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Roots of Unity

Find all complex number z so that z3 = 1, i.e., find the cube roots
of unity. Express each root in the form a + bi.
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Roots of Unity

Example

Find all complex number z so that z3 = 1, i.e., find the cube roots
of unity. Express each root in the form a + bi.

Let z = re?. Since 1 = 1€’ in polar form, we want to solve

2\ 3 ,
(re’e) = 1e™,

i.e.,
r3el39 _ 16’0.

Thus r3> =1 and 30 = 0 + 2wk = 27k for some integer k.
Since r> =1 and ris real, r = 1.
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Example (continued)

Now 30 = 27k, so 0 = k.

k 0 ei?

—3| —2n | e2™ =1

-9 —%7‘(’ e(7471'/3)i — e(27r/3)i
-1 —%71‘ e(—27r/3)i — e(—27r/3)i
0 0 2V =1

1 %7‘( e(27r/3)i — e(27r/3)i
2 %77 e(47r/3)i _ e(—27r/3)i
3| 2m | e =1

The three cube roots of unity are

eO7rl

e@m/3)i  —  (os 2?7’ + /sin

e(=2/3)i  — (os —_5” + isin =2%
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Theorem (Appendix A, Theorem 3 — nth Roots of Unity)

For n > 1, the (complex) solutions to z" =1 are

z=2eC®™/"i for k =0,1,2,....,n— 1.

For example, the sixth roots of unity are
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Theorem (Appendix A, Theorem 3 — nth Roots of Unity)

For n > 1, the (complex) solutions to z" =1 are

z=2eC®™/"i for k =0,1,2,....,n— 1.

For example, the sixth roots of unity are

z = e(mK/0)i — o(TK/3)i for | = 0,1,2,3,4,5.

k| z

0 e =1

1| em/3)i  — % + ?i
2 | e/ = 14 V3,
3|e™ =-1

4 e(47r/3)i — —% — @/
5 e(57r/3)i % _ ?I
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Find all complex numbers z such that z* = 2(1/3i — 1), and
express each in the form a + bi.
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Example

Find all complex numbers z such that z* = 2(1/3i — 1), and
express each in the form a + bi.

First, convert 2(v/3i — 1) = —2 + 21/3i to polar form:

|24 = \(—22 + (2v3)2 = V16 = 4.
If ¢ = arg(z*), then

-2 -1 2
cosqb:T:— singp = =

>
S

-b ‘

Thus, ¢ = 2{ and
A 2007/3)i




Example (continued)

So z* = 4e(27/3)i,

Let z = ref®. Then z* = r*e*?, so r* = 4 and 40 = %71 + 27k for

k=0,1,2, or 3.

Since r* =4, r2 = +2. But r is real, and so r? = 2, implying
r = ++v/2. However r > 0, and therefore r = V2.

Since 40 = 27 + 21k, k =0,1,2,3,

for k=0,1,2,3.
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oeo

2 27k

s

T 7k

6 2

m(3k +1)
6
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Example (continued)

=+Vv2and 6= (37, k=0,1,2,3.

k=0: z=+2e/01 = \3( 3 11)) S8y
k=1: z=+/2e27/3)i = 2(—%—%-\/73/) —%—i—@i
k=2: z=2e/0)i —\p(-LB _1j) = _f6_ 2
k=3: z=+2e7/3 =2( L)) Y2 _ ¥

2 2

<\/—_+\/—_/> and £ <\/—§—ﬁ1)
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Real Quadratics

Definition
A quadratic is an expression of the form ax? + bx + ¢ where a # 0.

To find the roots of a quadratic, we can use the quadratic formula:

. —b+vVb? —4ac
- 2a '

The expression b?> — 4ac in the quadratic formula is called the
discriminant. If a, b, ¢ € R then we call ax? + bx + ¢ a real
quadratic. In this case,

o if b2 — 4ac > 0, then the roots of the quadratic are real;

e if b2 — 4ac < 0, then the roots of the quadratic are complex
conjugates of each other. In this case we call the quadratic
irreducible.
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The quadratic x2 — 14x + 58 has roots

14 £ /196 — 4 x 58
2
14 4+ /196 — 232

2
14 £ /-36
2
14 £ 6/

2
— T

so the roots are 7 + 3i and 7 — 3i.
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Conversely, given u = a+ bi with b # 0, there is an irreducible
quadratic having roots u and @.

Example

Find an irreducible quadratic with u =5 — 2/ as a root. What is
the other root?
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Conversely, given u = a+ bi with b # 0, there is an irreducible
quadratic having roots u and @.

Example

Find an irreducible quadratic with u =5 — 2/ as a root. What is
the other root?

Solution.

(x—u)(x—1)=(x—(5—20)(x— (5+2i))
= x? — (5= 2i)x — (5 + 2i)x + (5 — 2i)(5 + 2i)
= x? — 10x + 29.
Therefore, x?> — 10x 4 29 is an irreducible quadratic with roots

5—2iand 5+ 2i.
Notice that —10 = —(u + @) and 29 = vt = |u|?.
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Find an irreducible quadratic with root u = —3 + 44, and find the
other root.




Quadratic Polynomials
00080000

Example

Find an irreducible quadratic with root u = —3 + 44, and find the
other root.

Solution.

(x—u)(x—1) = (x—(=3+4i))(x—(-3—4i)
= x° 4 6x + 25.

Thus x2 + 6x + 25 has roots —3 + 4/ and —3 — 4.
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Quadratics with Complex Coefficients

Find the roots of the quadratic x> — (3 — 2i)x + (5 — i) = 0.
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Quadratics with Complex Coefficients

Find the roots of the quadratic x> — (3 — 2i)x + (5 — i) = 0.

Using the quadratic formula

3-2i++/(-(3-2))2-4(5-1)
2

X =

Now,
(—(3—2i))?—4(5—1i)=5—12/ —20 + 4i = —15 — 8i,

SO
_ 3-2it/-15-8i
- 2

To find ++/—15 — 8/, solve z2 = —15 — 8/ for z.
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Example (continued)

Let z=a+ bi and z2 = —15 — 8/. Then

(a® — b?) + 2abi = —15 — 8i,

so a> — b?> = —15 and 2ab = —8.
Solving for a and b gives us z = £(1 — 4i).

Therefore,
_ 3—-2i+(1-4i)
= > :

X

3-2i+(1—4i) 4—6i

- —2_3j
2 2
32/ (1—4i) 242 .
pr— pr— 1 .
2 2 K

Thus the roots of x> — (3 —2i)x + (5 — i) are 2 —3i and 1 + .

V.
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Verify that u; = (4 — i) is a root of
x? — (2 = 3i)x — (10 + 6/)

and find the other root, us.
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Example
Verify that u; = (4 — i) is a root of

x? — (2 = 3i)x — (10 + 6/)
and find the other root, us.
— (2= 3i)uy — (10 + 6i)

=(4—i)P—(2-3i)(4—1i)— (10+6i)
(15 8i) — (5 — 14i) — (10 + 6/)

so u; = (4 — i) is a root.
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Example (continued)

Recall that if u; and wuy are the roots of the quadratic, then
up+ up =(2—3i) and vyup = —(10 + 61).
Since uy =4 — i and u; + up =2 — 3i,
p=2-3i—uy=2-3i—(4—-i)=-2-2i.
Therefore, the other root is up = —2 — 2.

You can easily verify your answer by computing uy us:

iy = (4 — i)(=2 — 2i) = —10 — 6i = —(10 + 6i).
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