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Goals of the talk

Goals of the talk is to explain the following things
1 (Descending from T-W level)

Given allowable T-W datum @Q,, with deformation rings R,
Sn, SYF, we can recover the original deformation ring by

Rg ~ Rn@sns;zlr
Moreover if given quotients
ToRn — Ena 7Sy — gm 7T087111r - gzr

each inducing isomorphism on t°, then the composite map
Rs = Ru®g, Syt — R,@gnsff induces isomorphism on tY
and surjection on t!.



2 (The patching theorem)

Let ¢ : S3, — Roo be a continuous map where
Soo = W (k) [[X1,...,Xs]] ,Rooc = W(K) [[ X1, ..., Xs—s]]

making R a finite S3_-module.
Let a, = (p", (1 + X;)P" — 1) ideals of S3, and

C, = Roo/an@sgo/unwn

Then given R € pro-Arty with a collection of maps
fn 1 Ro — C, satisfying some conditions on tangent complex
(e.g. inducing isomorphism on t° and surjection on t!)
Then
T Ro = Tory® (Reo, W (k))

as graded rings. (The left side is defined as the inverse limit
limjec s 7 (Ro);)



3 (Main theorem)
There is an isomorphism

T Rg = Tory™ (Reo, W)

of graded rings hence the homology H.(Yy, W)y carries the
structure of a free graded module over the graded ring . Rg.



Brief motivation for the main theorem

1 For suitable Galois representations, the Langlands Program
predicts that the Mazur's deformation ring should act on the
homology of an arithmetic group. But we have already seen
moRs recovers the underived deformation ring, so such an
action might be upgraded to a graded action of 7, Rg.



2 Numerology of the Betti number for an arithmetic group. For
instance if I' < SL,,(Z) then the exterior algebra of a vector
space of dimension § = [252] acts on H*(I',Q,)y. Now let
O be the ring of integers of @, and p : Gal(Q/Q) — GL,(O)
the Galois representation attached to x and p its mod p
reduction. Suppose the standard conjecture that p does not
have characteristic zero crystalline deformations. Then
TR OnyR,5 @p is isomorphic to an exterior algebra on §
generators. Thus it naturally suggests that m,/R5 might in

fact act freely on H,(I",0),.



3 While in C-G method it is already shown that the homology
H,(I', O); has the structure of a free module under a certain
Tor-algebra arising in T-W limit process. So a simple way is to
identify m,Rg with the Tor-algebra.

Such identification is reasonable and natural. Note the
underived descending gives R = Ry ®g5,, W.

As to be shown in the patching theorem, one way for the
Tor-algebra to come into the story is by the computation of
homotopy groups of the tensor product R,, ®g, W (and take a
limit). So in derived case there should exist some identification
between m,Rg and the Tor-algebra coming from T-W limit.
Also this Tor-algebra is a priori obscure since it depends on all
the choices made in the limit process. And it would be nice if
it could be identified with a more intrinsic object.



A few background

1 We are always talking about functors F : Arty — sSet and we
have defined almost everything in a homotopy/weak
equivalence sense, e.g. homotopy (co)limits, homotopy
pullback, (pro-)representability.

2 In previous talks we have seen that there is a well-defined
derived deformation problem/functor to deal with. In
particular the deformation functor is pro-representable by
Lurie's derived Schlessinger criterion. Also (underived) local
conditions can be imposed to this functor, and in this talk we
always assume a crystalline condition at p.



3 Almost all the notations and assumptions are given in [GV]
section 6, 7, 10 and 13.1. In particular Conjecture 6.1 in [GV]
assumes the existence of some Galois representation
associated to certain Hecke algebra.

4 For objects in pro-Artg, the derived tensor product really is
viewed as the representing ring of the homotopy pullback of
the representing functors, hence as long as they have the
same index category, the derived tensor product has functorial
properties.



Notations on Galois representation

Fix p and a finite field k£ of characteristic p with Witt vectors
W =W(k), W, =W (k)/p™.

S a finite set of primes containing p, G a split semisimple algebraic
group over W (k), e.g. PGL,,. T C G a maximal k-split torus.

G the split reductive Q-group whose root datum is dual to that of
G and G admits a smooth reductive model over Z {S%{M}

(More is coming...)



'Minimal level’ Galois representation

Assumptions on p:

a H° (Qp,Adpg,) = H? (Qp, Adpg,) = 0 (local deformation at
p is representable and formally smooth)

b For v € S — {p}, the local cohomology H’ (Q,,Adpg,) =0
for j =0,1,2 (local deformation ring at S — {p} is W)

c p has big image: the image of p restricted to Q ((y) contains

the image of G*°(k) in G(k) here G* is the simply connected
cover. (existence of allowable T-W datalGV] remark after 6.2)



Allowable T-W datum

For p: mZ[$] — G(k), a set of (T-W) primes Q = {/1, ..., {,}
disjoint from S and each p(Froby,) is conjugate to some t;, € T'(k)
whose centralizer in GG is T', satisfying further conditions

a p" divides each ¢; — 1
b H? (Z [i] ,Adp) = 0 where local conditions [, at
v € SUQ namely

Hi, v=p
L=< H! veqQ
07 UGS_{p}



Combined with the assumptions on p, the vanishing condition b
means that in the sequence

Jig (Z [i] ,Ad,o) A, W

(Qp,Adp)
%i{{i% H? (Z [%} ,Adp) =N %HQ (Qy, Adp)
0

A is surjective and B is injective.



Tangent complex

For a formally cohesive functor we can have associated tangent

complex and if
F=Foxly Fi

where Fy,Fo1,F1 are all formally cohesive, then F is also formally
cohesive and tF is quasi-isomorphic to the mapping cone of
tFo @ tF1 — tFor.

Also for our derived deformation functor
1

) o it
t]]:Z[ ]71) = Wﬁjt}-z[l]yp = H} (Z |:S

1
S



Descending from T-W level

Consider a representation p : m1Z [%] — G(k) satisfying conditions
given above. Denote Rg the crystalline deformation ring of p. Let
Q. be an allowable T-W set. We are going to see how the derived
deformation ring at base level .S could be recovered from the
derived deformation ring at level S@Q,, and under some condition on
9 and t!, even well approximated just using the usual (underived)
deformation ring at level SQ),, or a sufficiently deep quotient of it.



For a T-W prime ¢, we set

> pz, the pullback of p under m1(Z;) — m1(Z [£]), po,
pullback via m1Qq — m1Z,

» By assumption pz, is conjugate to a p%q cmZg — T(k), paq
pullback via m1Qq — m1Z,

» Fz,,Fq, deformation functors for pz, and pg,, similarly for
]:ZTq and ]-'ZTq’D where with [J means the framed versions.

Then we have diagram where all squares are object-wise homotopy
pullback and s-maps are sections/GV] 82

574
~ —— 70
Fala] Fz, F 7y,
i J ~ lT Ii“,lj
Tolg) e a ==y



Apply to @), we get

/ h loc,ur’ "~
fSHQn X_F}LOC/’FTL -=> fs

where ]-',lloc’(ur) = quQn fCIT’(ur)’D and a prime denotes a weakly
equivalent functor. Then on deformation rings the equivalence
above gives

Rg ~ Rn&né’,‘jr

where here ~ means that the functors they represent are naturally
weakly equivalent. Roughly speaking, 'a representation of

mZ [%} unramified at @ is actually a representation of mZ [4]".



Suppose given pro-Artinian quotients
7T[),R'n - ﬁny 770871 - gnv 7708;1” - g;llr

with a diagram R, + S,, — gflr commuting with the same
diagram for the 7 rings. Then we get

Rs = Rn®g Sp — ﬁnggngzr

Theorem
If the quotient maps all induce isomorphisms on t° then the map

Rs — Rn®g S, induces isomorphism on t° and surjection on t'.



Proof.

By properties of tangent complex, we have commutative diagram

0 ——t"(Rn®s, S, ) — "(Rn) @ (S,,) ——

) P

0 —=t"(Ru®g Sy) —t* (Rn) ® O(S)") — 17 (Sn)

n

where by assumption f and g are all isomorphisms hence so is j;.
Continue the commutative diagram

to (gn) - tl (ﬁn@gngzr) - tl (En) ® tl (gn)

, b |

0(S) — = tH(Rp® SF) — =t (Ry,) @ tH(SP) > t1(S,,)

O



Note t!S™ = 0 since SU* is formally smooth.
Moreover by our assumption on p and @,
1 = 2 1
'R, —=> H? (Z [TQJ ,Adp)
2 1
h H (Z [TQJ ,Adp)

B

tS, —— @ H*(Q,, Adp'")
VEQN

where the first isomorphism comes from the long exact sequence
for f-cohomology and use the fact that A is surjective and second
local cohomology at p is 0. The last term is by [GV] 8.3. Hence in
the above diagram h is injective, 7y is 0, 5 is surjective. Since g is
isomorphism, js is surjective. This finishes the proof.



For future use, we also want to understand S; and S better.

Lemma

The pro-rings S,
S(ur) — TSy (ur) S( ") induces weak equivalence of represented
functors[GV] s 6 And the commutative diagram is a homotopy
pullback

(ur)

are homotopy discrete, i.e. the map

So——=8,

|
W (k) — S

where S; = W [[Y1,..., Y]] /((1 + Yi)pN — 1) for r = rank(G),
N = ordy(q — 1) and the diagram is still a homotopy pullback
after they all quotient by p™.



Remark

With the same notations, actually in the above lemmalGV] 814

Se=WI[X1,... X, Y1, Y /(L+ V)P —1)
SU = W [[X1,..., X,]]

Canonically these rings can be identified as

Sy = completed group algebra of T (F;) = W[T(F,),]

S, = completed group algebra of T (Q,)™™®

ur

Sy = completed group algebra of T (Q,)

where T is the dual torus to 7" in G and ( ), denotes the p-part.



Patching

Theorem
Let continuous map

S2 =W(k)[[X1,...,Xs]] = Reo = W(E) [[X1, ..., Xes]]
making Roo a finite SS,-module. Let a,, = (p", (1 + X;)?" — 1) and
Cn = Roo/an@sgo/an Wn

We have natural maps e, ,, : C;, = Cp, for n > m.



Then given R € pro-Arty, t“Rg supported in degree 0, 1 and
satisfying the "Euler characteristic’ relation

dim 'Ry — dim 'Ry = dim(Re) — dim(S2,)

with a collection of maps f, : Rg — C, such that for every n > m,
the composite f,m : Ro — Cp, ‘™4 ¢, induces isomorphism on
and surjection on t'. Then as graded rings

T Ro = Tory™ (Reo, W (k))



Proof.
First for A = (j — Aj) and B = (i — B;), A, B €pro-Arty, let

pro-Arty (A, B) = lim; colim; Art,(A;, B;)

and [A, B] = mo (pro-Art, (A, B)). Then for our discussion where
A =Ry and B = C,, we have [Ry,C,] is finite since m,tRy
vanishes beside 0, -1.

Then by a compactness argument we could replace f,, by g, with
same condition but additional compatibility g, and e,41.4, © gnt1
are homotopic. Then we can glue the natural transformations of
functors induced by g,

Hom (C,,, —) — Hom (Ro, —)

to get
hocolim,, Hom (C,,, —) — Hom (Rg, —)

which is also an isomorphism on t° and epimorphism on t!.



Claim actually it is an isomorphism on ¢ for all i by showing both
sides vanish besides 0, 1 and have the same " Euler characteristic”.
We have an exact triangle in the derived category of k-modules

€€ — t (Roo/an) & (W) = £(S% /an)

and taking cohomology and taking direct limit gives

lim G, — tRo @ €W (k) — £152, U
— ~———
0

and t'(Rso) = t(S2,) = 0 since these are power series rings thus
formally smooth.
Then by exactness we have
dim t'C — dim t°C = dim colim,, t'C,, — dim colim,, t°C,,
=dimt°S2, — dim R
=dimt'Ry — dim "Ry



Hence the pro-objects Ry and (n +— C,,) represent equivalent
functors and hence the induced map of homotopy groups

TI'*R() = limﬂ'*(Ro)j — hmﬂ'*cn
— —

is also an isomorphism. This concludes the proof since by
computation of homotopy groups of a tensor product!Ql theorem 6
and [GV] 7.6 we have

7

lim 7,C, = lim Tor?>/"" (Rag /an, Wy) 2 Tor?™ (Reo, W)
— —



Obstructed T-W method

Assume associated to a given Hecke eigenclass there is a Galois

representation p : mZ [%] — G(k) (satisfying pages of

conditions), then the following data can be found (and more):
a map ¢ as in the patching theorem

b allowable T-W data @, associated covering groups A, and
deformation rings R,

¢ function K(n) — oo and commutative diagram

Sgo L Roo FoRZ[%]
lfn lgn l
Sy Rn moRy[1] /(p", mE ™)



inducing isomorphisms

SS /ay — 52 := W, [A,]
Reo/an = Roo ®go. 52 — Ry, 1= moR, /(p™, mE (M)

complex D, of free S3_-modules with
H* (Doo ®Sgo W) = H* (YOv W)m

compatible with Ro.-actions and H,. (D) is concentrated in
degree ¢ where Hy(Do) is a finite free Roo-module
The map Roo ®g0 W — WoRZ[L] is isomorphism and the

e 5
action of Roo ®se. W on H, (Yo, W)n extends to a free graded
action of Tor}> (Roo, W) on H, (Yo, W),



Remark

Let M = Hy(Dw) then actually the map Do, — M is a projective
resolution. Hence

H, (Yo, W) = Ho(Doo ®g0. W) = Tory™ (M, W)

and since M is free over R, the whole homology carries a free
action of Torf“’(Roo, W).



Sketch of the proof of main theorem

> The set-up from obstructed T-W method gives T-W sets )y,
limit rings Roo, SS, and isomorphims Reo/a, ~ R,, and more.

Put .
Api= ] TFy),
q€Qn

and A,, = &L/p" Then the diagram

En — 7'(’05n ®W[An] w, [An] — NOS;llr/pn

::gn ;:gr‘llr
admits a map from

Ry <SS — W,



This is because we have explicit descriptions of the objects
Ay = HT(Fq)p = H(Z/png)r
An=TITE) /" =@y #on

where r = rank(G), nj, = ord,(q — 1). Then just as the

lemma before we have the following homotopy pullback

S, ——S,

|

W, —=S"



and induces a weak equivalence on derived tensor product.
Thus we get

Rz1] = Rn®s,Sn" = Rn®s5, S, & Ru®g W

1
S

where the last equivalence is from the lemma.

But the last term is isomorphic to Reo/a,®go Jan Wn hence

we get maps Rz[i] — ROO/CLn@So Ja Wy, in pro-Arty.
s oo/ fn



> Now it suffices to check the tangent complex condition to

apply the patching theorem. We have to show tiRZ[;] is
S

supported in degree 0, 1 and have the correct 'Euler
characteristic’. This is just a computation of the

f-cohomology.

Also we need to study the composite

RZ[%] — Roo/an@sgo/anwn — Roo/am@Sgo/ame
for n > m and we want to show they induce isomorphism on
tY and surjection on t'.



To show this, we apply the descending theorem from T-W
level. Then we are left to verify the quotients

" q ur Qqur
ToRn — Rn,my TSy — Sn,mv 7TOSn - Sn,m
induce isomorphisms on 0 where
= Sur , m
an—Rn/am, nm:Sn/anb nm_s /

This is true because they are injective on tangent complex and
the ideals defining these quotients all live in the square of the
maximal ideal for n > m > 1.
Then the resulting map
=ur
R [g] — Rn m®S Smm

is isomorphism on t° and surjection on t!.



Then we have commutative diagram

Here the map ¢ induces isomorphisms on tangent complexes.
This finishes the proof.
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