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Bernstein decomposition

Let G be a connected reductive group over ap-adic �eld F . The set of
(equivalences classes of) irreducibles representations ofG is decomposed as

Irr (G) =
G

s2B (G)

Irr (G)s;

wheres = [ M ; � ] with M a Levi subgroup ofG and � 2 Irr (M ) cuspidal.
There is a mapSc : Irr (G) �! 
( G) which associate to an irreducible
representation its cuspidal support.

Question
How to de�ne the Bernstein decomposition for Langlands parameters ?
What is the notion of cuspidal Langlands parameter ? of cuspidal support ?
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Generalized Springer correspondence
Let H be a complex connected reductive group
For all x 2 H, we denoteAH (x) = ZH (x)=ZH (x) � .

N +
H =

n
(CH

u ; � )
�
�
� u 2 H unipotent; � 2 Irr (AH (u))

o

We denote bySH the set of (H-conjugacy classes of) triples(L; CL
v ; " ) with

L a Levi subgroup ofH ;
CL

v an unipotentL-orbit ;
" 2 Irr (AL(v)) cuspidal.

For all H, the triple (T ; f 1g; 1) 2 SH , and NH (T )=T is the Weyl
group ofH ;

H condition unipotent orbi AH (u) "

GL n n = 1 O(1) f 1g 1
Sp2n 2n = d(d + 1) O(2d ;2d � 2;:::; 4;2) (Z=2Z)d " (z2i ) = ( � 1) i

SOn n = d2 O(2d � 1;2d � 3;:::; 3;1) (Z=2Z)d � 1 " (z2i � 1z2i+ 1) = � 1
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Let u 2 G be a unipotent element and" 2 Irr (AH (u)) .
Let P = LU be a parabolic subgroup ofH and v 2 L be a unipotent
element.
We de�ne

Yu;v =
�

gZL(v) � U j g 2 H; g� 1ug 2 vU
	

and
du;v =

1
2

(dimZH (u) � dimZL(v)) :

Then dimYu;v 6 du;v and ZH (u) acts onYu;v by left translation. We
denote bySu;v the permutation representation on the irreducibles
components ofYu;v of dimensiondu;v .
If P = B = TU , then

Yu;1 =
�

gB 2 H=B j g 2 H; g� 1ug 2 U
	

=
�

B0 2 B j u 2 B0	 = Bu:
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De�nition
We say that" is cuspidal, if and only if, for all proper parabolic subgroup
P = LU, for all unipotentv 2 L, we haveHomAG(u) ("; Su;v ) = 0.
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Generalized Springer correspondence

N +
H =

n
(CH

u ; � )
�
�
� u 2 H unipotent; � 2 Irr (AH (u))

o

SH the set of (H-conjugacy classes of) triples(L; CL
v ; " ) with

L a Levi subgroup ofH ;
CL

v an unipotentL-orbit ;
" 2 Irr (AL(v)) cuspidal.

We denote byW H
L = NH (L)=L.

Theorem (Lusztig,1984)

N +
H ’

G

(L;CL
v ;" )2S H

Irr (W H
L )

(CH
u ; � )  ! (L; CL

v ; " ; � )
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Generalized Springer correspondence in a disconnected case

We suppose now thatH is a reductive not necessarily connected
H acts by conjugation onN +

H � and SH � .

Proposition (M.)
The generalized Springer correspondence forH � is H-Øquivariante, i.e.

h � (CH �

u ; � )  ! h � (L� ; CL�

v ; " ; � ):

DØ�nition
We call quasi-Levi subgroup ofH a subgroup of the formL = ZH (A),
whereA is a torus contained inH � .

The neutral component of a quasi-Levi subgroup ofH is a Levi subgroup of
H � .
W H

L = NH (A)=ZH (A) admitsW H �

L� = NH � (L� )=L� as normal subgroup.
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Generalized Springer correspondence in a disconnected case
Let u 2 H � be unipotent et" 2 Irr (AH (u)) . We say that" is cuspidal if all
irreducibles subrepresentations ofAH � (u) which appear in the restrcition to
AH � (u) are cuspidals.
We denote by

N +
H =

n
(CH

u ; � ); u 2 H � unipotent; � 2 Irr (AH (u))
o

SH the set of (H-conjugacy classes of) triples(L; CL
v ; " ) avec

L quasi-Levi subgroup ofH ;
CL

v a unipotentL-orbit ;
" 2 Irr (AL(v)) cuspidal.

Theorem (M.)
For H = On,

N +
H ’

G

(L;CL
v ;" )2S H

Irr (W H
L )

(CH
u ; � )  ! (L; CL

v ; "; � )
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Langlands correspondence

Let beF a p-adic �eld andG a split reductive connected group overF .
We denote bybG the Langlands dual group ofG, WF the Weil group ofF
and W 0

F = WF � SL2(C) the Weil-Deligne group.

DØ�nition
A Langlands parameter ofG is a continous morphism

� : W 0
F �! bG;

such that
� SL2(C) is algebraic ;
� (WF ) consist of semisimple elements.

We denote by�( G) the set of bG-conjugation classes of Langlands
parameters ofG.
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Langlands correspondence

We denote byIrr (G) the set of (smooth) irreducible representations ofG.

Conjecture
There exists a �nite to one map

recG : Irr (G) �! �( G):

Hence,
Irr (G) =

G

� 2 �( G)

� � (G):

There exists a bijection
� � (G) ’ Irr (SG

� );

avecSG
� = Z bG(� )=Z bG(� ) � Z bG.

+ other proprieties.
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Langlands correspondence

The Langlands correspondence is proved forGLn by Harris et Taylor ;
Henniart et Scholze, forSOn et Sp2n by Arthur. We denote by

�( G)+ =
n

(�; � )
�
�
� � 2 �( G); � 2 Irr (SG

� )
o

:

Then
rec+

G : Irr (G) ’ �( G)+ :

Properties of the Langlands correspondence : for all� 2 �( G), the
following are equivalent

one element in� � (G) is in the discrete serie ;
all elements in� � (G) are in the discrete serie ;
� 2 �( G)2 (is discrete).

Supercuspidal ?
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Jordan bloc of discrete series
Let G be one of the split groupsSp2n(F) or SOn(F).
For all unitary irreducible supercuspidal representation� de GLd� (F) and
for all integera > 1, the induced representation

� j j
a� 1

2 � � j j
a� 3

2 � : : : � � j j
1� a

2 ;

admit a unique irreducible subrepresentation ofGLad� (F) : St(�; a).
Let � be an irreducible discrete serie ofG. We denote by

Jord(� ) = f (�; a)g

with � an unitary irreducible supercuspidal representation of aGLd� (F)
and a > 1 such that there exists an integera0 which verify :

8
<

:

a � a0 mod 2
St(�; a) o � irrØductible
St(�; a0) o � rØductible
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Jordan bloc of discrete series

Let ' 2 �( G) a discrete parameter. The decomposition ofStd � � , where
Std : bG ,! GLN bG

(C) is :

Std � � =
M

� 2 I'

M

a2 J�

� � Sa:

We call Jordan bloc of' and we denote by
Jord(' ) = f (�; a)j� 2 I' ; a 2 J� g.
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Jordan bloc of discrete series

Jord(' ) without hole (or jump)
() (( �; a) 2 Jord(' ) et a > 3 =) (�; a � 2) 2 Jord(' )) .
A bG(' ) is generated by
�

z�; a pour (�; a) 2 Jord(' ) et a pair
z�; az�; a0 pour (�; a); (�; a0) 2 Jord(' ) without parity condition ona; a0

(�; a); (�; a0) 2 Jord(' ), with a0 < a, consecutive, for all
b 2 Ja0+ 1; a � 1K, (�; b) 62Jord(' ).
a�; min the smallest integera > 1 such that(�; a) 2 Jord(' ).

DØ�nition
A character" of A bG(' ) is alternate if for all(�; a); (�; a0) 2 Jord(' )
consecutive," (z�; az�; a0) = � 1 and if for all(�; a�; min) 2 Jord(' ) with
a�; min evenn," (z�; a�; min ) = � 1.
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Jordan bloc of discrete series

Theorem (M÷glin)
The Langlands classi�cation of discrete series ofG by Arthur induce a
bijection between the set of irreducible supercuspidal representation ofG
and the set of pairs('; " ) such thatJord(' ) is without holes and" is
alternate ; the bijection� 7! ('; " ) is de�ned byJord(' ) = Jord(� ) et
" = " � .
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Stable Bernstein centre, after Haines

Let G be a split connected reductivep-adic group.
( bM ; � ) with bM a Levi subgroup ofbG et � : WF �! bM discrete.
Unrami�ed cocharactersX( bM ) = f � : WF =IF �! Z �

bM
g ’ Z �

bM
.

De�nition
1 the cuspidalL-data ( bM1; � 1) and ( bM2; � 2) are associate if there exists

g 2 bG such thatg bM1 = bM2 and � 2 = g � 1 ;
2 the cuspidalL-data ( bM1; � 1) and ( bM2; � 2) are inertially equivalent if

there existsg 2 bG and � 2 X( bM2) such that
g bM1 = bM2 and � 2 = g � 1� .

We denote by
( G)st (resp.B(G)st) the equivalence classes for relation 1
(resp. 2).
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Stable Bernstein centre, after Haines
Let �i�= [ bM ; � ] 2 B (G)st . We can de�ne the torus

T�i�= f (�� ) bM ; � 2 X( bM )g

and the �nite group

W�i�=
n

w 2 N bG( bM )= bM ; 9� 2 X( bM ); (w � ) bM = ( �� ) bM

o
:

We have

( G)st ’

G

�i�2B (G)st

T�i�=W�i�:

DØ�nition
We call the stable Bernstein centre ofG and we denote byZ(G)st the ring
of regulars functions on
( G)st :

Z(G)st := C[
( G)st ]:
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Stable Bernstein centre, after Haines
Let � : WF � SL2(C) �! bG a Langlands parameter.

� � : WF �! bG

w 7�! �
�

w;
�

jw j1=2

jw j � 1=2

�� :

We denote bybM� � a Levi subgroup ofbG which contains minimally the
image of� � .

S�cst : �( G) �! 
( G)st

� 7�! ( bM� � ; � � ) bG

;

�( G) =
G

( bM ;� )2 
( G)st

�( G) � ; where �( G) � = f � 2 �( G); S�cst(� ) = ( bM ; � )g:

�( G) =
G

�i�2B (G)st

�( G)�i�; where �( G)�i�= f � 2 �( G); S�cst(� ) 2 �i�g:
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Compatibility of the Langlands correspondence with the
parabolic induction
Compatibility conjecture
Let P = LU be a parabolic subgroup ofG, � 2 Irr (L) supercuspidal and�
an irreducible subquotient ofiG

P (� ).

� � : W 0
F �! bL Langlands parameter of� ;

� � : W 0
F �! bG Langlands parameter of� ;

Then, (� � � ) bG = ( � � � ) bG.

Let �i�= [ bM ; � ] 2 B (G)st .

e� � (G) =
G

� = � �

� � (G):

e� �i�(G) =
G

�� 2T �i�=W �i�

e� �� (G):
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Compatibility of the Langlands correspondence with the
parabolic induction

e� � (G) =
G

� = � �

� � (G):

Proposition

The compatibility conjecture is equivalent to that for all Levi subgroupbM of
bG and all � : WF �! bM discrete, we have :

e� � (G) =
G

bL2L (G) �

G

� 2 �( L) �; cusp

G

� 2 � � (L)cusp

J H (iG
LU (� ))
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Enhanced Bernstein centre
We still suppose thatG is a split connected reductivep-adic group and let
L be a Levi subgroup ofG.

DØ�nition (M.)
Let ' 2 �( L). We say that' is cuspidal when

' is discrete ;
Irr (SL

' )cusp is not empty.
An enhanced Langlands parameter is cuspidal('; " ) 2 �( L)+ when ' is
cuspidal and" 2 Irr (SL

' )cusp.

Conjecture (M.)
Let ' 2 �( L). The L-packet � ' (L) contains supercuspidal representations,
if and only if, ' is a cuspidal Langlands parameter. Moreover, the
supercuspidal representations in� ' (L) are parametrized byIrr (SL

' )cusp,
� ' (G)cusp ’ Irr (SL

' )cusp.
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Enhanced Bernstein centre

Proposition (M.)

Let � : WF �! bM a discrete parameter.
If � 2 �( M ) is a Langlands parameter ofM with in�nitesimal cocharacter
� , then � = � .

e� � (M ) = � � (M ):

Moreover, all representations ofS� (M ) are cuspidal, i.e.

Irr (SM
� ) = Irr (SM

� )cusp:
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Enhanced Bernstein centre

Proposition (M.)
For the linear group, symplectic or special orthogonal split group, the
cuspidal Langlands parameters are :

for GLn(F),
' : WF �! GLn(C); irrØductible;

for SO2n+ 1(F),

' =
M

� 2 IO

d�M

a= 1

� � S2a
M

� 2 IS

d�M

a= 1

� � S2a� 1; 8� 2 IO ; d� 2 N; 8� 2 IS; d� 2 N� ;

for Sp2n(F) ou SO2n(F),

' =
M

� 2 IS

d�M

a= 1

� � S2a
M

� 2 IO

d�M

a= 1

� � S2a� 1 8� 2 IO ; d� 2 N� ; 8� 2 IS; d� 2 N:
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Proposition
Moreover, after the theorem of Harris-Taylor et Henniart forGL and the
theorem of M÷glin, the supercuspidal representations ofG are
parametrized by('; " ) with ' a cuspidal Langlands parameter ofG and
" 2 Irr (SG

' )cusp. In other words, the conjecture on the parametrization of
supercuspidal representations is true.
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Enhanced Bernstein centre

Let G be a split reductivep-adic group.
(bL; '; " ) with bL a Levi subgroup ofbG and ('; " ) 2 �( L)+ cuspidal.
Unrami�ed cocharactersX(bL) = f � : WF =IF �! Z �

bL
g ’ Z �

bL
.

DØ�nition
1 the cuspidalL-data (bL1; ' 1; "1) and (bL2; ' 2; "2) are associate if there

existsg 2 bG such thatg bL1 = bL2; g ' 1 = ' 2 et "g
1 ’ "2 ;

2 the cuspidalL-data (bL1; ' 1; "1) and (bL2; ' 2; "2) are inertially
equivalente if there existsg 2 bG et � 2 X(bL2) such that
g bL1 = bL2; g ' 1 = ' 2� et "g

1 ’ "2 ;

We denote by
( G)+
st (resp.B(G)+

st) the equivalences classes for relation 1
(resp. 2).
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Enhanced Bernstein centre

Let 	j = [ bL; '; " ] 2 B (G)+
st . We can de�ne the torus

T	j = f ('� )bL; � 2 X(bL)g

and the �nite group

W	j =
n

w 2 N bG(bL)=bL; 9� 2 X(bL); (w ' )bL = ( '� )bL

o
:

We have

( G)+

st ’
G

	j2B (G)+
st

T	j=W	j:
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Enhanced Bernstein centre

We have the following map

�( G) �! 
( G)st

� 7�! ( bM� � ; � � ) bG
;


( G)+
st �! 
( G)st

(bL; '; " ) bG 7�! ( bM� ' ; � ' ) bG
;

�( G)+ �! 
( G)+
st

(�; � ) 7�! (bL; '; " ) bG
; ?????
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Enhanced Bernstein centre

Conjecture

Let ' : W 0
F �! bL be a cuspidal Langlands parameter ofL. Assume the

conjecture (on the parametrization of supercuspidal) true. If� 2 � ' (L)cusp
is parametrized by" 2 Irr (SL

' )cusp, then if we denote by
s = [ L; � ]G; 	j = [ bL; '; " ], we have isomorphism :

Ts �! T 	j

� 7�! b�
;

Ws �! W 	j

w 7�! bw
;

such that for all� 2 Ts; w 2 Ws :

[w � � = bw � b�:


( G) ’ 
( G)+
st

Ahmed Moussaoui (University of Calgary) Bernstein centre for enhanced Langlands parametersDecember 5, 2015 28 / 37



Cuspidal support of an enhanced Langlands parameter
Theorem (M.)
Let G be a split reductivep-adic group. We can de�ne a map

(�; � ) 7�! (bL; '; " 0) bG;

with
bL a Levi subgroup ofbG ;
' 2 �( L)a cuspidal Langlands parameter ofL ;
an irreducible representation"0 of AZbL( ' WF

) � (' SL2(C) ).

The Langlands parameters� and ' have the same in�nitesimal cocharacter
and for allw 2 WF , we have

� c(w) = � (1; dw )=' (1; dw ) 2 Z �
bL ;

with dw =
�

jw j1=2

jw j � 1=2

�
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Cuspidal support of an enhanced Langlands parameter

Theorem (M.)
Let G be one ofSp2n(F) ou SOn(F). We can de�ne a map

S�c: �( G)+ �! 
( G)+
st

(�; � ) 7�! (bL; '; " )

Moreover, the �ber are parametrized by irreducible representations of

NZ bG( ' WF
� c ) (AbL)=ZbL(' WF

� c);

wherec runs over the correcting cocharacter of' in bG.
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Equivalence of categories

Let G be Sp2n(F) or SOn(F), M = GL`1
d1

� : : : � GL` r
dr

� Gn0 Levi
subgroup ofG and

� = � 1 � : : : � � 1| {z }
`1

� : : : � � r � : : : � � r| {z }
` r

� �;

with � i unitary irreducible supercuspidal representation ofGLdi and �
supercuspidal irreducible representation ofGn0.
We denote bys = [ M ; � ]G. Heiermann associate to eachs :

a based root datumR s = ( Xs; � s; X _ ; � _
s ; � s) ;

a �nite group Rs ;
parameters functions(� s; � �

s)

an a�ne Hecke algebraH s.
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Equivalence of categories

Theorem (Heiermann)
The categoryRep(G)s is equivalent to the category of right
H s o C [Rs]-modules.
This equivalence preserve the objects of the discrete serie and tempered
objects.

We have� s =
F r

i= 1 � i ;
If � i is typeA; C; D or (type B for long roots),� 2 � i \ � s
� s(� ) = 1 ;
If � i is typeB, for the short root� s(� i ) = xi + x0

i ; � �
s(� i ) = xi � x0

i ;
with xi the unique positive real numberx such that � i j j x o �
reducible (same forx0

i with � i � ).
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Parameter of the graded Hecke algebra obtained byH s

A` i � 1 2 2 2 2 2

B` i =C` i
2 2 2 2 a� i + 1 if � i 2 Jord(� )

B` i =C` i
2 2 2 2 2 if � i 62Jord(� )

Dn
2 2 2 2

2

2

a� i = sup
a2 N

f (�; a) 2 Jord(� )g
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Graded Hecke algebra associated to cuspidal triple
Let H be a connected reductive complex group andt = ( L; C; " ) 2 SH .
Let h the Lie algebra ofH et (�; r0) 2 h � C a semi-simple element.

f x 2 h; [�; x] = 2r0xg :

(x; � ); � 2 Irr (AH (�; x)) :

From t = ( L; C; " ) Lusztig build a :
based root datumR = ( X ; � ; X _ ; � _ ; �) ;
a parameter function� t : � �! N ;
a graded Hecke algebraH � t .

Let (�; r0) 2 h � C a semisimple element.
Lusztig de�ned aH � t -moduleM (�; r0; x). Let � 2 Irr (AH (�; x)) and

M (�; r0; x; � ) = HomAH (�; x) (�; M (�; r0; x)) :

Let Irr (AH (x)) " the irreducible representatione� of AH (x) such that
(CH

x ; e� ) is in the bloc de�ned by(L; C; " ).
We haveAH (�; x) ,! AH (x) and we denote byIrr (AH (�; r0; x)) " the set of
irreducible representation ofAH (�; r0; x) which appears in the restriction to
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Graded Hecke algebra associated to cuspidal triple

Theorem (Lusztig)
1 M (�; r0; x; � ) 6= 0, i�, � 2 Irr (AH (�; r0; x)) "

2 All simpleH � t -module on whichr acts byr0 is a quotient of
M (�; r0; x; � ) of oneM (�; r0; x; � ), with � 2 Irr (AH (�; r0; x)) "

3 The set of simpleH � t -modules with central character(�; r0) is in
bijection with

M (�; r0) = f (x; � )jx 2 h; [�; x] = 2r0x; � 2 Irr (AH (�; x)) " g

4 A simpleH � t -moduleM (�; r0; x; � ) est tempered, i�, there exists a
sl2-triple (x; h; y) in h such that
[�; x] = 2r0x; [�; h] = 0; [�; y] = � 2r0y and � � r0h is elliptic. In this
case,M (�; r0; x; � ) = M (�; r0; x; � )

5 If CH
x is a distinguished nilpotent orbit ofH, then M (�; r0; x; � ) is in

discrete serie.
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Graded Hecke algebra associated to cuspidal triple

H L partition R Rred paramŁtres

Sp2n (C� ) ` � Sp2n0 (1` ) � (2; 4; : : : ; 2d) BC` B` 2 2 2 2 2d + 1

(C� )n (1n) Cn Cn 2 2 2 2 2

SON (C� ) ` � SON0 (1` ) � (1; 3; : : : ; 2d + 1) B` B` 2 2 2 2 2d + 2

SO2n+ 1 (C� )n (1n) Bn Bn 2 2 2 2 2

SO2n (C� )n (1n) Dn Dn
2 2 2 2

2

2
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Theorem (M.)
Let beG a split classical group. Lets = [ L; � ] 2 B (G) and the
corresponding	j = [ bL; '; " ] 2 B st

e (G). We have a bijection

Irr (G)s ’ � e(G)	j;

which induced a bijection

Irr (G)s;2 ’ � e(G)	j;2;

and
Irr (G)s;temp ’ � e(G)	j;bdd :

Theorem (M.)
The compatibility conjecture between the Langlands correspondence and
the parabolic induction is true for the split classical groups.
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Thank your for your attention.
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