Diagonalization Linear Dynamical Systems Approximate Solutions
000000 00000 00000

David Roe

November 15, 2013



Recall

© Geometric Interpretation of Eigenvalues and Eigenvectors

@ Diagonalization



Today

@ Diagonalization

© Linear Dynamical Systems

© Approximate Solutions



Diagonalization
©00000

1 0 1
Diagonalize, if possible, the matrix A= [0 1 0.
0 0 -3
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1 0 1
Diagonalize, if possible, the matrix A= [0 1 0.
0 0 -3
x—1 0 -1

ca(x)=det(xl —A)=| 0 x—-1 0 |=(x—1)*(x+23).
0 0 x+3

A has eigenvalues A1 = 1 of multiplicity two; A = —3 of
multiplicity one.
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Example (continued)

Eigenvectors for A\; = 1: solve (/ — A)x = 0.
0 0 —-1(0 0 0 1|0
00 0(0]—|0 0 O0]|O
0 0 4|0 0 0 0|0
s
x= | t|,s,t €R so basic eigenvectors corresponding to A\; =1
are
1 0
0|, (1
0 0
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Example (continued)

Eigenvectors for A\ = —3: solve (—3/ — A)x = 0.
-4 0 -1/0 10 z/0
0 -4 0|0f—1]0 1 0]0
0 0 0]0 0 0 0|0
—%t
x=| 0 |, t &R so a basic eigenvector corresponding to
/\2 =-3is
-1
0
4
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Example (continued)
Let

-1 1
P=|0 0
4 0

o R O

Then P is invertible, and

P~'AP = diag(-3,1,1) =

o = O
= O O
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Show that A= [0
0

[y

0
0| is not diagonalizable.
2

(=R
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Show that A= [0
0

[y

0
0| is not diagonalizable.
2

(=R

First,

x—1 -1 0
cax)=| 0 x—-1 0 |=(x—-12x-2),
0 0 x—2

so A has eigenvalues \; = 1 of multiplicity two; A\ = 2 (of
multiplicity one).
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Example (continued)

Eigenvectors for A\; = 1: solve (/ — A)x = 0.

0 —1 0|0 01 00
0 0 0/{0]—1]10 0 1|0
10 0 —-110 0 0 0/0
s

Therefore, x = |0, s € R.
0

Since A\; = 1 has multiplicity two, but has only one basic
eigenvector, A is not diagonalizable.
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Definitions

A linear dynamical system consists of
@ an n x n matrix A and an n-vector vo;

@ a matrix recursion defining vi,vo,vs3,... by v = Avg; e,

V] = AVO
vo = Avy = A(Avg) = A’y
V3 = AV2 = A(A2V0) = A3V0

Vi = AkVO.

Linear dynamical systems are used, for example, to model the
evolution of populations over time.
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If Ais diagonalizable, then
P71AP = D = diag(\1, A2, ..., An),

where A1, A2, ..., A\, are the (not necessarily distinct) eigenvalues
of A.

Thus A = PDP~!, and Ak = PD*P~1. Therefore,

vi = Afvg = PD¥P1y,.
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Example

Consider the linear dynamical system vi11 = Avi with

01 0
A_[l 1],andvo—[1].

Find a formula for vy.
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Example
Consider the linear dynamical system vi11 = Avi with

01 0
A_[l 1],andv0_[1].

Find a formula for vy.

First, ca(x) = x> — x — 1, so A has eigenvalues ¢ = 1+‘[ and

¢ = 1*2‘/5, and thus is diagonalizable.

Solve (A—¢l)x =0:
—-¢ 1 |0 1 ¢
[1 1—¢o}_>[0 0

has basic solution x = [_1(25}
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Example (continued)

Solve (A — ¢l)x = 0:

-1
[y

[_1 1—¢

has basic solution X = [_Qb :

Thus, P = [_1¢ _1¢] is a diagonalizing matrix for A,

4171 ¢ 1.5 ¢ 0
Pl_ﬁ[_l _(Z—)],andPlAP_[O (5].
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Example (continued)

Therefore,

Vi = AkVO
= PD*P~1vq

= a4 k
e Ry |4 N Al
1 [-¢ —¢][ek 0][¢
AR
1

NG
1

NG

—¢
[—6 —¢] [ o
I 1 1 ] _—Q_ﬁk+1:|

[ ¢k —¢*
PR _ ¢3k+1]
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Dominant Eigenvalues

Often, instead of finding an exact formula for vy, it suffices to
estimate vy as k gets large.

This can easily be done if A has a dominant eigenvalue with
multiplicity one: an eigenvalue A\; with the property that

|A1] > |Aj] for j =2,3,...,n.



Approximate Solutions
00000

Suppose that
v = PDKP~tyy,

and assume that A has a dominant eigenvalue, A1, with

corresponding basic eigenvector x; as the first column of P.
. . T

For convenience, write P~ vy = [bl by --- b,,} )
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Then
vk = PD*P vy
Moo o0 [y
0 X .. 0 b,
=[x x2 o X S ;
0 0 - Xy |b,
= biASx1 + bpAsxp 4 - - + bpAKx,,
A2 A\ <
=\ <b1X1+b2 <)\1> Xp + -+ by <)\1> Xn)
\j Aj k
Now, /\—<1forj—23 n,andthus(/\—l) — 0 as k — 0.

Therefore, for large values of k, v, ~ )\’l‘blxl.
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If
01 0
A—[l 1],andv0—[1],

estimate v for large values of k.
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Example
If

01 0
A—[l 1],andv0—[1],

estimate v for large values of k.

In our previous example, we found that A has eigenvalues ¢ ~ 1.6
and ¢ ~ —0.6. Since |¢| > |¢|, ¢ is a dominant eigenvalue.

As before x = [_fb] is a basic eigenvector for ¢, and X = [_ﬂ is

a basic eigenvector for ¢, giving us

_[-¢ -¢ a_1[1 ¢
P_[l 1],andP1—E[_1 _q;].
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Example (continued)
o 11 gJo]_ L[ ¢] b
Pv= gl 0= 1] = Lol

For large values of k,

Vi &~ pFbix = ¢k

A1

Let's compare this to the formula for v, that we obtained earlier:

¢k . (Ek
Vk = Lbk-i-l _ ék-ﬁ-l}
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Summary
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