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Polynomial Interpolation
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Theorem (§3.2 Theorem 6)

Given n data points (x1,y1), (x2,¥2), ..., (Xn, Yn) with the x;
distinct, there is a unique polynomial

p(x) =r+nx+rnx®+. - +r_x"1

such that p(x;) = y; fori=1,2,...,n.

The polynomial p(x) is called the interpolating polynomial for the
data. We will prove that interpolating polynomials exist and are
unique in the next few slides.

To find p(x), set up a system of n linear equations in the n
variables ry, ri, ro, ..., rp—1.
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p(X) =rn+nx+ rax2 4 oo+ rp_x™ L

ro + rnxi + r2x12 4+ + r,,_le_l =W

2 -1
o+ rxe+rnxs 44+ raoixy =y
ro + rixs + r2x32 + 4 r,,_lxé’_l =y
2 n—1 _
rg—l—rlx,,—l—rgxn—i—-"—&—r,,,lxn = Yn
The coefficient matrix for this system is
2 -1
1 x1 x5 x{ .
2 n—
1 x x5 Xy
2 n—1
1 x, x5 X;)

The determinant of a matrix of this form is called a Vandermonde

determinant.
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The Vandermonde Determinant

Theorem (§3.2 Theorem 7)

Let x1,Xo,...,Xx, be real numbers, n > 2. The the corresponding
Vandermonde determinant is

1 oxg x@ - Xt
1 x X22 e x2”_1
det | . . 7 | = Thggenesles = 25k
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Example

In our earlier example with the data points (0,1), (1,2), (2,5) and
(3,10), we have

X1 = O,XQ = 1,X3 = 2,X4 =3
giving us the Vandermonde determinant

1 0
1 1
1 8
1

W N = O
O b~ = O

27
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Example

In our earlier example with the data points (0, 1), (1,2), (2,5) and
(3,10), we have

X1 :O,XQ = 1,X3 :2,X4:3

giving us the Vandermonde determinant

1 0
1 1
1 8
1

W N = O
O b~ = O

27

According to Theorem 7, this determinant is equal to

(a2 —a1)(az — a1)(a3 — a2)(as — a1)(as — a2)(as — a3)
—(1-0)(2-002-1)(3-0(3-1)(3-2)=2-3-2=12.
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As a consequence of Theorem 7, the Vandermonde determinant is
nonzero if a1, a», ..., a, are distinct.

This means that given n data points (x1, y1), (x2,¥2), .-, (Xn, ¥n)
with distinct x;, then there is a unique interpolating polynomial

p(x) =ro+ rnx+ Fox? 4+ o4 g x™L
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4 -2
Let A= [_1 3

]. Find AL efficiently.
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Example

Let A= [_‘1‘ _i] Find A% efficiently.

) . 1 -2 . .
Consider the matrix P = [1 1]. Observe that P is invertible
and that .

1 2
=i_ &
P = 3 [—1 1] ’
Furthermore,

17121 4 211 -2 2 0
—1 _ = — =
P AP‘3[—1 1] [—1 3] [1 1] [o 5} b,

where D is a diagonal matrix.
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Example (continued)

This is significant, because

PlAP=D
P(P~tAP)P™! = PDP!
(PP~HA(PP™Y) = PDP!
IAl = PDP™!
A= PDP!,
and
AlOO _ (PDPfl)IOO
= (PDPY)(PDP~1)(PDP ). .. (PDP™Y)
= PD(PP)D(P*P)D(P---P)DP!
= PDIDIDI - - - IDP~*
= pD'°pP1,
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Example (continued)

100 _ [2 o] o [2100 0 ]

Now,

05 0 5100

Therefore,

AlOO —_ PDlOOP—l
1 =22 o] /1 1 2
“l1 1|0 59 \3/)|-1 1

(9100 | 5. 5100 2100 _ 5. 51007
= 2100 _ 5100 o 9100 4 5100

W=

(9100 | o 5100 2100 _ 5 5100
= 100 _ 5100 2101 4 5100

W[ =
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Theorem (§3.3 Theorem 1)

If A= PDP~1, then Akx = PD¥P~! for each k =1,2,3, ...

The process of finding an invertible matrix P and a diagonal
matrix D so that A = PDP~1! is referred to as diagonalizing the
matrix A, and P is called the diagonalizing matrix for A.

Problem

o When is it possible to diagonalize a matrix?

@ How do we find a diagonalizing matrix?
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Eigenvalues and Eigenvectors

Definition

Let A be an n X n matrix, A a real number, and x # 0 an n-vector.
If Ax = Ax, then A is an eigenvalue of A, and x is an eigenvector of
A corresponding to A, or a A-eigenvector.

Example

1
Let A= [1 2] and x = [1] Then

e 9Bl

This means that 3 is an eigenvalue of A, and [ﬂ is an eigenvector

—
N
\

of A corresponding to 3 (or a 3-eigenvector of A).

v
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Finding all Eigenvalues and Eigenvectors of a Matrix

Suppose that A is an n X n matrix, x # 0 an n-vector, A € R, and
that Ax = Ax. Then

X —Ax =0
Mx—Ax =0
(M —=A)x=0

Since x # 0, the matrix A/ — A has no inverse, and thus

det(Al — A) = 0.



Eigenvalues and Eigenvectors
00®000

The characteristic polynomial of an n x n matrix A is

ca(x) = det(x! — A).

Find the characteristic polynomial of A = [ 4 _2].

-1 3
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The characteristic polynomial of an n x n matrix A is

ca(x) = det(x! — A).

Find the characteristic polynomial of A = [_111 _g]

eao =sec (|3 1 =3 7))

:det[x_4 g }

1 x—3
=(x—4)(x—-3)-2
=x2—Tx+10
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Theorem (§3.3 Theorem 2)

Let A be an n X n matrix.
@ The eigenvalues of A are the roots of ca(x).

@ The X-eigenvectors X are the nontrivial solutions to
(M —A)X =0.

Example (continued)

Find the eigenvalues of A = [_111 _g]
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Theorem (§3.3 Theorem 2)

Let A be an n X n matrix.
@ The eigenvalues of A are the roots of ca(x).

@ The X-eigenvectors X are the nontrivial solutions to
(M —A)X =0.

Example (continued)

Find the eigenvalues of A = [_111 _g]
We have

ca(x) = x> —7x +10 = (x — 2)(x — 5),

so A has eigenvalues A\; = 2 and \p = 5.
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Eigenvectors

Example (continued)

Find the eigenvectors of A = [_le _g] :
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Eigenvectors

Example (continued)

-1 3
To find the 2-eigenvectors of A, solve (2/ — A)X = 0:

-2 20_}1—10_}1—10
1 -1|0 -2 2|0 0 O0fO0

The general solution, in parametric form, is

Find the eigenvectors of A = [ 4 _2] :

t 1
X = [t] =i [1] where t € R.




Example (continued)

4 -2
Recall that A = [_1 3] :

To find the 5-eigenvectors of A, solve (5/ — A)X = 0:

120_>12
1 2|0 0 0

The general solution, in parametric form, is

]

X = {_25] =5 [_2] where s € R.
s 1

Eigenvalues and Eigenvectors
00000e




Eigenvalues and Eigenvectors

Summary

@ Polynomial Interpolation
© Vandermonde Determinants
© Diagonalization

@ Eigenvalues and Eigenvectors
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