ANALOGOUS RESULTS TO ZSIGMONDY’S THEOREM IN
ABC-FIELDS

YOUSSEF MARRAKCHI

ABsTRrRACT. In this paper, we will explore two implications of the abc—conjecture
on Zsigmondy sets of polynomial and rational functions over number fields.
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1. INTRODUCTION AND MOTIVATION

1.1. Introduction. The abc—conjecture proposed by Joseph Oesterle and David
Masser in 1985 is one of the most famous conjectures in number theory. It origi-
nated as an attempt to understand the Szpiro’s conjecture and was proven to be
equivalent to the modified Szpiro’s conjecture. Since then, there have been a cou-
ple of claimed proofs for the conjecture, the most famous was the one by Shinichi
Mochizuki [Moc21a, Moc21b, Moc21e, Moc21d] in 2012, who claimed to have proven
the modified Szpiro’s conjecture. However, Mochizuki’s attempt was not accepted
by the mathematical community, his proof was also shown to have severe gaps in
2018 by Peter Scholze and Jakob Stix [SS18] but it still remained controversial.
Despite the fact that the abc—conjecture has not been proved neither in its original
form nor in its number field version, it does have some interesting implications in
various fields in number theory including arithmetic dynamics. Before looking at
the implications of the conjecture, we start by looking at the motivation for these
results.

Date: May 14, 2025.



2 YOUSSEF MARRAKCHI

1.2. Motivation: Zsigmondy’s theorem. As a motivation for this paper, we
will be looking at one of the most useful theorems in number theory and one of
the foundational results in the study of prime divisibility which is the Zsigmondy’s
theorem| ]

THEOREM 1.1 (Zsigmondy’s theorem). Let a > b > 0 be coprime integers. Then
for any integer n > 1, there is a prime number p that divides a™ — b" but does not
divide a™ — ™ for any n > m > 1 with the following trivial exceptions:

(1) a—b=1andn=1,
(2) a+b=2™ for somem >1 andn =2,

(3) (a,b,n) = (2,1,6).

It is easy to see why these exceptions fail to satisfy the mentioned rule:

¢ Whena—b=1and n =1, a® —b" = 1 which does not have any prime
divisors.
e When a + b = 2™ for some m > 1 and n = 2, we have a® — b" = a? — b? =
(a —b)(a +b). So if p divides a? — b? but not a — b then we get p | a + b.
However, if a + b is a power of 2, then p = 2 and we already have 2 | a — b
since a and b need to have the same parity to sum up to a power of 2.
e When (a,b,n) = (2,1,6), we have 26 — 16 =63 =32 -7 but 7| 2% — 1 and
3|22 1.
This theorem reveals a deep regularity in the way primes are distributed. There
is also a handful of similar results applied to different series like the Fibonacci
sequence where we get, using Carmichael’s theorem | , |, that F, in-
troduces a new prime divisor p whenever n ¢ {1,2,6,12} or Pell sequence where
P, has a primitive prime divisor for all n > 1. In this paper, we will be looking
for analogous results on dynamical sequences introduced on number fields where
the abc—conjecture holds. We will look at how these results tie to many ques-
tions of interest in arithmetic dynamics such as orbits of points and preperiodic-
ity. It is however worth noting that the results we will be looking at rely on the
abc—conjecture in the corresponding fields, however, the result above is not a con-
jecture but a theorem that has been proved in 1892 by Zsigmondy in | | without
using abc—conjecture.

2. CONJECTURE STATEMENT AND DEFINITIONS

In this section, we will look into the statement of the abc—conjecture. First,
we will look into its known version for natural numbers, then we will look into its
version for number fields. Finally, we will see how the two definitions relate to each
other.

2.1. abc—conjecture for natural numbers. To understand the statement of the
abc—conjecture, we need to first define the notion of a radical of an integer.

DEFINITION 2.1 (Radical function). Let n be a positive integer. We denote by
Rad(n) the product of all prime factors of n. In other words, we get

Rad(n) = Hp

pln



ExaMPLE 2.2 (Examples of radical of integers).
e Rad(24) =6,
e Rad(2") =2 Yn > 1,
e Rad(p) =1p for all prime p.

With definition 2.1 in hand, we can now present the abc—conjecture.

CONJECTURE 2.3. Let € be a positive real number. Then, exists a constant C,
such that for every triple (a, b, c) of coprime positive satisfying a + b = ¢, we have

c< Rad(abc)1+6 -C,

This conjecture claims a very deep relationship between addition and multiplica-
tion of natural numbers. It tells us that for triplet (a, b, ¢), if we have the property
that a + b = ¢, the product of their prime factors cannot be too small compared
to their magnitude. It is also worth noting that for the statement of the theorem,
having € > 0 is necessary because for e = 0 it is easy to prove that there is no such
constant Cy. In fact, if we take a = 1,b = 2P(®=1) — 1 and ¢ = 2P®~1 for some odd
prime p, then, we will have Rad(abc) = 2 - Rad(b). However, we have by Fermat’s
little theorem that p | 2P~ — 1. And using LTE (lifting the exponent lemma), we
have that v, ((2°7)" —1) = v,(p) + vp(2"1 = 1) > 1+1 = 2. So Rad(b) < &.
Therefore, we get Rad(abe) < %’ < %. So we will need Cy > 2. But since this

2
must hold for every odd prime number, then there is no such Cj.

2.2. abc-conjecture in number fields. Throughout this paper, we will denote
by K a number field and Ok the ring of integers of K. Moreover, for any prime p
of K, we will denote by k,, the residue field of p and we will set N,, = l?i‘:al . With
this in hand, we can define our height functions.

DEFINITION 2.4 (Weil height function). Let (aj,as,...a,) € K™\{(0,0,0...0)},
then we have

h(ay,az...an) == > min(vy(a1),vp(az) ... vy(an))N,

p€EO0K

1
(K : Q]
where the notation ¢ : K — C refers to the embeddings from K to C.

+ Z max(log|o(a1)l|,log|o(az)l,. . .log|o(as)|)

o:K—C

Note that in the case where K = Q and n = 3, we get

ha,b.c) = =3 min(vy(a), v,(b), vy (c)) log p

+ max(log(|al), Log([b]), log(|cl)).

For the case K = Q, it is easy to see from the definition that for any o € Q, we
have h(aa, ab, ac) = h(a,b,c). So, if we choose the unique « such that aa, ab and
ac are integers with greatest common divisor 1, we get

- Z min(v,(aa), vy (ab), vy(ac)) =0

p

(1) = h(a,b,c) = h(aa,ab, ac) = log(|al) + log max(|al, b, |¢c|).
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EXAMPLE 2.5. Suppose we have K = Q and (a,b,c) = (¥, 112, 181) then we get

119
(2) h(a,b,c) = 3log2+ 2log3 + logh —log 7 + log w5 = log 1224.
But equation (2) could have also been obtained by looking for the unique o men-
tioned above which in this case would be @.
PROPOSITION 2.6 (Properties of the height function). Let o € K, f, g € K|z, y]

with degree d, then we have by | , Eq (2.0.2)] and | , Proposition 3.3]:
(3) > v(@)N, < h(a,1)
vp () >0
(4) h(f(z,y),1) <d-h(z,y)+O(1)
(5) h(f(z,y),9(x,y)) + O1) = d - h(z,y)

DEFINITION 2.7 (Radical function in number field). Again, let (a,b,c) € K3\{(0,0,0)}
and let I(a,b,c) = {p prime of Ox|v,(a) # vy(b) or vy(a) # vp(c)}. Then we have

rad(a, b, c) = Z N,

pel

It is also easy to see from this definition that rad(a, b, ¢) = rad(aa, ab, ac). Notice
that this definition of the radical function is not directly analogous to our definition
of Rad in 2.1. In other words, when K = Q, we don’t have rad(a, b, c) = Rad(abc).
In fact, we actually get rad(a, b, ¢) = log(Rad(abc)).

ExaMPLE 2.8. Looking at the same example from above, we get

21 119 161
rad ( 19 6> = log(2)+log(3)+log(5)+log(7)+log(17)+log(23) = log(82110)

8 579
With definitions 2.4 and 2.7 in hand, we can now look at conjecture statement
in number fields | , Conjecture 3.1] which relates the height of the triplet

(a, b, ¢) with their radical :

CONJECTURE 2.9 (abc—conjecture). Let € > 0, there exists ¢k, > 0 such that
for all non-zero a,b,c € K such that a + b = ¢, we have
h(a,b,c) < (1 +¢€) -rad(a,b,c) + ck,e
We call an abe-field any number field where conjecture 2.9 holds. To give more
intuition about this conjecture and how it is related to its more known version in

Z, we can look at what it means when K = Q. By choosing the same « as above,
we get A = aa, B = ab and C = ac are coprime integers such that A+ B = C and

h(A,B,C) = h(a,b,c) < (1 +¢)-rad(a,b,c) + cxe = (1 +¢€) -rad(4, B,C) + cke

But since A, B and C' are coprime integers, then we have from (1) h(4,B,C) =
log(max(A, B,C) and rad(A, B,C) = log(Rad(ABC)). Therefore, we get

log(max(A, B,C)) < (1+¢) - log(Rad(ABC)) + cg,e
And by taking the exponential of both sides we obtain
(6) max(A, B,C) < Rad(ABC)'*™ . Cg..

where Cx e = exp(ck ). Then, by simple manipulation of the signs of A, B, C, we
can force the relationship C' > max{ A, B} while keeping the same absolute values,
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and then by taking C, = Cg, . we get from (6) the formulation we had in Conjecture
2.3.

3. MAIN RESULTS

3.1. Preliminaries. Before looking into our 2 main results, we will look at a couple
of definitions that will help us understand them. In this paper, we will be dealing
with functions ¢ : K — K. In our first result, ¢(z) € K(x) and in our second
result we will deal with unicritical polynomials (polynomials of the form ¢(x) =
(2 — A% + 7).

DEFINITION 3.1 (Primitive prime divisor). Let ¢ be our function of interest, and
let p be a prime in Ok, n be an integer and o € K. We say that p is a primitive
prime divisor of ¢"(«) if the following is satisfied:

(1) ¢"(a) #0,
(2) vp(¢"(a)) >0,

(3) vp(¢™(a)) <0 for all integers m such that 1 < m < n.

If " () does not have a primitive prime divisor, we say that n is in the Zsig-
mondy set of the forward orbit {¢(a)};>0. We can see from the definition that if
« is a preperiodic point of ¢, then 3N € N such that Vn > N, we have n is in the
Zsigmondy set of {¢*(a)}i>. We can choose this N to be the index of the first
repeated value in the orbit of a.

3.2. Analogous result on rational functions. In this section we will be looking
at | , Theorem 1.1] which deals with rational functions in K. The result in
the following.

THEOREM 3.2. Let K be an abe—field, let ¢ € K(x) have degree strictly bigger
than 1, and let a € K such that hy(a) > 0 and there is no n € N such that
¢"(a) = 0. We also suppose that ¢(z) # cz¢. Then Zsigmondy set of {¢'(a)}isa
is finite.

The canonical height function here is defined as the following:
_ i ho(9"(2)
7) ho(z) = lim "0

where d is the degree of ¢ and hg is defined using the height function in 2.4 the
following way:

ho(2) =h(z,1)=—= > min(v,(2),0)N,

p prime of Ok

1
max(log |o(2)],0
Tg L meorleLo
In the case where K = Q, if we write 2z as § where a and b are coprime integers,
we will get ho(z) = log(max(|al,|b])).
The result of theorem 3.2 is really strong because it starts from the abc—conjecture
which constrains how prime divisors are distributed in diophantine equations, but
helps us govern prime behavior in dynamical systems.




6 YOUSSEF MARRAKCHI

EXAMPLE 3.3. We can take ¢(z) to be as simple as 22 + 1. Using our theorem
in Q and assuming that the abc—conjecture holds. It is easy to see that Vo € Q,
we have hy(x) > 0 and that 0 is not part of the orbit of o under ¢ so we have for
x € Q the Zsigmondy set of {¢"(x)},>1 has finite size.

3.2.1. Proof strategy for thorem 3.2. In the proof introduced by [ |, they start
by writing ¢(z) = ggg such that P,Q € Ok[x]. Then we can also get ¢(z) = %

in the following way: We start by taking p and ¢ as the degree d homogenizations
of P and . So p and ¢ are homogeneous polynomials such that p(z, 1) = P(x) and
q(z,1) = Q(z). We also take p1 = p,q1 = ¢ and p;(2,y) = p(pi-1(2,y), ¢i-1(2,y))
and ¢;(x,y) = q(pi—1(z,y),q-1(x,y)). We will prove by induction on ¢ that by
taking P;(z) = p;(z,1) and Q;(x) = ¢;(x,1) we get

i _ P;(x)
(®) 6@) = 5

Proof of result (8). The result holds for i = 1 by definition. Suppose it holds for :.
We have

Pipi(z)  pipi(e,1)  ppi(e,1),qi(x, 1)) _ p(Pi(x), Qi(x))

Qit1(z)  qiyr(z, 1) a(pi(z,1),qi(x,1))  q(Pi(z), Qi(x))
Notice however, that since p and ¢ are homogeneous of degree d, then we have
plazx, ay) = a’p(z,y). So by taking a = Q%(x) the result above is equal to

p(P2), Qi) _ @A) (3E1)
(Pi@), Q=) Qi(a)tq (54,1)

O

After that, the paper proves the following result which bounds the product of
all primes p:

LEMMA 3.4. Let § > 0, let « € K such that lims_,o ho(¢°(a)) = 0o and let F' be
a factor of P; (so Pi(z) = F(x) - G(z) for some polynomial G) such that all roots
of F are non-periodic and do not have 0 in their orbit, then there is a constant Cs
such that for all positive integers n, we have

(9) > N, < bho(¢" (@) + Cs

pEZ
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Where Z is the set of primes p such that min(v,(¢™ (), vy(F(¢" 4 ()))) > 0 for
some m < n.

To give more intuition about how this lemma can be used to prove the theorem

we need to rewrite ¢*(x) = %(Gz)(x), where F, G and @Q); are coprime. So we get that

for all but finitely many primes p, we have v,(¢*(z)) > 0 whenever v,(F(z)) > 0.
Therefore, if we find that for all but finitely many n there is prime p such that
vp(F(¢" () > 0 and v, (¢™(a)) < 0 for all 1 < m < n, then we get a proof to
the theorem. Let J be the set of primes p such that v,(F(¢"~*(a))) > 0. So the
last statement on n (existence of p such that v, (F(¢"(«)) > 0 and v,(¢™(a)) <0
for all 1 < m < n) is equivalent to the existence of p such that p € J but p & Z.
But since we have by definition that Z C J then this is equivalent to

(10) YN, <Y N,

peEZ peJ

So the first lemma 3.4 is used to upper bound the LHS while the next result lower
bounds the RHS:

PROPOSITION 3.5. If F' has degree at least 4 then

(1) SN, > ho(¢" @)+ Cy

peJ

for some constant C;

To prove proposition 3.5, we make use of the following lemma that shows a strong
result for homogenous polynomials in number fields:

LEMMA 3.6. Given any homogeneous f(x,y) € K[x,y]|, there are homogeneous
polynomials a(x,y),b(x,y), c(x,y) all of degree D such that:

(1) a(z,y)b(z,y)c(x,y) has evactly D+2 non proportional linear factors over K,
(2) a(z,y)b(z,y)c(x,y)contains all the linear factors in f,
(3) a(z,y) +b(z,y) = c(z +y).

EXAMPLE 3.7. For K = Q and let f(z,y) = 2? — y2. Then we can choose
o a(z,y) =zy -y,

o b(z,y) = zy +y?,
o c(z,y) = 2xy.

Then we get a, b, c are all homogeneous with degree 2 and

a(z,y)b(z,y)c(e,y) =2-x-y* - (z —y)(z +y)
So the product has D + 2 non proportional linear factors including the ones in f.

Using lemma 3.6, we can prove the following proposition:
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PROPOSITION 3.8. If f(x,y) € Ok|x,y] is homogeneous polynomial of degree 3
or more without repeated factors. Let z1,20 € O and S be a finite set of primes
in K such that for all prime p ¢ S, we have min(vy(21),vp(22)) = 0. Finally, let
€ > 0. Then we get

(degf—2—€)-h(z1,22) < > N,+0(1)

vp(f(z1,22))>0

The O(1) will depend on f, K and S but not on z; and zs.

Proof. We start by applying lemma 3.6 to get our homogeneous polynomials a, b, ¢ €
Ok |z, y] of degree D = deg f such that a(x, y)b(z, y)c(x, y) has D+2 non-proportional
linear factors including all the factors in f. Given that f has no repeated factors,
then we can write a(z, y)b(z, y)c(z,y) as f(x,y)g(x,y) for some polynomial g. Then,
we get to apply the abc—conjecture (finally) on a(z1,22),b(21,22) and ¢(z1, 22) to
get the following result:

€
(12) (1= 5) - hlalz,2), bz, 20)) < > N, +0(1)
p€l(a(z1,22),b(21,22),¢(z1,22))

In fact to get inequality (12) from the conjecture, we plugged in § for ¢ and we
used the fact that i > 14 € and h(ay,a2) < h(ai,as,as) which can be seen from
the definition of h.

Now because for all prime p € S, we have min(v,(21),v,(22)) = 0, then we enlarge
S such that for all prime p ¢ S, we have

p € I(a(z1,22),b(21, 22), ¢(21, 22)) <= vp(a(z1,22)b(%1,22)c(#1,22)) >0
But since a(z1, z2)b(z1, 22)c(21, 22) = f(x,y)g(z,y), then we have

Z Ny = Z Ny + Z Ny

pel(a(z1,22),b(21,22),¢(21,22)) p€l(a(z1,22),b(21,22),¢(21,22))\S peSNI(a(z1,22),b(21,22),c(21,22))

> N+ N,

pES|vp(f(z,y)g(x,y))>0 pes

Y N+ Y N+0()

vp (f(2,9))>0 vp(g(z,y))>0

IN

IN

Where O(1) is just a constant upper bounded by Zpes N,. Now combining this
result with inequality (12) we get

€
(13) (1 - 5) halzn )bz 2) < Y Nyt Y. N, +0(1)
vp (f(2,9))>0 vp(g(2,y))>0
Now using properties (3) and (4) we have:
(14) Y Ny <holg(zr,22)) < (D+2—deg f) - h(z1,22) + O(1)
vp(g(21,22))>0
And using (5) we also get:

(15) h(a(z1,22),b(21,22)) + O(1) > D - h(z1, 22)



Plugging (14) and (15) in (13) we get the desired

(degf—2—¢€)-h(zi,22) < Y N, +0(1)
vp(f(21,22))>0

which finishes the proof of proposition 3.8. ([l

Now, with a direct application of proposition 3.8, we can prove the following
result:

PROPOSITION 3.9. Let F(x) € Ok|[z] be a polynomial of degree 3 or more without
repeated factors. Then, for any € > 0 there is a constant Cy . such that

> N, > (degF —2—e)ho(z) + Cr
vp(F(2))>0

Proof of 3.9. Take f to be the homogenization of F. We use the fact that F(z) =
f(z,1) and ho(z) = h(z,1). Using € = 1, we get

S N, > (deg F — 3)ho(2) + Crpe
vp(F(z))>0

O

Using proposition 3.9, when when F' has degree at least 4, we get 11 which con-
cludes the proof of proposition 3.5.
Combining (11) with lemma 3.4 used with § = 1, we get that whenever ho(¢"~*(a)) >
2(Cy—C), we have the inequality (10). Therefore, by taking o such that hg () > 0,
we know that lim,, . ho(¢™(a)) = co. So, there is N € N such that hq(¢" () >
2(Cy — C4) whenever n > N, so (10) holds for all but finitely many n, which con-

cludes the proof.

3.3. Analogous result on unicritical polynomials. In this section we will be
looking at a different theorem proved in | | that bounds the size of the Zsig-
mondy set for unicritical polynomials on abc—field K even further. For the state-
ment of the next theorem, we will refer by multiplicity 1 prime divisor of ¢™(«)
any prime p that satifies all the conditions of definition 3.1 but also satisfies the
following:

up(¢" (@) =1

THEOREM 3.10. Assume K is an abc— field such that K = Q or K is an imagi-
nary quadratic field. Let d > 3 and ¢(z) = (x—\)%+c € K[z] such that \—c € Ok.
Let
_ h(N)

v(9) = max{1, ho(c — \)}

Then , AD1, Dy depending only on d and K such for all non-preperiodic o € K,
there is a multiplicity 1 prime divisor of 9™ («) for alln > Dy max(log(v(¢)),0)+Ds.

We see that theorem 3.10 adds two stronger results for unicritical polynomials
to the results mentioned in theorem 3.2 which are:

(1) Bounding the size of the Zsigmondy sets

(2) Proving the existence of multiplicity 1 prime divisor of ¢™(«) starting from
some index N.
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4. RELATION TO ZSIGMONDY’S THEOREM

Although the 2 results shown share a thematic resemblance to Zsigmondy’s the-
orem, in that they concern the existence of primitive prime divisors in dynamical
settings, they do not imply Zsigmondy’s theorem in Q because we cannot write
a™ — b™ for integers a,b as ¢™(«) for some function ¢ € Q(x) and o € Q except for
the case where b = 1 where we can take ¢(x) = a(z + 1) — 1 and a = 0. However,
even in this case, the polynomial mentioned is of degree 1 which is not covered by
either 3.2 or 3.10. In the case b # 1, we can also take ¢(x) = ¢ - (2 + 1) — 1, which

would give ¢"(0) = “nb;nbn, but it is also of degree 1. By choosing other polynomials
we can prove the result (assuming abc—conjecture holds) where n takes values only

in a strict subset of N with density 0 and also b = 1 again.

EXAMPLE 4.1. For any integer a > 1, we take ¢(z) = a(zr +1)? — 1 and o = 0.
Then we get ¢"(a) = a®"~! — 1. Theorem 3.2 here will tell us that for all but
finitely many n, ¢"(«) will have a primitive prime divisor, which means that there
is a p such that v,(a?"~' — 1) and v,(a®>" = — 1) < 0 for all m < n. Notice that
this does not mean that v,(a* — 1) <0 for all k¥ < 2" — 1, it is only true for values
of k£ that can be written as k = 2™ — 1 for some m such that n < m > 1. So using
this result alone, we cannot conclude that 2™ — 1 is not in the Zsigmondy set of the
sequence ¢, = a” — b".

Although, as it turns out, Zsigmondy’s theorem cannot be proved using a direct
application of the results presented here. The question remains open to whether
there is a way to adapt the proof in [ ] or | | in order to come up with
another proof for the Zsigmondy’s theorem in abc—fields.
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