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Cofactor expansion

We define the determinant of an n X n matrix iteratively, in terms
of determinants of (n — 1) x (n — 1) matrices. Let A = [aj] be an
n X n matrix.

@ The sign of the (i,}) position is (—1)"/.
Thus the sign is 1 if (i +j) is even, and —1 if (i + ) is odd.

Let Aj; denote the (n — 1) x (n — 1) matrix obtained from A by
deleting row i and column j.

@ The (i, j)-cofactor of A is
cij(A) = (—1)" det(Ay).

Finally,

o det A = arjc1(A) + arzcia(A) + azciz(A) + - - - + arncin(A),
and is called the cofactor expansion of det A along row 1.
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1 3
Let A= |4 6|. Find det A.
7 9
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1 2 3
Let A= |4 5 6]. Find det A.
7 8 9

Using cofactor expansion along row 1,

det A = 1C11(A) + 2C12(A) + 3C13(A)

5 6 4 6
8 9 79

— (45 — 48) — 2(36 — 42) + 3(32 — 35)
= —3—2(—6) +3(-3)

= —3+12-9

=0

=1(-1) +2(-1)°

7 8

‘ gt

45‘
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Example (continued)

1 2 3
A= |4 6
7 9

5
8
Now try cofactor expansion along column 2.

det A = 2C12(A) + 5C22(A) = 8C32(A)

4 6 13
79 79

— —2(36 — 42) 4+ 5(9 — 21) — 8(6 — 12)
= —2(—6) + 5(—12) — 8(—6)

=12 — 60+ 48

= 0.

=2(-1)3 +5(—1)*

4 6

‘ +8(—1)°

13‘

We get the same answer!
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Theorem (§3.1 Theorem 1)

The determinant of an n X n matrix A can be computed using the
cofactor expansion along any row or column of A.
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01 2 1
5 0 0 7 :

Let A= 01 -1 ol Find det A.
30 0 2




Determinants
0000®000

0 1
5 0
01

Let A= . Find det A.

2 1
07

-1 0
30 02
Cofactor expansion along row 1 yields

detA = 0C11(A) T 1C12(A) T 2C13(A) I 1C14(A)
= ].C12(A) + 2613(/4) = C14(A),

whereas cofactor expansion along, row 3 yields

det A = 0C31(A) arF 1C32(A) TF (—1)633(A) ar 0C34(A)
= 1C32(A) =4F (—].)C33(A)7

i.e., in the first case we have to compute three cofactors, but in
the second we only have to compute two.
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Example (continued)

We use cofactor expansion along row 3 rather than row 1.
01 21
50 07
A= 01 -1 0
30 02
det A = 1C32(A) T (—1)C33(A)
0 21 011
=1(-1%°5 0 7|+ (-1)(-1)°5 0 7
30 2 30 2
5 7 5 7
_(_ _1\3 . _1\3
= (1212} |+ (a3 ]
=2(10 — 21) + 1(10 — 21)
= 2(-11) + (-11) = -33.
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Example (continued)

01 21

: 50 07 : :

Try computing det 0 1 —1 ol usine cofactor expansion along
30 0 2

other rows and columns, for instance column 2 or row 4. You will
still get det A = —33.
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Find det A for A =

—8
5
12
=38

1

7
-3
11

O O O o

—4
-7

1k

2

ow Operations
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-8 1 0 —4

. 5 7 0 -7
Find det A for A = 12 -3 0 gl

-3 11 0 2

Solution.
Using cofactor expansion along column 3, det A = 0.
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-8 1 0 —4

. 5 7 0 -7
Find det A for A = 12 -3 0 ok

-3 11 0 2

Solution.
Using cofactor expansion along column 3, det A = 0.

If A is an n X n matrix with a row or column of zeros, then
det A=0.
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Elementary Row Operations and Determinants

2 0 -3
Let A= |0 4 Of. Then
10 -2
det A = 4(—1)* i :;' =4(-1) = —4.

Let By, B>, and B3 be obtained from A by performing a type 1, 2
and 3 elementary row operation, respectively, i.e.,

2 0 -3 2 0 -3 2 0 -3
Bi=11 0 -2(,Bb=| 0 4 O0f,B5=1|0 4 0
0 4 O -3 0 6 5 0 -8

Compute det By, det By, and det Bs.
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Elementary Row Operations and Determinants

Example (continued)

det By = 4(~1)° | :g‘ — (—8)(=1) = 4 = (—1)det A,
2 =3
det B, = 4(-1)*| 3 6‘ —4(12-9)=4x3=12= —3detA.
J2 =3
det By = 4(~1)" [ 2| =4(~16415) = 4(~1) = —4 = det A
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Theorem (§3.1 Theorem 2)

Let A be an n X n matrix.
@ /f A has a row or column of zeros, then det A = 0.

@ If B is obtained from A by exchanging two different rows (or
columns) of A, then det B = — det A.

@ If B is obtained from A by multiplying a row (or column) of A
by a scalar k € R, then det B = kdet A.

@ If B is obtained from A by adding k times one row of A to a
different row of A (or adding k times one column of A to a
different column of A) then det B = det A.

@ If two different rows (or columns) of A are identical, then
det A= 0.
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3 12 4
1 -3 8 0

dt] 3 1 5 s|=
1 1 2 -1
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3 12 4 0 -8 26 4
gt |71 38 0 -1 -3 8 0
1 -1 5 5 0 —4 13 5
1 12 -1 0 —2 10 -1
-8 26 4
= (~1)(-1)°*|-4 13 5
-2 10 -1
0 -14 8
=0 -7 7
-2 10 -1
v qal—14 8
—2-vf |5 3
0 -6
__2‘—7 7‘
= (—2)(—42) = 84.
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—X —y —z
=—1,finddet |3p+a 3g+b 3r+c|.
2p 2q 2r

If det

X T L
< Q o
N =~ 0O
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a b c —X —y —z
Ifdet [p g r| =-1,finddet |3p+a 3g+b 3r+c|.
X y z 2p 2q 2r
—X —y —z X y z
3p+a 3g+b 3r+c|=(-1)(2)|3p+a 3g+b 3r+c
2p 2q 2r P q £
X y z a b c a b c
=-—2la b c|=2|x y z|=-2|p q r
p q r p q r Xy z
= (=2)(-1) =2
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Summary

© Determinants

© Elementary Row Operations
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