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Recall

@ Matrix Transformations
@ Matrix Multiplication
© Commutativity of Matrix Multiplication



Today

@ Properties of Matrix Multiplication

© Block Multiplication
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Theorem (§2.3 Theorem 3)

Let A, B, and C be matrices of appropriate sizes, and let k € R be
a scalar.

Q@ /A= A and Al = A where | is an identity matrix.
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Theorem (§2.3 Theorem 3)

Let A, B, and C be matrices of appropriate sizes, and let k € R be
a scalar.

Q@ /A= A and Al = A where | is an identity matrix.
@ A(BC) = (AB)C (associative property)

@ A(B+ C) = AB + AC (distributive property)

Q (B + C)A = BA+ CA (distributive property)

Q@ k(AB) = (kA)B = A(kB)

QO (AB)T =BTAT
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Example (§2.3 Example 7)

Simplify the expression A(BC — CD) + A(C — B)D — AB(C — D)
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Example (§2.3 Example 7)
Simplify the expression A(BC — CD) + A(C — B)D — AB(C — D)

A(BC — CD) + A(C — B)D — AB(C — D)
= A(BC) — A(CD) + (AC — AB)D — (AB)C + (AB)D
= ABC — ACD + ACD — ABD — ABC + ABD
=0
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Scalar Matrices

A matrix of the form al, is called a scalar matrix:
: [5 0]
5 0 5

Scalar matrices commute with any n X n matrix B:

2
0
0

O N O

(al,)B = aB = B(aly).

For example,

R R R

50
0 5

|
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Diagonal Matrices

More generally, a diagonal matrix is a matrix where the only
nonzero entries are on the diagonal:

0 0] -
0 0flg 4
0 -2

O O W

The product of two diagonal matrices is another diagonal matrix.
Diagonal matrices commute with each other, but generally not
other matrices.

ool lo 3 =15 15 =[5 s =[5 I o

it R il R K el v B
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Elementary Proofs

Let A and B be m x n matrices, and let C be an n x k matrix.
Prove that if A and B commute with C, then A 4+ B commutes
with C.
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Elementary Proofs

Let A and B be m x n matrices, and let C be an n x k matrix.
Prove that if A and B commute with C, then A 4+ B commutes

with C.

Proof.
We are given that AC = CA and BC = CB. Consider (A+ B)C.

(A+ B)C = AC + BC
— CA+CB
= C(A+ B)

Since (A+ B)C = C(A+ B), A+ B commutes with C. O
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Elementary Proofs 2

If A and B are symmetric, show that AB is symmetric if and only
if AB= BA
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Elementary Proofs 2

If A and B are symmetric, show that AB is symmetric if and only
if AB= BA

Proof.
Suppose AB is symmetric. Then

| A\

AB = (AB)T =BTAT = BA.
Conversely, if AB = BA then
(AB)T = BTAT = BA= AB,

so AB is symmetric. [

A
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Block Multiplication

Example

Let A be an m X n matrix. Let B be an n x k matrix with columns
Bi,By,...,Bk ie, B=[Bi By --- By]. This represents a
partition of B into blocks — in this example, the blocks are the
columns of B. We can now write

AB = A[Bi By --- By
= [AB; AB, --- AB]

Here, the columns of AB, namely AB;, AB, ..., ABy, can be
thought of as blocks of AB.
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Block Multiplication

Example

Let A be an m x n matrix. Let B be an n x k matrix with columns
Bi,By,...,Bk ie, B=[Bi By --- By]. This represents a
partition of B into blocks — in this example, the blocks are the
columns of B. We can now write

AB = A[Bi By --- By
= [AB; AB, --- AB]

Here, the columns of AB, namely AB;, AB,, ..., ABy, can be
thought of as blocks of AB.

If Ais an m x n matrix and B is an n X k matrix, and if A and B
are partitioned compatibly into blocks in some way, then the
computation of the product AB may be simplified.
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Example (continued)
Let

and let

o =lO O
|
| — |
D@
P o
| I
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Example (continued)
Let

and let

Then




Example (continued)

AB

(A1 A [Br O

0 h||B B
[A1-Bi+A;-By Ai-0+Ay-Bs
_O‘B]_+l2'B2 0-0+/h-B3
[A1B1 + A2Bs

B>

A Bs
B3

|
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Example (continued)

(A1 A [Br O
0 h||B B
[A1-B1+ Az By
_O‘Bl+l2'B2
[A1B1 + A2Bs
B>

AB

Recall that

|

A Bs
B3

A1-0+ A - Bs
0-0+/h-B3

|

|

|

o Rl o O

B:
B>
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0
Bs

|




Example (continued)

_ JAL A [BL O
AB = |0 IJ [Bg BJ
. -Al'Bl+A2'Bz A1-0+ Ay Bs
- _O‘B]_+I2'B2 0-0+ 4k -B3
_ JAIBi+ABy AxBs
] B> B3
Recall that
1 210
_ A A _|=1 0|0
_[0 12]’3_ 0 5[1]
1 -1|0

Now compute A;Bi, A2B, and Ay Bs.

|

|

B:
B>

Block Multiplication
000000e0

0
Bs

|
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Example (continued)

o= 13- 4
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Example (continued)
2 -1 1 2 3 4
MbBL = [1 0} {—1 o] - {1 2]

o=l o0 )= )
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Example (continued)

PN




Example (continued)

ABy = [2 —1
31
Aley = [1 2}

Now,

A1B1 + AB, AxBs

AB = B, B;

]:
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