Math 240 Practice Problems

Note that a few of these questions are somewhat harder than questions on the final will be, but they will all help
you practice the material from this semester.

1. Consider the three points A = (3,1,4), B = (6,4,4), C = (3,4,1).
(a) Find the area of the triangle formed by A, B, and C.

Solution. We use cross products. The area of the triangle is
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(b) Find the angles of this triangle.
Solution.
/BAC = cos™( AB-AC
|AB||AC|

= cos™! ( (3,3,0) (0,3, 9 )
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A similar calculation shows that ZABC' = %, and then the last angle is as well by subtraction from 7. So
this triangle is equilateral.

(¢) Find an equation for the plane containing A, B and C.

Solution. We found the cross product in part (a), and we can divide by 9 since any choice of normal works.
This gives an equation

—r+y+z=-3+1+4
—xr+y+z=2

2. Let v =(7,6,5) and w = (3,2, —1). Express v as the sum of two perpendicular vectors, one of which points in
the direction of w.

Solution. We project v onto w, getting

. V- -W
Projy V= -—5WwW
w2
214+12—-5
=2 """ /392 -1
9+4+1<” )

= (6,4,-2).

Thus we can express (7,6,5) as a sum of (6,4, —2) and (1,2,7) = (7,6,5) — (6,4, —2), which are perpendicular
to each other.



3. The eight vertices of a cube centered at (0,0,0) of side length 2 are at (+1,+1,+1).

(a) Find the four vertices of the cube, including (1, 1,1), that form a regular tetrahedron.
Solution. The four vertices are A =(1,1,1), B=(1,-1,-1), C =(-1,1,—-1) and D = (—-1,-1,1).
(b) A methane molecule consists of a hydrogen atom at each of the vertices of a regular tetrahedron and a

carbon atom at the center. Find the “bond angle,” i.e. the angle made by the vectors from the carbon
atom to two hydrogen atoms.

Solution. The carbon atom is at the center, so the bond angle is just given by the angle between the
position vectors for A and for B. This is

cos™! (1_1_1) ~ 1.911 ~ 109.5°
V3V3 ' '
(¢) Find the angle between two adjacent edges of the tetrahedron, and the angle between two opposite edges.

Solution. We can either use dot products to find the angle between adjacent sides,

/BAC = cos™! ﬂ
|AB| |AC|
_ -1 <0? _23_2> ) <_27Oa_2>>
( NG

=cos 1(1/2)
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(d) Find the area of a face of the tetrahedron using vectors.
Solution. The area is half the length of the cross product of the vectors along the edges, or %|<07 —2,-2) x
(=2,0,-2) = 2V/3.

(e) Find the volume of the tetrahedron using vectors.

Solution. The scalar triple product gives the volume of the parallelogram spanned by the vectors, and the
tetrahedron has volume one sixth as large — you can see an example of this by examining the triple integral

1 1—x l—z—y 1
dv = —.
INAN A

So the volume of the regular tetrahedron is

0 -2 -2
-2 0 =2|= ;
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4. Describe the set of vectors v such that - (1,1,1) = 1.

vl

Solution. We can rescale to get the equation

2 1/V3,1/V3,1/V3) = 1/V3,

vl

Since both 77 and (1/+/3,1/+/3,1/+/3) are unit vectors, this is equivalent to the condition that vy and (1//3,1//3,1//3)

are at an angle of cos™!(1/v/3), which is equivalent to the condition that v and (1,1,1) are at an angle of
cos~1(1/4/3). Since (1,1,1) is fixed, the set of such v forms a cone.

5. Consider the helix given by the parametric equation r(t) = (cost,sint,t).

(a) Find an equation for the line tangent to the helix at r(¢) (use u for the parameter of the line).

Solution. The tangent vector is (—sint, cost, 1) so the parametric equation for the tangent line is
L(u) = {cost,sint,t) + u(—sint,cost, 1) = (cost — usint,sint + uwcost, t + u).

(b) Find a parameterization for the curve traced out by the intersection of the zy-plane and the tangent lines
described above.



Solution. The line will intersect the xy-plane when z = 0, ie when ¢t + u = 0 or u = —t. We get
a parameterization for the curve by substituting into the z and y coordinates of L(u), giving (cost +
tsint,sint — tcost).

6. Consider the curve defined parametrically by r(t) = (4e3, !, 2¢%!).

(a) At what value tg is the tangent vector to r at r(¢g) parallel to the plane P given by the equation z+42y—7z =
177

Solution. The tangent at r(t) is (12e3,2¢2t 4e€?!), which will be parallel to P when (12¢3, 22!, 4¢%t) -
(1,2,—7) = 0, ie when 123! — 24e?! = 0, or to = In(2).

(b) Determine the parametric and symmetric equations of the line L tangent to r at r(to).
Solution. Plugging in ty, we have r(tg) = (4(2)3, (2)2,2(2)?) = (32,4, 8) and r'(¢y) = (96,8, 16). Rescaling

the direction vector for simplicity, we can instead use (12,1,2). So the parametric equations are

o(t) = 32412t

y(t) =4+t
2(t) =8+ 2t
and the symmetric equations are
x — 32 z—38
=y—4= .
12 2

Note that there are other correct solutions.

(¢) Determine the parametric equation of the line passing through r(ty), parallel to the plane P and perpen-
dicular to the line L.

Solution. We can use the cross product to find the direction vector: (12,1,2) x (1,2, —7) = (—11, 86, 23).
We get parametric equations

x(t) =32 — 11t
y(t) = 4 + 86t
2(t) = 8 + 23t.

7. Let @ be the point (1,4,3) and P be the plane given by the equation 2z +y — z = 4.

(a) Give parametric and symmetric equations of the line passing through @ and perpendicular to P.

Solution. The direction vector for this line is just (2,1, —1), so we get parametric equations

x(t) =142t
ylt)y =4+t
z(t)=3—1
and symmetric equations
-1
v 5 = y—4=3—-=z.

(b) Find the distance from @ to P.

Solution. We use the formula from the book, yielding a distance of

24+4-3-4] V6

Vi+1+1 6

8. Let P be the tangent plane to f(x,y) = 42> — 3y? at the point (2,4). Find the intersection of P with the
zy-plane.

Solution. The z-coordinate at (2,4) is 32 — 48 = —16 and the partials of f are f,(2,4) = 12(2)? = 48 and
fy(2,4) = —6(4) = —24. So a tangent vector is (48, —24, —1) and an equation for the tangent plane is

48(x —2) —24(y —4) — (2 + 16) = 0.
Intersecting with the plane z = 0 gives a line with equation

48z — 24y — 16 = 0.



9. Approximate the function f(z,y,z) = 2%y — 222z + 1 near the point (1,1,0) by a linear function.
Solution. The value of f at (1,1,0) is (1)%(1) — 2(1)(0) + 1 = 2, and its partial derivatives are
fm(xayaz) = 2(1)(1) - 2(0) =2

fy(x,y,z) = (1)2 =1
fo(2,y,2) = —2(1) = —2.

The linear approximation should have the same value and partial derivatives, so is given by

10. Suppose f(z,y, z) = 2yz? + 2 — yz. Compute the directional derivative of f at the point (1,1, 1) in the direction
of (1,2, —1).

Solution. We compute the partials

fe(1,1,1) = (1)(1)2+2=3
fy(17 L1) = (1)(1)2 —(1)=0
f(L,1L,1)=2)1)(1) - (1) =1

11. Consider the surface z = f(z,y) = (222 + 3y2)e* ~v".

(a) Find the first and second order partials of f.

Solution.

fT = (42 — 20(22% + 3y))e ™™ V" = (dz — 42® — 6zy?)e ™ Y
= (6y — 2y(22” + 3y ))e‘“‘z‘yz = (6y — 4%y — 6y°)e > Y’

fxac = (4 - 122% — 6y* — 2z(4x — 42® — 67Y?))e —ot =yt (4 — 2022 — 6y> + 82* + 12x2y2)67x2—y2
( 12$y - 21/(41E - 4$ ny ))ef‘r 7y = (—ZOxy + 8§U3y + 121'2/3)67127‘7!2
(6 — 422 — 18y* — 2y(6y — da?y — 6y°))e ™™ V" = (6 — 42” — 30y% + 827y* + 12y")e ™" Y

(b) Now imagine pouring water onto this surface at the point (%, %) What is the tangent plane to the surface
at this point?

Solution. We have f(3,2) = 2e71%/%6 and f,(3, %) = Ze713/36 and f,(3,1) = L2e~13/35. So an equation
for the tangent plane is

7 1336 1 13 1336 1 5 1336\ _
66 T 5 + 96 Y 3 z 66 =0.

(¢) In what direction will the water flow?
Solution. Water flows downhill. So it will flow in the direction opposite the gradient, or <—%, —19—3>.

(d) As the water level rises, it will gradually fill up a bounded xy region until spilling over and flowing out to
infinity. At what depth will this occur and at what point (or points) will the water spill over?

Solution. This will occur at the saddle points, Wthh can be found by classifying the critical points of f.
Setting f, and f, equal to 0 and noting that e —2"=v” is never zero, we get the system

4 — 42® — 6xy? = 0,

6y — 422y — 63> = 0.



The first equation holds if x = 0 or 4z + 6y> = 4, and the second holds if y = 0 or 422 + 63> = 6.
Since 4z? + 6y* can’t simultaneously equal 4 and 6 the possibilities are (0,0), (0,%+1) and ir O
Substituting these into D = fys fyy — fzy gives 24, 2 and 0 respectively, and f,, = 4 and =2 and = /2
respectively. Thus (0,0) is a minimum, (0,£1) are maxima, and the second derivative test is inconclusive
at (£4/3/2,0).

To determine what’s happening at (:I:m, 0), we can restrict to y = 0 and to the ellipse 222 + 3y? = 3.
When y = 0, we have f(z,0) = 222¢~*", which has maxima at z = +/3/2 (using the computation of
fe and fyox above). Along the ellipse on the other hand, f(z,y) = 3e=7"~v" = 3¢*=3)/2 which has a
minimum at y = 0. Since one of these restrictions is a maximum and the other a minimum, f(z,y) has a
saddle point at (+/3/2,0).

The water will spill over at the points (£4/3/2,0) at a depth of f(£+/3/2,0) = 3e=%/2.

12. Let f(x,y) = 4oy — 2%y — 29>

(a) Compute all first and second order partial derivatives of f.

Solution.

fo =4y = 3%y —y°
fy =4z — D T

fwx = _ny
foy=4— 322 — 3y°
fyy = —62y.

(b) Find and classify (as a local minimum, maximum or saddle point) all critical points of f.

(f)

Solution. Setting the first derivatives to 0 gives the system

y(4—3z> —4*) =0
(4 — 2% —3y*) =0

soeithert =y=0ory=0and4—2>=0orx=0and 4—5y%=0or 322 +y> =22+ 3y%2 = 4. The
last option gives 2(x + y)(x — y) = 0 by subtraction, and then x = +y = +1. So the critical points are
(0,0), (£2,0), (0, £2) and (&1, £1).

Computing D = fiz fyy — fry® we get —16, —64, —64 and 32 respectively. Moreover, f., = 6 at (1,—1)
and (—1,1) and f,, = —6 at (1,1) and (—1,—1). So we have saddle points at (0,0), (£2,0) and (0, £2),
local minima at (1, —1) and (—1,1) and local maxima at (1,1) and (-1, —1).

Find the global minimum and global maximum value of f on the disk of radius 2 around the origin.

Solution. Note that f(x,y) = zy(4 — 2% — 4?), so f(z,y) = 0 on the circle of radius 2. Thus the minimum
value is —2 occurring at (1, —1) and (—1, 1) and the maximum value is 2 occurring at (1,1) and (—1,—1).
If you try to use Lagrange multipliers, you’ll find that every point on the boundary is a critical point (since
the function is identically zero along that boundary).

Find the gradient of f at the point (2,2).

Solution. The gradient at (2,2) is (fz, fy) = (—24, —24).

Find the tangent plane to f at the point (2,2).

Solution. Noting that f(2,2) = —16, an equation for the tangent plane is given by

24(x —2) +24(y — 2) + (2 + 16) = 0.

Find a direction u such that Dy(f) = =22

Solution. If u = (a,b) then we need

a+v2=1
—24a — 24b = —24/5.

There are two solutions to this system: (4/5,—3/5) and (—3/5,4/5).



13.

14.

15.

16.

Let f(z,y) = 3xy — 23 —y®. Find and classify (as a local minimum, maximum or saddle point) all critical points

of f.

Solution. We have

fz = 3y — 322
fy =3z — 312
fex = —62
foy =3
fyy = —6y.

Setting the first derivatives equal to 0 gives y = 22 = y*, which has two solutions: (0,0) and (1,1). Using the
second derivative test, we find that the first is a saddle and the second is a maximum.

Let f(x,y) = vy + 2° — y3. Find and classify (as a local minimum, maximum or saddle point) all critical points

of f.

Solution. We have

fo =y + 52"
fy=2— 3y2
fre = 202°
foy =1
fyy = —6y.
Setting the first derivatives equal to 0 gives y = —5z* = —405¢y%. Sox =y =0or y = ﬁ and x = \Vﬁ'

Using the second derivative test, we find that the first is a saddle and the second is a minimum.

Find the minimum and maximum values of the function f(z,y,z) = zy® — 2z when restricted to the surface
Ty +yz = —3.

Solution. We try Lagrange multipliers.

v =Xy
3xy? = NMa + 2)
-1 =)\y.

The first and third equations imply that y = —1 and A = 1. Thus A(z+z) = (x+2z) = 3 and the second equation
becomes zy? = 1 or x = 1. Now zy + yz = —3 implies z = 2. There is thus only one critical point along this
constraint, at (1,—1,2) where f(1,-1,2) = —3.

The fact that there is only one critical point should give us pause: we need to determine what behavior f(z,y, z)
has “at infinity.” To do so, we use the constraint xy + yz = —3 to write zy = —3 — yz and then f(z,y,2) =
(=3 —y2)y? — 2 = —3y% — (¥ + 1)z. We can make this arbitrarily negative by setting z = 0 and allowing y to
increase to oo, and arbitrarily positive by setting y = 0 and allowing z to decrease to —co. Thus f(z,y, 2) has
no minimum or maximum value on this surface.

This was kind of a trick question: I won’t do this on the exam.

Find the minimum and maximum values of the function f(z,y,z) = 2%y — yz when restricted to the surface
2
?tyz+ % =4

Solution. With the previous problem as a model, we don’t use Lagrange multipliers but instead solve the
2 2
constraint for yz getting yz =4 — 2% — % and then note that f(z,y,z2) = 22y + 2% + % — 4 along this surface.

4—x%—y?/2

Note that we can allow almost any values of x and y by setting z = , with the exception that if y =0

we can only allow x = +2.

Note that we may make the expression for f(x,y,z) as large as we like by setting x = 0 and allowing y to
increase. And we may make it as small as we like by setting y = —2 and letting x increase. So this function has
no minimum or maximum value on the surface.

Again, this was a trick question that I won’t duplicate on the exam.



17.

18.

19.

20.

Suppose that the variables z, y, z satisfy an equation g(z,y, z) = 0. Assume the point P(1,1,1) lies on this level
surface of g and that Vg(1,1,1) = (—1,1,2). Let f(x,y,2) be another function, and assume that Vf(1,1,1) =
(1,2,1). Find the gradient of the function w = f(x,y, z(z,y)) of the two independent variables x and y at the
point x =1,y = 1.

Solution. We use the chain rule to compute w, and w,. We see that

Wy = fm +fzzw
wy = fy+ fa2y.

Since z(z,y) is defined by the condition that g(x,y, z(z,y)) = 0, we have that

0=9zs+9:22
0=gy+g:2y
Thus

-1 3
z = Jz z = 1 —=-.
Wy = fo— 5 =35
3
'U)y—fy fz =2-1 5

So Vw = (3, 3).

Suppose f,g and h are differentiable functions of two variables, and uw and v are differentiable functions of
one variable. Suppose that you know that u(w) = 2, that v(mw) = 4, that g(2,4) = —1 and h(2,4) = 0.
In addition, I tell you that «'(w) = 1, that v'(7) = —1, that the gradient of g at (1,—1) is (8,0), that the
gradient of g at (2,4) is (5,3), that h(x,y) = 2® — 2y, and that the gradient of f at (—1,0) is (2,3). Let
a(t) = f(g(u(t), v(t), h(u(t),v(t))). Find o’ ().

Solution. We use the chain rule again. If we consider f as a function of g and h, and ¢g and h as functions of u
and v, we have that

o (t) = fagt + fuhe
= fo(guus + govr) + fu(huus + hyvy).

We need to evaluate f; and f at (g(u(m),v(m)), h(u(r),v(7))) = (9(2,4),h(2,4)) = (-1,0), so fy; = 2 and
frn = 3. We need to evaluate g, and g, at (u(w),v(w)) = (2,4), so g, = 5 and g, = 3. Similarly, we need
to evaluate h, and h, at (u(rm),v(7)) = (2,4). Using the formula for h, we have that h, = 3u? —v = 8 and
h, = —u = —2. Finally, we are given that «/(7) = 1 and v'(7) = —1. Putting it all together, we have that

() =2(5-14+3-(-1))+3(8-14(=2)- (-1)) = 34.

Consider the region bounded by the two cylinders y? + 22 = 1 and 2? + 22 = 1. Find an expression that gives
the average distance of a point in this region to (0,0,1) (you do not have to evaluate any integrals).

Solution. If z is the inner variable, we will need to have cases depending on where in the zy-plane we are, so
let’s make z the outer variable. The other two variables are symmetric, so let’s choose the order dx dy dz. Since
x does not appear in the equation of the first cylinder, we have lower an upper limits for the inner integral of
++/1 — 22. In the yz-plane, our region is just a disc bounded by y? + 22 = 1. The distance from a point (z,y, z)
to (0,0,1) is /22 +y2 + (2 — 1)2. Since we’re computing an average over the region, we need to divide by the
volume of the region. Overall, we get

I _% VT2t (e — 12 dedydz

S S Y i dwdy d

Integrate the function 22 + 22 over the region enclosed by the planes z = 0 and z = 1 and the cone 22 = 22 4 2.



Solution. We use cylindrical coordinates, getting

2 1 1 2 1 2 1 1
/ / / (r? cos?(0) + 2*) rdz dr df = / cos?() d@/ r3(1 —r)dr —|—/ dH/ —(1=73)rdr
o Jo Jr 0 0 0 0 3

“T\175 \6 15

21. Find the area of the ellipse (4x — y)? + (z — 3y)? < 1 using an appropriate change of coordinates.

Solution. We use u = 4z — y and v = x — 3y. Solving for x and y we get

- 3u v
11 11
o 4v
TR

The Jacobian is then the determinant of (f?ﬁ :Zﬂ ), or fﬁ. The corresponding region in the uv-plane is the

27 1
1 T
—rdrdf = —.
/0 /011 11

22. Consider the region bounded by the surface

disk u? + v2 < 1, so the area is

2 = (3z + 5y)* + (2 + 4y)?

and the plane
z =10z + 18y + 2.

(a) Set up an integral to find the volume of this region.
Hint: 10z + 18y = 2(3z + 5y) + 2(2z + 4y)

Solution. If we set u = 3z + 5y and v = 2x + 4y, then the surface has equation z = u? 4+ v? and the plane
equation z = 2u + 2v + 2. They intersect where u? + v? = 2u +2v + 2, or (u —1)?> + (v — 1)2 = 4. This is
the circle of radius 2 around (1, 1), suggesting that we then want to make the change to polar coordinates
with u — 1 =rcos(f) and v — 1 = rsin(6).

The Jacobian is the inverse of det (3 3), or % Switching to polar introduces a factor of r, so we get the

integral
1 27 p2  p2rcos(0)42rsin(0)+4
- rdzdrdf.
2 /0 /0 /(r(:05;(9)—}-1)2+(rsin(49)+1)2
(b) Evaluate the integral you found in the first part.

Solution.

1 27 2 p2rcos(0)+2rsin(0)+6 1 27 p2
= / / / rdzdrdd = - / / 4r — 13 cos?(0) — 13 sin?(0) dr db
2Jo Jo Jrcos(6)+1)2+(rsin(0)4+1)? 2Jo Jo

2m
= / 4 — 2cos?(#) — 2sin?(9) do
0
= 4.
23. Give an expression for the arclength of the Archemedian spiral » = 6 between the origin and the point (27, 0).

Solution. We have parametric equations

x(0) = 0 cos(6)
y(0) = Osin(0),

so an integral giving the arclength is

o V/(cos(#) — Osin(0))2 + (sin(6) + 6 cos())2 df = " V1+62d6.

0 0



24. Let C be the spiral given in polar coordinates by the equation r = 0, 0 < 8 < 27, traced out starting from the
origin. Let F(z,y) = (22,y). Reduce the following line integral to a single variable integral, but do not evaluate
the resulting single variable integral:

/ F-dr.
c

Solution. We use the same parameterization as above, giving
27

; 62 cos?(0)(cos(8) — O sin(0)) + 0 sin(6)(sin() + 6 cos(8)) df

25. Let C be the twisted cubic (t,¢2, %) with 1 < ¢ < 2, and let F(z,y, 2) = (y*z¥ ", In(z)zy*~'2¥", In(z) In(y)y*z¥").
Evaluate [, F(z,y,z2) - dr.

Solution. We find a potential function for F. Integrating the x component with respect to y gives ¥, and

then differentiating with respect to y and z gives exactly the y and z components. So if we set f(z,y,2) = 29
then F = Vf. Thus

/ F(x,y,2)-dr = f(2,4,8) — f(1,1,1) = gt _ (1 _ 965536 _ 1
c

26. Consider the vector field F(x,y, z) = (2zy + 2,22 + 3y°2, 3> + x — 423).

(a) Is F conservative? Why or why not?
Solution. We compute the curl:
i j k
VXF= a% 3% %
2oy + 2z 2% +3y%z o —42
= (3y* —3y* 1 —1,22 — 2z)
= (0,0,0).

So F is conservative.

(b) If F is conservative, find a potential function. If not, find a closed path C such that [, F - dr # 0.

Solution. Suppose Vf = F. Integrating the first component, we get that f(z,v,2) = 2%y + 2z + g(y, 2).
Differentiating with respect to y, we see that

0
%+ 99 _ 2+ 3y22,
dy

so g(y, 2) = y3z + h(z). Finally, differentiating with respect to z we have
P 1 (2) =+ 9P — 423,
so h(z) = z* + C. Overall, we may take f(z,y,z) = 2%y + 2z + y32 + 2z* as a potential function.

27. For each of the following vector fields, determine whether it is conservative. If it is, find a potential function.

(a) Fi(z,y,2) = 4y + 3z,2* — 2 4+ 2,3z + y).
Solution.
i j
VxF, = % a% =
43y +32 zt—24+2 3z +
=(1+1,3-3,42° — 42°)
= (2,0,0).

@‘QD P

Thus F; is not conservative.

(b) Fala,y,2) = (2 + ycos(ay), x cos(ay) — 2¢7%,2 — yei).



Solution.

i J k
1%} 1%} 1%}
V x FQ = Ers oy 32
2z + ycos(zy) wcos(xy) — ze¥* 2 — yeV*
= (—(e¥* +yze¥?) + €Y% + yze¥?,0 — 0, cos(xy) — xysin(zy) — (cos(zy) — zy sin(zy))

= (0,0,0).

So F5 is conservative, and we find that we can take fa(x,y,z) = 22 + sin(zy) — €¥* + 22 as a potential
function.

28. Evaluate the following line integrals.
(a) fCl Fi(z,y, 2) - dr where Fy(x,y,2) = (423y + 32,2 — 2 + 2,32 + y) as in the previous problem and (1 is
the portion of the parabola z = y = 22 from (1,1, 1) to (1,1,1).

Solution. Since F; is not conservative, we parameterize the curve and compute the line integral explicitly.
We can take r(t) = (t2,12,t), giving r'(t) = (2t,2¢,1) and

/ Fi(2,y,2) -dr = /1 (46% + 3t)(2t) + (1% — t +2)(2t) + (4¢%)(1) dt
Cy

—1

1
= / 107 + 8t* + 4t dt
-1
16
T
(b) Je, Fa(z,y,2) - dr where Fa(x,y, 2) = (2x +y cos(zy), z cos(ry) — ze¥*,2 — ye’?) as in the previous problem
and Cy is the twisted cubic given by r(t) = (¢,t2,13),0 <t < 1.

Solution. Now we can use the potential function, giving

LLI%@w&%dr:hUJJ)fhwﬁﬁ)

=4+sin(l) —e
29. Let F(z,y,2) = (az?y + 2%, 23 + 42, bzz + y*).
(a) For what values of a and b will F' be conservative?
Solution.
i j k
VxF=| 2 > 2

T
axy+ 22 23 +4y3z brz 4yt
= <4y3 — 443,22 — bz, 32 — aac2> .
In order for F to be conservative, the curl must be 0, so a = 3 and b = 2.

(b) Using these values of a and b, find a function f(z,y, z) such that F = Vf.

Solution. Integrating the first component, we find that f(z,vy,2) = 23y +x22 + g(y, 2), and differentiating
with respect to the other two components gives f(z,y, z) = 23y + 222 + y*z.

(¢) Again using these values of a and b, give a defining equation for a surface S with the property that

Q
/ F-dr=0
P

for any two points P and @ lying on S and any path between them.

Solution. Any surface whose equation is of the form f(z,y,2) = k will have this property since the value
of the potential function will be the same at P and at (). For example, we can take the surface

Sy + a4yt =1.
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30. Let C be the curve formed by intersecting the paraboloid z = (z+y)?+(x+2y+1)? and the plane z—y—z+2 = 0,
oriented counterclockwise when viewed from above. Let f(x,y,z) be an arbitrary smooth function, and set
F(z,y,2) = Vf + zyi — xyj — vyk. Evaluate [, F - dr.

31.

Solution. We use Stokes’ theorem and take advantage of the fact that V x Vf = 0.

i j k
1é) le) 1o}

VxF= 9z By 32

Ty —xy —xY

= <—l‘»y7 -y - {L'> :

Stokes’ theorem allows us to use either surface, so we’ll use the plane since it’s simpler. Then the normal vector
isn=(-1,1,1) and (VxF) - n=(—z)(-1)+ (y)(1) + (—y — z)(1) = 0. Thus

/F~dr:0.
c

Parameterize each of the following curves or surfaces. Hint: for many of these, you can use vector addition to
break up the problem into easier pieces.

(a)

Consider a circle rolling along a line without slipping. Parametrize the path a point on this circle traces
out.

Solution. The vector from the origin to the moving point on the edge of the circle can be described as a
sum of the vector from the origin to the center of the circle plus the vector from the center of the circle to
the point on the edge. Suppose the circle has radius r, is traveling in the positive x direction with velocity
v, begins above the origin (so that the center is at (0,7)) and the point of interest starts out at the origin.

The vector from the origin to the center of the circle moves in a line, parameterized by (0,r) + t(v,0)..
The circle will make one full revolution in time %, so the vector to the point on the edge is given by

(—rsin(32), —r cos(32)). Thus a parameterization for the curve is given by

2rr

. vt vt
(vt — rsm(Tﬂ_r),r - rcos(%)).

The cone with vertex half-angle o and axis pointing along the positive z-axis.

Solution. We need two parameters for this surface. Because the angle is fixed, there is a relationship
between the distance out along the x-axis and the radius, namely that tan(a) = Z. Taking 6 as the angle
made with the positive y-axis (counterclockwise in the yz-plane), we can take x and 6 for our parameters
and get the equation

(x, z tan(a) cos(f), x tan(a) sin(0)).

Here 0 <0 < 27 and 0 < x < oo.
A Mobius strip (a Mobius strip can be formed by taking a rectangular strip of paper, making a half twist
and then taping the ends together). You may choose any constants necessary, or leave them as variables.

Solution. A Mobius strip has a central circle that the band twists around (with a half twist for a full
revolution of the circle). Say the radius of this central circle is @ and the band has width 2b. Let 6 be
the angle around the circle and u a parameter across the width of the band, ranging from —b to b. In the
rz-plane, the band is centered at (r, z) = (a,0), and makes angle 6/2 with the r-axis (this factor of 2 is key:
it makes the band twist halfway around as 6 ranges from 0 to 27). So we can take r = a + ucos(6/2) and
z = a+ usin(f/2). Converting back to z,y, z we have

x(u,0) = (a4 ucos(6/2)) cos(9)
y(u,0) = (a +ucos(8/2)) sin(6)

z(u, ) = usin(0/2),

with 0 <60 <27 and —b<wu <b.

A spiraling seashell: a tubular surface centered on the helix (cost,sint,t), with radius away from the helix
proportional to t.

11



32.

33.

Solution. Let k be the ratio of the radius at (cost,sint,t) to ¢, so that we need to draw a circle of radius
kt. We use the normal and binormal vectors, which span a plane perpendicular to the helix. As we did in
the review session, we can find

T (—sint,cost, 1)

1
V2
N = (—cost, —sint,0)

1
B = ——(sint, —cost, 1).

V2

Letting 6 be a parameter for the angle tracing out the circle around (cost,sint,t), we get

1
r(t,0) = (cost,sint, t) + (— cost, —sint, 0)kt cos 6 + —2<sin t,—cost, 1)kt sin 0,
or
ktsin(t) sin(6)
t,0) = cos(t)(1 — ktcos(f)) + ———————=
x(t,0) (®)( () NG
_ ktcos(t) sin(0)

y(t,0) = sin(t)(1 — kt cos(0)) 3
ktsin(0)
t0) =t + — 7
(t.6) V2
with 0 <t <ooand 0 <6 < 2.

(e) Consider two helices around the z-axis of radius 1, separated by a 180° rotation (a double helix). Parametrize
the surface formed by connecting corresponding points in these helices with line segments.

Solution. We can take the first helix as (cost,sint, ) and the second as {(— cost, —sint, t), using the same
parameter for both. The line segment between them is just given by (ucost,usint,t) for —1 < u < 1. So
we get

with co <t < oo and —1 <u < 1.

Let S be a sphere of radius 1, and let the density be equal to the distance along the sphere from the north pole
of the sphere. Find the mass.

Solution. In spherical coordinates, the density is just ¢. Using the parameterization

r(p,0) = (cos() sin(¢), sin(0) sin(¢), cos(¢))
we have
i j K
|ty X rg| = | cos(f)cos(¢) sin(f)cos(¢) —sin(¢)
—sin(f) sin(¢) cos(d) sin(¢) 0
= \/cos2 (6) sin*(¢) + sin?(0) sin*(¢) + cos2() sin?(¢)
= sin(¢).

So the mass is
27 T
| [ osint@)asdo = 2afsin(s) - s cos(a]
o Jo
=272,
Let R be the region bounded above by the surface z = 16 — z* — 22:2y% — y* and below by the lower half of the

sphere of radius 2 centered at the origin. If the density of the region is given by §(x,y,2) = 22 + y2, find the
center of mass of R.

12



Solution. The mass is

27 16—r*
m = / / / r3dz drdb
Vi=r2

_27r/ (16 —r* + /4 — r2)r3 dr
0

8 2
—om |4t — T S (3r2 4 8)(4 — 12)3/2
Rt - - G- 0
10887
15

using the substitution u = 4 — r2.

center of mass has z =g = 0.

Since both the region and the density is symmetric about the z-axis, the

27 16—r*
z= / / / 2r3 dz dr df
m 41— 7‘2

- st -t

1088 0
15 [? )
= 1088 J, 252r% + 1% — 327" +r'ldr
15
68
315
So the center of mass is (0 0, @)
34. Consider the ellipsoid E given by the equation - i y + 2 % =1. Let f(z,y,2) = /222 + 2y + 1. Calculate the

value of

/ flx,y,2)dS
E

Solution. We parameterize E by r(¢, ) = (2 cos(0) sin(¢), 2sin(0) sin(¢), 6 cos(¢)). Then

Hint: parameterize E similarly to a sphere.

i j k
|ty X rg| = | 2cos(f) cos(¢) 2sin(f) cos(¢) —6sin(¢)
—2sin(f) sin(¢) 2 cos() sin(¢) 0

= \/144 cos?(6) sin*(¢) + 144sin?(0) sin(¢) + 16 cos2(¢) sin?(¢)

— 4sin(¢),/9sin®(6) + cos(¢)
= 4sin(¢)4/8sin?(¢) + 1.

We then substitute (2 cos(8) sin(¢), 2sin(8) sin(¢), 6 cos(¢)) into the formula for f(x,y, z), giving

f(r(9,0)) = v/2(2cos(8) sin(¢))2 + 2(2sin(0) sin(¢))2 + 1
8sin®(¢) + 1.

So the desired surface integral is given by

//S fla,y,2)dS = /027r /07r4sin(¢)(881n2(<z5) +1)dodd

=8m /W sin(¢)(9 — 8 cos®(¢)) do

0

=87 [—9 cos(¢) + 20053(@ ’

0



35. Consider the sphere S of radius 1 centered at the point (0,0, 1)

(a)

Parameterize S. Hint: how would the parameterizations of a sphere centered at the origin and a sphere
centered at (0,0, 1) differ?

Solution. The easiest way to parameterize this shifted sphere is to just add 1 to the z-component in the
normal parameterization of a sphere around the origin. We get

r(¢,0) = (cos(9) sin(¢), sin(0) sin(¢), cos(¢) + 1)

Let f(z,y,2) = 222 + y?2 — 22 — y2. Compute

//S f(z,y,2)dS.

Solution. Note that adding 1 to the z-component has no effect on the partial derivatives ry and rg, so we
still have

rgy X rg| = sin(¢)

as in problem 32. Moreover, f(z,y,2) = (2? + y?)(z — 1) = sin?(¢) cos(¢). So

//S f(z,y,2)dS = /02” /07r sin?(¢) cos(¢) sin(¢) do do
1 7r

=27 [4 sin4(¢)}
=0.

0

In retrospect, we can realize that f(x,y, z) is negated when (z,y, 2) is reflected across the plane z = 1 that
passes through the center of the sphere. So the negative contribution of the bottom half of the sphere will
exactly balance the positive contribution of the top half, leaving 0 for the integral.

Let F(x,y,2) = (x + 3y, 2y — 2,4z + x). Compute

//SF~ndS.

Solution. We use the divergence theorem, since S is a closed surface. The divergence of F is 14244 =7,

so the result is just 7 times the volume of the sphere, or %T’T.

Now consider just the upper half of S (above the z = 1 plane). Call this surface S; and equip it with the
upward pointing normal. Let F = (z —y — 1,2 + 22 + 2 — 2, 2y? + 2z — 4). Compute

//s (VxF)- -ndS.

Solution. We use Stokes’ theorem, parameterizing the circle of radius 1 in the z = 1 plane as r(t) =
(cos(t),sin(t),1). Then

F - dr = (—sin(t), cos(t), cos(t) sin?(t) + cos(t) — 4) - (—sin(t), cos(t),0) dt
= dt.

So

2m
//(VxF)-ndS: dt
5 0

= 2.

36. For each of the following integrals, use either Green’s Theorem, the Divergence Theorem or Stokes’ Theorem to
write the given integral as an iterated integral with a different number of integral signs (by iterated integral I
mean a triple integral, a double integral or a single integral: ie, you need to transform surface integrals and line
integrals to double and single integrals and put appropriate limits on your integrals).
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(a)

Let C be the curve given parametrically by

2.\ 2 24\ 2
r(t) = <<t3 — 71'91?) cost, <t3 — 7T9t> sint,O) ,

where ¢ runs from -5 to Let

us
3

F(z,y,2) = (zy,2” + yz,2 + y + 3z).

/F-dr.
c

Solution. Since z = 0, we can use Green’s theorem and ignore the z-component of F (equivalently, the
z-component of the curl will disappear when dotting with k). This gives

// 2 — x dA,
D

where D is the region enclosed by C. But C is just the graph of the curve given in polar coordinates by
2
r=(0%- %9)2. So we get the double integral

w/3 (03 —720/9)>
/ 2 cos(0) dr df.
—m/3J0

Modify the integral

Let S be the half of the unit sphere that lies above the zy-plane, with upward pointing unit normal.
Let F(z,y,2) = (29,0, 2x). Modify the integral

J[¥-nas.

Solution. We would like to use Stokes’ theorem. Since this vector field has divergence 0, we should be able
to express it as the curl of something, and since it is so simple we can carry that out in practice. Suppose
that F =V x (a(z,y, ), b(x,y, 2), c(z, z, 2)). Computing the curl, we need

i Jj k
VxF=| 2 = 2
a(z,y,z) blz,y,z) c(z,y,2)
B < Oc Ob Oa Oc Ob 8a>

Ay 02’0z 90z’ dx Oy
= (2y,0,2x).

One can take ¢ = y? and b = 22 and @ = 0. The unit circle C is then parameterized by (cost,sint,0), so
we get a line integral

2m
/ 0,22 %) -dr = / cos?(t) cos(t) dt.
c 0
Let S be the surface obtained by rotating the circle
(x—1)2+22=1

about the z-axis, oriented outward.
Let F(x,y,2) = (2% — 2,y — y?2,92%). Modify the integral

//SF~ndS.

Solution. The outward normal and flux integral suggest the divergence theorem, we just need to find V-F
and bounds on the region.
V-F =3z -1)+ (1-2yz) + (2y2) = 32°.
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The rotation of the circle around the z-axis means that the actual equation for the surface is (r—1)%+2% = 1,
so we can use either cylindrical coordinates with z = 4+/2r — r2 or spherical with p = 2sin(¢). These give

27 V2r—r2
// F-ndS= / / / 3r% cos®(0)r dz dr df
V2r—rZ
2m 2 sin(¢)
= / / / 3p? cos? () sin?(p)p? sin(¢) dp de d
o Jo Jo

respectively.
37. Let S be the unit sphere centered at the origin with outward pointing normal and let F(x,y, z) = (z,0, 2).
(a) Find the flux of F through S directly.
Solution. We use the parameterization of problem 32:
r(¢,0) = (cos(6) sin(¢), sin(0) sin(¢), cos(¢)).
The we have
j k
ry X rg = det cos(@) cos(¢p)  sin(f) cos(¢p) —sin(o)
—sin(f) sin(¢) cos() sin(¢) 0
— (cos(6) sin®(6), sin(8) sin(9), cos(6) sin(6)).
Thus

/ /S F-ndS= /2” /W(COS(Q) sin(¢)) cos(6) sin?(¢) + (cos(d)) cos(¢) sin(p) de db
/ / cos”(0) sin(¢)(1 — cos(¢)) + cos®(¢) sin(¢) do d

= /0 cos? d9/ sin(¢) d¢ + /Qw(l — cos?(6)) df /OTr sin(¢) cos?(4) de

Wl Do

(b) Use the divergence theorem to check your answer

Solution. The divergence of F is 2, so the flux integral should be twice the volume of the ball: 2-=F = %’T.

3

38. Let S be the part of the paraboloid z = 1—x2 —y? above the zy-plane, and let F(x,y, 2) = (2% +y2* —sin(2?),

4y + z,4z 4+ 1). Compute
// F-ndS
s

by using the divergence theorem to reduce to a simpler surface integral.

Solution. Let S’ be the unit disk in the zy-plane, oriented upward, and let E be the region between S and 5’.
Then the divergence theorem implies that

J[[w-®av = [[F-nas— [[ Fonas

Since V-F = 2z—4+4 = 2z is odd with respect to z and E is symmetric about the plane z = 0, [[[(V-F)dV = 0.

On S’ we have z =0 and n =k, so
// F-ndS:// 145,

which is just the area of the disc, or w. So
// F-ndS=m.
s
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39. Consider the part of the surface z = —r?+3r—2 that lies above the zy-plane (7 is the r of cylindrical coordinates).
Call this surface S. Let
F(Jf, Y, Z) = <QZ‘ + 3y - sin4(z5), 'T2 - y2a —z = 4>

|/ ¥-nas.

Hint: use the divergence theorem so that the surface integral that you actually compute is easier.

Evaluate

Solution. The given surface intersects the zy-plane when —r2 +3r —2 = 0, ie when 7 = 1 or » = 2. This
suggests we relate the given flux integral to the annulus in the zy-plane described by 1 < r < 2; call this annulus
(with upward pointing normal) S’. Let E be the region in between.

Computing the divergence of F we get 1 —2y —1 = —2y. On S/, we have z =0 and n =k, so F - n = —4 and
[Js F-ndS = —4(4w — 7) = —127. Moreover, since the region E is symmetric about the plane y = 0 and the
divergence of F is odd with respect to y, [[[, V- FdV =0. Thus

///EVoFdV://SFonde//,F~ndS
()z//SFondS—(—127r)
//SF-ndS:—l%r.

40. Consider a donut: a cylindrical region wrapped into a circular ring. Suppose that the radius from the center to
the inner edge of the donut is 3 units, and to the outer edge is 5 units.
(a) Find limits of integration for the interior of the donut in a coordinate system of your choice.

Solution. The donut intersects the rz-plane in a circle of radius 1 around (r, z) = (4,0), so it has equation
(r —4)% + 22 = 1. So the interior of the donut is given in cylindrical coordinates by

27 V8r—r2—15
/ / / rdzdrdf.
V8r—r2—15
(b) Find a parameterization for the surface of the donut.

Solution. Let 6 be the angle around the z-axis (so, the standard cylindrical 8) and ¢ be the angle around the
smaller circle of radius 1. Then, in the rz-plane the donut slice is parameterized by (r, z) = (4+cos(t), sin(t)).
Using cylindrical coordinates we get

x(0,t) = (4 + cos(t)) cos(d)
y(0,t) = (44 cos(t)) sin(0)
z(0,t) = sin(t).

41. Consider the torus of inner radius 3, outer radius 5, central axis the y-axis and with central plane the zz-plane
(this is related to the donut in the previous problem). Let S be the part of this torus above the zy-plane, with
outward pointing normal. Define

F(z,y,2) = (zy + cos(gezyz) sin(zy), z + In(2? + y* + z2)zm2+y2, 2% + zyt — 2 cos(y) — PV 3cos()),

Compute
/ (VxF)-ndS.
s

Solution. This torus intersects the xy-plane in a pair of circles, each of radius 1 and centered around the points
(4,0) and (—4,0). The outward orientation on the torus induces a positive orientation on both circles. We clearly
need to use Stokes’ theorem since we are asked to compute the flux of the curl of F. Substituting z = 0 and
using the fact that that the z-component will be perpendicular to dr, we can simplify F to

F(Z‘, y) = <$y, $>
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On the circle C; around (4,0), we compute
/ F.dr = / ﬂ(4 + cos(0))(sin(8))(— sin(8)) + (4 + cos(8))(cos(8)) do
Cy 0

27
= / —45in?() — sin(0) cos() + 4 cos(6) + cos?(0) db
0
=37

Similarly, on the circle C_ around (—4,0), we compute

/ F.dr = /0 " (=4 + cos(0))(sin(6))(— sin(8)) + (—4 + cos(8)) (cos(6)) df

= /QW 4sin?() — sin?(0) cos(#) — 4 cos(6) + cos?(#) db
0

=57

//S(VXF)-ndS:/C F-dr+/c F-dr

So we get

= 2.
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