G) is an equivalence. On the other hand, by
Lemma 3.9, CS ′(G)→ CSH(G), defined by (L, µ, β) 7→ (L, µ, ν), is an equivalence.
This completes the proof of Proposition 3.1.

3.4.6. Proof of Theorem 3.3. Here we use notation from the proof of Proposi-
tion 3.1; in particular, H = Gder. By Definition 2.1, CCS(Gab) → CS(Gab) is a
full subcategory. Since the comparison functor CS(Gab) → CSH(G) is an equiva-
lence, it determines a full subcategory CCSH(G) which is equivalent to CCS(Gab),
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as pictured below. The proof of Theorem 3.3 now reduces to the following claim:
the essential image of the equivalence CSH(G)→ CS ′(G) is CCS(G).

CS(H) CS(G) CS(Gab)

CS ′(G) CSH(G) CCS(Gab)

CCS(G) CCSH(G)

j∗ q∗

equiv

q∗H

β 7→ν
equiv

forget full sub

equiv
full sub

β 7→ν
equiv

full sub

Suppose (L, µ, β) ∈ CS ′(G) and (L, µ, ν) = q∗(Lab, µab); we must show that
(L, µ, β) ∈ CCS(G) if and only if (Lab, µab) ∈ CCS(Gab). Let ξ : m∗abLab → θ∗m∗abL
be the isomorphism attached to (Lab, µab) ∈ CS(Gab) as in Section 2. Let γ :
m∗L → θ∗m∗L be the isomorphism attached to β : L|H → (Q̄`)H as in Section 3.1.
Then the diagram in Definition 3.2 is precisely the result of applying the functor
(q × q)∗ to the diagram in Definition 2.1, as pictured below; in particular γ =
(q × q)∗ξ.

m∗0L0 L0 � L0 m∗L L� L

θ∗(m∗0L0) θ∗(L0 � L0) θ∗(m∗L) θ∗(L� L)

ξ

µ0

ϑ γ

µ

ϑ
(q×q)∗

θ∗µ0 θ∗µ

By Lemma 3.7, we may interpret the diagram on the right, above, as a diagram
in LocH×H(G × G). By Lemma 3.8, this corresponds to a diagram in Loc(Gab ×
Gab), necessarily the diagram on the left, above, and also that the diagram in
Definition 3.2 commutes if and only if the diagram in Definition 2.1 commutes. In
other words, (L, µ, β) ∈ CCS(G) if and only if (Lab, µab) ∈ CCS(G). This completes
the proof of Theorem 3.3.

3.4.7. Proof of Corollary 3.4. Let us write (L, µ, β) 7→ (Lab, µab) to indicate the
equivalence appearing in Theorem 3.3; then

AutCCS(G)(L, µ, β) = AutCCS(Gab)(Lab, µab).

By [1, Thm 3.9], AutCCS(Gab)(Lab, µab) = Hom(π0(Gab)Fr , Q̄×` ).
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