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POINTS ON ACYCLIC CLUSTER VARIETIES

ROBIN ZHANG

ABSTRACT. We determine the number of positive integral points on n-dimensional
affine varieties associated to n x n generalized Cartan matrices. An application
of this to the theory of cluster algebras and combinatorics is the resolution of the
Fontaine-Plamondon conjecture, which says that there are exactly 4400 and 26952
positive integral friezes of type E; and Es respectively. An application of this to
number theory is a simultaneous refinement and generalization of theorems of
Mohanty, Mordell, and Schinzel to positive integers and higher dimensions by ex-
hibiting examples of Diophantine equations xyz = G(x,y) and xyzw = G(x,y, z)
of every degree greater than 3 with infinitely many positive integral solutions.
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1. INTRODUCTION

Counting positive integral points. General finiteness problems about integral
and rational points on affine varieties date back to at least 1901, when Poincaré
asked whether the group E(Q) of Q-rational points on each elliptic curve
E has only finitely many generators. Poincaré’s problem was affirmatively resolved
by Mordell in 1922, generalized by Weil’s thesis [Wei29| in 1929 to number
fields, and generalized by Faltings [Fal83| in 1983 to curves of higher genus.

THEOREM 1 (Mordell-Weil and Faltings). Let K be a number field with ring of
integers O and let X be a smooth projective curve of genus g defined over K.
(a) If g =0, then #X(K) =0 or oco.
(b) If g =1, then X(K) is a finitely-generated abelian group.
(c) If g > 2, then X(K) is finite.
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Long before Faltings’s proof of Theorem (c), Siegel [Sie29]E| used Theorem (b)
and the Thue—Siegel-Roth theorem from the theory of Diophantine approximations
to prove an integral version of Theorem [Ij(c) in 1929.

THEOREM 2 (Siegel’s theorem on integral points). Let K be a number field with
ring of integers Ok and let X be a smooth affine curve of genus g defined over K. If
g > 1, then X(Ox) is finite.

The theorems of Siegel and Faltings were first posed as open questions at the end
of Mordell’s 1922 paper [Mor23|. In this article, we consider Mordell’s question over
the positive integers N for a class of affine varieties of dimension > 2.

The main number theoretic result in this paper is a positive refinement and higher-
dimensional generalization of the Mordell-Schinzel program, which looks for infin-
itely many integer solutions to Diophantine equations of the form
(1) Xyz = G(X)U)
for a polynomial G € Z[x,yl. After proving that Equation [l| has infinitely many
integer solutions when G(x,y) = ax® + by + ¢, Mordell [Mor52] claimed (without
proof) that Equation also has infinitely many integer solutions for any G € Z[x,y];
quadratic counterexamples to this general statement were found by [Jac39l Bar53),
Mil54]. Mordell’s claim was recovered in several cases by [Schll [Schi18| [KT.24],
including when G(x,y) = x™+y+ 1 in [Sch15, Theorem 3]|. We give a refinement of
Schinzel’s result by showing that there are infinitely many positive integer solutions
for G(x,y) =x™+y+ 1 and also prove a new higher-dimensional generalization.

THEOREM 3 (A Diophantine application of Theorem . Let a, b, c, and d be
positive integers.

(a) If ab >4, then there are infinitely many positive integer solutions (x,y,z) to the
equation

xyz = (x* +1)° +y.

Furthermore if ab = 1, 2 or 3, then the number of positive integer solutions is
5, 6, or 9 respectively.

(b) If abed > 3, then there are infinitely many positive integer solutions (x,y,z, W)
to the equation

xyzw = (x* 4+ 1%y + (x¢ + 1)%.

Remark 4. The ab < 3 part of Theorem [3|(a) is already known. Mohanty [Moh77,
Theorem 2| proved that xyz = x*> +y + 1 has exactly 9 positive integer solutions.
We give a new proof of Mohanty’s theorem when treating the ab = 3 case.

The surface in Theorem (a) has arithmetic genus g > 1 precisely when ab >
4, which suggests a higher-dimensional analogue of Siegel’s theorem; the proof of
Theorem [3|is an application (in Section [5|) of such a result for certain acyclic cluster
varieties. Generally, a cluster variety is defined as the spectrum of a cluster algebra.
In this article, we consider an n-dimensional affine variety X to be “of cluster algebra
type C” if it is the zero locus of n polynomials associated to an n x n generalized

'For an English translation, see [Zani4].
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Cartan matrix C = (cyj), which can be taken to be the following polynomials for
each i € {1,...,n} (see Section [2| and Definition in particular):

i—1 n
. -
fei:= xiyi—ij i H X; e ZIXTy e yXny YTy« - oy Ynl.
j=1 j=i+1
These are Diophantine models of cluster varieties for (acyclic) cluster algebras Ac
with trivial coefficients associated to C. In particular, the hypersurfaces of Theorem
are affine varieties of cluster algebra type with generalized Cartan matrices ( _zb }“)
2 —a 0
and <—b 2 —d).
O 7.c 2 . . . . . . . .
The main geometric result in this paper is a “positive Siegel theorem” for integral

points on affine varieties of cluster algebra type Ac in terms of the invariant
tc:= min Cz = the smallest principal minor of C,
TcA{1,..n}
where Cz is the deteminant of the submatrix of C obtained by removing the i-th
column and i-th row of C for all i € Z. Recall that a generalized Cartan matrix C is
finite type if and only if t¢c > 1.

THEOREM 5. Let n be a positive integer and let X be an n-dimensional affine

variety of cluster algebra type Ac associated to an n x n generalized Cartan matrizc
C

(a) If tc <0, then #X(N) = oco.
(b) If tc > 1, then #X(N) is finite and precisely given by the formulae in|Table 1|

Remark 6. We give an effective version of Theorem (b) in Proposition which
specifies bounds on the heights of X(N) that are sharp for all finite types except By,
and Dy, and explicit for all finite types.

In Section we prove Theoremin two steps: the qualitative finiteness/infinitude
and the quantitative enumeration. The key cluster algebra ingredients of the proof
are:

e the classification of cluster algebras by Fomin—Zelevinsky [FZ03];

e the lower-bound model of Berenstein—Fomin—Zelevinsky [BFZ05;

e the finiteness of Dynkin friezes by Gunawan-Muller [GM22] and Muller
[Mul23]; and

e the correspondence between positive integral friezes and positive integral
points by de Saint Germain-Huang-Lu [dSGHL23| (Proposition [2.4)).

The key arithmetic geometry ingredients of the proof are:
e the study of (Z/PcZ)-orbits on X, where P¢ is a positive integer associated
to each finite type C (as listed in ; and
e a reduction procedure of taking intersections with certain affine hyperplanes
(which is shown to be equivalent to removing degree-1 nodes from the cor-
responding Dynkin diagram by Proposition .
In Theorem [|(b), our counts of #X(N) for types Ay, Bn, Cn, Dn, Eg, F4, and G,
follow from direct applications of the de Saint Germain-Huang—Lu correspondence
to the Dynkin frieze enumerations of [CC73a, MGOT12, [FP16, BEGT21]. We also
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give a uniform proof for all types by reducing the enumeration of X(N) to reasonable
finite computational searches; we perform this computation explicitly for the E; and
Eg cases, which do not follow from combining previous studies. In
we provide direct elementary proofs for finite types A, Az, Az, B, = Cy, and G;
because even the small rank finite types are interesting from an arithmetic point of
view: the corresponding affine varieties have infinitely many integral points but only
finitely many positive integral points when n > 2.

Counting positive integral friezes. Using Theorem (b), we give an application
of Diophantine geometry to combinatorics and the theory of cluster algebras. In
particular, we look at the enumeration of friezes when A is of finite type A;.

In 1971, Coxeter [Cox71] introduced frieze patterns for each positive integer n € N:
arrays of numbers x;; with n + 2 rows and infinitely many columns of the shape

1 1 1 1

X1,1 X1,2 X1,3
X2,0 X2,1 X2,2 X2,3
X3,0 X3,1 X3,2
X4,-1 X4,0 X4,1 X4,2
Xn,—2 Xn,—1 Xn,0 Xn,1
1 1 1
such that all diamonds
b
a d
c

satisfy the unimodular relation ad — bc = 1. These generalize Gauss’s formulae for
the pentagramma mirificum, which correspond to the n = 2 case. Conway—Coxeter
[CCT3bl, ICCT3a] proved that all frieze patterns are periodic and that there are only
finitely many frieze patterns with positive integer entries for each n € N. They
furthermore constructed a bijection with the number of triangulations of (n + 3)-

sided polygons to show that the number of friezes is the (n + 1)-st Catalan number
1 (2n+42
n+2 ( T:.l+1 ) :
Frieze patterns were generalized to all finite Dynkin types A, by Caldero—Chapoton

[CCO6] and Assem—Reutenauer—Smith [ARS10], who constructed Dynkin friezes as
special Z-valued homomorphisms of cluster algebras and showed that there is a finite
period Py, associated to each finite type. The Conway—-Coxeter theorem corresponds
to the enumeration of A, -friezes and has been extended to all Dynkin types except
E; and Eg by [CC73a, MGOT12, [FP16, BEG™21| using triangulations of Euclidean
n-gons, Poisson geometry, triangulations of once-punctured n-gons, and foldings of
Dynkin diagrams.

The main combinatorial result in this article is the resolution of the conjecture of
Fontaine-Plamondon [FP16l Conjecture 4.5|, which states that there are 4400 and
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26952 many positive integral friezes of Dynkin type E; and Eg respectively. This
completes the enumeration of all positive integral friezes of Dynkin type.

THEOREM 7 (A frieze application of Theorem (b)) For each finite Dynkin type
Ay, the number of positive integral friezes of type Ay, is precisely given by the formula
in [Table 1. In particular, there are exactly 4400 and 26952 positive integral friezes
of Dynkin type E7 and Eg respectively.

Remark 8. Theorem [7] follows from the enumerative part of Theorem [5[b) and
a bijection between X(N) and positive integral friezes given by de Saint Germain—
Huang-Lu [dSGHL23| (Proposition [2.4). This gives new a uniform Diophantine
proof of enumeration theorems in [CC73a, MGOT12l [FP16, BFG™21].

The study of friezes over Z, Z[\/a], and Z/NZ has been fruitfully initiated in
[Fon14l [CH19, [CHJ20, [GS20, HJ20, MG21), BETT23, [CHP24] [SvSZ25]. One may
generalize our Diophantine approach by studying X¢(R) for these and other integral
domains R, both with or without positivity conditions. We plan to give new counts
of Dynkin friezes over finite fields in a forthcoming work. In another direction,
friezes with general SL(k) unimodular conditions were introduced by Cordes—Roselle
[CR72]; these were shown by Baur-Faber-Gratz-Serhiyenko-Todorov |[BFG™21] to
arise as specializations of cluster algebras to the positive integers just like the classical
SL(2)-friezes; so one might also use the corresponding variety to study general SL(k)-
friezes.
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2. AFFINE VARIETIES OF CLUSTER ALGEBRA TYPE

2.1. Positive integral friezes. By the work of Fomin—Zelevinsky [FZ03|, there is
a classification of cluster algebras into types that mirrors the Killing—Cartan classi-
fication of simple Lie groups and the classification of Dynkin diagrams. Throughout
this paper, we will restrict ourselves to cluster algebras A = Ac associated to an
n x n generalized Cartan matrix C = (cy;) with trivial coefficients and exchange
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matrix
0 —C1,2 e —Cin
c 0
B — 2,1
: —Cn—1n
Cn,1 e Cnyn—1 0

When A is of finite type, there is a Dynkin type A, of rank n such that C is equivalent
to the generalized Cartan matrix Ca, of A, up to a change of basis (see for
the list of finite Dynkin types A, and a choice of Cp,); we will simply use A, to
refer to the type of A in this case.

Following Caldero—Chapoton |[CC06] and Assem-Reutenauer-Smith [ARSI0], a
positive integral frieze is a ring homomorphism from a cluster algebra A to Z such
that the cluster variables are sent to the set N of positive integers. Positive integral
friezes were used in the work of Assem—Reutenauer—Smith to recover results of [FZ02),
FZ03, BFZ05, [FZ07] and to prove new explicit formulae for cluster variables. In this
generalization, the classical Coxeter friezes are the positive integral friezes for cluster
algebras of type A;,.

By the work of Fomin-Zelevinsky [EZ03]| (cf. [ARS10, Corollary 1], [MG15, Theo-
rem 2.7|), if C is of finite type Ay, then each C-frieze F (which we also call a An-frieze)
is periodic under horizontal translation with some period Pa,. In particular, each
An-frieze can be uniquely represented by an n x P, grid of positive integers

Fii R - Fipy,
Far o Faa o - Fapy,
Fn,1 Fn,Z T Fn,PArl

such that it satisfies the mesh relations for all (i,j) in terms of the Cartan matrix
C =Ca, = (cy):

i—1

n
Fafgor =1+ T T v
k=1 k=it1
EXAMPLE 2.1 (A frieze of type Es).

1 1 1 1 1 1

15 11 8 11 15 11
7 41 6 29 5 29 6 41 7 41 6
16 18 21 18 16 18
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is a frieze of type Eg. In particular, all diamonds

b f
a d and e g i

c

satisfy the unimodular relations ad —bc = 1 and ei — fgh = 1. This Eg-frieze has
exact period 4 and can be represented as the 8 x 4 grid:

6 5 6 7

4 3 3 4

11 8 11 15

29 29 41 41

21 18 16 18

13 7 7 13

5 3 5 8

2 2 3 3
Notice that the first entry in each column of the grid corresponds to a subdiagonal
of the frieze and the rest of each column corresponds to the adjacent diagonal of
the frieze. A different choice of Cartan matrix for Eg would give rise to a different

presentation of the frieze. Our choice of Cartan matrix given in [Iable 1| corresponds
to the following labeling of the Dynkin diagram for Eg:

1
°

° °
2 3

° [ ° °
5 6 7 8

~0

2.2. Frieze polynomials and affine varieties. Let C be an n x n generalized
Cartan matrix with entries ¢;j. Consider the complex affine space Aé“ with coor-
dinates x = (X1,...,Xn;Y1,...Yn). The following definition is based on the lower
bound model of Berenstein—-Fomin—Zelevinsky [BEFZ05, Section 1.3] and the model
of Geiss—Leclerc—Schréer |[GLS13, Proposition 7.4] for the cluster algebra Ac with
trivial coeflicients associated to C.

DEFINITION 2.2. For each integer i € {1,...,n}, the i-th lower bound C-frieze
polynomial is

i—1 n
e e
fei IZXiyi—l |Xj P — | | X; € ZIx1y ooy Xny Yty ey Ynls
=1 j=it]

and the i-th Geiss—Leclerc-Schréer C-frieze polynomial is

n i—1

e e

gc,i == Xizi — | | X; ”‘l |z]. DT EZX1y ey Xy Zly e v vy Znle
j=i+1 =1
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For the coordinate rings Rc := Z[x1,...,Xn, Y1y ..., Ynl/(fc1,..., fcn), and Sc :=
ZIX1y ..o yXnyZ1y .- yzZnl/(gc1y - -+, o) define the affine varieties Xc := Spec(Rc)
and Y¢ := Spec(Sc).

In general, a cluster variety is the spectrum of a cluster algebra over C. Since
the cluster algebra Ac associated to C is always acyclic, there are isomorphisms
Spec(Ac) = Xc = Ye (see |[dSGHL23| Propositions 6.2 and 6.7]) so we can equiva-
lently use the lower bound and Geiss—Leclerc-Schréer models.

DEFINITION 2.3. We say that an affine variety X is of cluster algebra type C if X
is isomorphic to Spec(Ac), Xc, or Yc for some generalized Cartan matrix C.

The n-dimensional affine variety Xc can be given as the zero locus of the lower
bound C-frieze polynomials:

XC = V({fC,i}lgign) = {X € Aéﬂ ‘ ch (X) = ... = fc)n(x) = O} C AZn;

similarly Yc is the zero locus of the ideal generated by the gc;;. The affine variety
Xc is smooth at its positive integral points but can have singularities; see [BEMS23],
which exhibits singularities of Spec(.Ac) for the cluster algebra Ac of type A;,. Note
that the variety Xc is different than the frieze variety X(Q) associated to an acyclic
quiver Q as defined by Lee-Li-Mills—Schiffler-Seceleanu [LLM™20]. Also note that
the set of Ap-frieze polynomials is only unique up to the choice of Cartan matrix
for Ay, but the number of positive integral points does not depend on the choice of
Cartan matrix C by Proposition 2.4] See for a list of frieze polynomials of
each Dynkin type.

A key ingredient in our proofs is the following correspondence between friezes
and affine varieties due to de Saint Germain—-Huang-Lu [dSGHL23| Section 6.3] (see
[dSG23|, Example 3.4.2] for an illustration in type E7).

ProOPOSITION 2.4 (JdASGHL23| Section 6.3]). Let C be a generalized n x n Cartan
matriz.

(a) There is a one-to-one correspondence between the set of positive integral C-friezes
and Xc(N).
(b) There is a one-to-one correspondence between the set of positive integral C-friezes

and Yc(N).

In the finite type case, a consequence of Proposition [2.4] is that the positive inte-
grality of the first diagonal and n other entries of a Dynkin frieze F are sufficient to
both uniquely determine all other entries and guarantee their positive integrality. A
point x € Xa, (N) corresponds to the An-frieze with the first column given by the
Xy = Fi1 and with n other entries given by the y;.

Since friezes of Dynkin type Ay, are horizontally periodic with period Py, , there is
an action of Z/Pa,Z on Xa,, (N). For x € Xa, (N), let F denote the corresponding A,-
frieze. For each oy € Z/Pa, Z, define om(x) to be the point of X4, (N) corresponding
to the horizontal translation of F to the right by m columns. de Saint Germain has
kindly pointed out to the author that the oy action has the following names in
different contexts:
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e the Auslander—Reiten translation in finite-dimensional representation theory
(cf. [LLM™20) Section 2.1]);

e the Fomin—Zelevinsky twist in Lie theory (cf. [dSG23) Section 5.6]);

e the Donaldson-Thomas transformation in Calabi—Yau theory (cf. [Wen21]);

e the maximal green sequence in combinatorics (cf. [Mill7]).

We note that o7 acts on Y¢(N) by sending a positive integral point (X1,...,Xn,Z1y ..., 2n)
to another positive integral point (z1,...,Zn,2],...,2}).

In this article, we will generally focus on the lower bound frieze polynomials and
the affine variety Xc due to the lower polynomial degrees. For the remainder of this
article, “frieze polynomial” will generally refer to the lower bound frieze polynomial.

Remark 2.5. An immediate corollary of the theorem of Conway-Coxeter [CCT3a]
and Proposition is an expression for the n-th Catalan number as the number of
positive integer solutions to a Diophantine system of equations:

x1y1=x2+1,
X2X2=X1+X3,
X3X3=X2+X4,

1 2n
- =X, ,(N) =#{ x e N2
n+1\n " :
Xn—2Yn—2=Xn—-3+Xn—1
Xn—1Yn—1=Xn—2+1

2.3. Reduction to smaller types. We observe that for our affine varieties defined
in Section [2.2] removing a node from the Dynkin diagram of type A, corresponds to
taking an intersection of XA, with the affine hyperplane to the removed node. For
notational convenience, we will fix a Cartan matrix Ca,, = (ci;) and label the nodes

from 1 to n of the Dynkin diagram accordingly.

PROPOSITION 2.6. Let Ay be a Dynkin type of rank n and let A&Lk) be a Dynkin
type obtained by removing the X-th node from the Dynkin diagram of Ay If the degree
of the k-th node in Ay is 1, then XA”‘) =Xa, Ny =1 = Xa, N{x =1}

Proof. Since the k-th node has degree 1, it is connected to a unique node k’. The
k-th row and column of Cp,, are given by:

2 ifi=k,
Cik = Ck,i = -1 ifi= k,,
0 otherwise.

This degree-1 condition therefore implies that the only two frieze polynomials in-
volving xy and yy are:

fAnk = XYk — Xkr — 1,

Xk/Yxr — Xk — XX if the k/-th node has in-degree 3,
fank = .
Xk/Yk’ — Xk — X/ otherw1se,

where k” is possibly equal to k" (such as when A, = Fy).
The Cartan matrix C Al 18 the submatrix of Ca, obtained by deleting the k-th row

and the k-th column. Therefore, the frieze polynomials of Ag{] are, up to a relabeling
f:{1,...,n}\k—{1,...,n— 1} of the nodes, identical to the frieze polynomials of
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A, that do not involve xy and yx. Denote Xa,, = Spec(Ra,, ) and X, 00 = Spec( ®) ),
where Rp and R () are the coordinate rings defined by the frleze polynomlals The
closed subscheme Y= V(yx — 1) C Xa,, defined by yx = 1 is obtained by taking the
quotient of Ry, by the ideal (yx — 1). Similarly, let Z = V(xx — 1) C X, be the
closed subscheme obtained by taking the quotient of Ra, by the ideal (xx —1).

In the quotient ring Ra, /(yx — 1), fa, x = Xk — xxs — 1; substituting xi = xy/ + 1
into the other polynomial involving x; and yy yields

; | ~xe(yer = 1) =T =xxnxgem if the k'-th node has in-degree 3,
Ank b= Hlye=1 X (Y — 1) — 1 —xper otherwise.

Since —1—xynxm # 0 and —1—xy» # 0 for positive integer xy» and Xy, a solution

to fAmk’|xk x4l = 0 requires that yx, > 2. But taking a change of variables
Yk — 1 = Ygkr) vields the frieze polynomial f one Hence the corresponding
morphism of coordinate rings
d)*
Ran /(Y = 1) —— R,
Xj > Xf(i) fori#£k
Yi ————— Y for i # k, k’

Xk —m—— X(k/) +1.
Ye—— s 1

Yy ————————> Y(k’) + 1.

gives a morphism of schemes ¢ : YHX ) with an explicit bijection of positive
integral points. The case with Z = V(x, — 1) C Xa,, is nearly identical. O

Observe that for every fixed alphabetic family of Dynkin diagrams, A, is ob-
tained from the Dynkin diagram for A, by connecting a single new node to the
first node of Ay; this corresponds to adding a row and column with a 2 and a —1
to the top and left of the Cartan matrix (in the orientation given in the .
Then for any Dynkin type A, the specialization of the frieze equations for A, to
x1 =1 and Yy, = x3 + 1 is equivalent to the frieze equations for A,. In other words,
Xan = Xa,., N{x1 = 1}. Conversely, one can go from Xa, to Xa, ,, by replacing an
equation of the form

n+1
XiYi = Xj + 1
with two equations

XiYi = Xj + Xk,
XYk = x4 + 1.
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EXAMPLE 2.7. Let Ay, = E;. We can obtain the Dynkin diagram for Eg by
removing the node labeled “7” from the Dynkin diagram of E;:

o —

2 3 : 5 s X
The Ey-frieze equations for the Cartan matrix in are:
x1yr =x4 + 1,
x2y2 = x3 + 1,
X3Y3 = X2 + X4,
X4Y4 = X1X3 + X5,
X5Y5 = X4 + Xg,
XeYe = X5 + X7,
x7y7 =xe + 1.
Observe that the N'-solutions of the specialization of the Ej-frieze equations to
y7 =1
X1Yy1 = x4 + 1,
x2Yy2 = x3 + 1,
X3Y3 = X2 + X4,
X4Y4 = X1X3 + X5,
X5Ys5 = X4 + Xg,
X6(Yys —1) =x5 + 1,

are in bijection with the N'2-solutions to the E¢-frieze equations in Z[x1, ..., Xg Y1, - - - y Yl
(after observing that there are no positive integral solutions with yg = 1 and chang-
ing variables ys — 1+ y/). Similarly, the N'*-solutions of the specialization of the
E-frieze equations to x; = 1:

xX1y1 =x4 + 1,

XYz =x3+ 1,

X3Yy3 = X2 + X4,

X4Y4 = X1X3 + X5,

X5Y5 = X4 + X,

XeYe = x5 + 1,

are in bijection with the N'%-solutions to the E¢-frieze equations in Z[x1, ..., Xg, U1, - - . , Yg).-
y y Y

By Proposition for every positive integral point of Xa, either all of its co-
ordinates away from a double edge must be at least 2 or it must corresponds to a
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point on Xu; for some Dynkin type Af, of rank m < n after taking an intersection
with a hyperplane. For E; and Eg, this recovers (given the enumerations of smaller
ranks) the observation of [GM22, Remark 6.21] that it is sufficient to search for
friezes whose entries are at least 2. In fact, their observation uses considerations of
cluster algebras and generalized associahedra after removing vertices from Dynkin
diagrams in [GM22, Appendix A].

We translate the observation of [GM22, Remark 6.21] into a statement about Xa,,,
which will be useful in Section [3.2) when proving the Eg enumeration theorem. Recall
from Section that there is an action of Z/Pa,7Z on Xa, (N) defined via horizontal
translations oy, of the corresponding friezes by m columns.

LEMMA 2.8. Let Ogp, 7(x) = {x,01(x),...,0p, —1(x)} denote the (Z/Pa,Z)-
orbit of a point x € Xa,, (N).
(a) If there are no points x € Xg, (N) such that Oz, 107(x) C Xg,(Z>2), then #Xg,(N) =
4400.
(b) If there are exactly 4 points x € Xgg(N) such that Oy 167(x) C Xgg(Z>2), then
#Xg, (N) = 26952

Proof. A point x = (X1,...,Xn;Y1,.-.,Yn) € Xa, (N) corresponds under Proposition
to a frieze given by Fi; = 0j_1(x;). Therefore, a point x € Xa, (N) whose entire
(Z/Pa,Z)-orbit has coordinates at least 2 necessarily corresponds to a A,-frieze
whose entries are all at least 2.

As listed in Pe, = 10; hence the assumption of (a) that there are no
points x € Xg, (N) such that Oz /107(x) C Xg,(Z>2) implies the absence of E7-friezes
whose entries are all at least 2. Then there are exactly 4400 friezes of type E7 by
[GM22, Remark 6.21] (or the aforementioned application of Proposition . The
same argument with Pg, = 16 and the assumption that there are exactly 4 friezes of
type Eg yields (b). O

2.4. Positive integral values of rational functions. By rearranging the vanish-
ing of frieze polynomials for y;, one obtains n equations y; = fc; involving ratio-
nal functions fc;. Hence finding a positive integral point (x1,...,Xn;Y1,...,Yn) €
Xc(N) is equivalent to finding positive integral points x = (x1,...,%n) € N™ on which
fci(x) € N simultaneously for all i.

EXAMPLE 2.9. In the case A, = E7 (cf. [dSG23, Example 3.4.2]), Xg,(N) is in

bijection with the points x = (x1,...,x7) € N7 at which the following 7 rational
functions simultaneously take positive integral values:
X4+ 1 X4 + Xg
fE7)] (X) = y fE7)5(X) =
X1 X5
x3 + 1 X5 + X7
e, 2(x) == , fe, 6(x) == ,
X2 X6
X2 + X4 Xg + 1
fe,3(x) = ; fe,7(x) == :
X3 X7
X1X3 + X5
fe,a(x) == ———,

X4
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By Theorem (b), there are exactly 4400 7-tuples of positive integers x such that
these rational functions fg, ; take values in the positive integers.

Therefore, the determination of points in X¢(N) can be viewed as a variant of
another famous problem in number theory with positivity. Over the integers, the
general question of determining when there are points x € Z™ for two polynomials
P, q € Z[x1,...,xn] such that p(x) divides q(x) is a fascinating open problem and is
closely related to other famous problems such as the dynamical Mordell-Lang con-
jecture. Some finiteness and Zariski density criteria for S-integral points are known
in the 1- and 2-variable cases for of any number field due to Siegel [Sie29| [Zan14]
and Corvaja—Zannier [CZ04, [(CZ10] respectively. In the 1-variable case, Siegel’s the-
orem (Theorem [2)) is equivalent to the statement for a ring of S-integers R that: if
p(X), q(X) € R[x] are coprime polynomials such that p(X) has more than one com-
plex root, then there are only finitely many x € R such that p(x) divides q(x) in
R; the works of Corvaja—Zannier extend Siegel’s theorem to the 2-variable setting.
The general n-variable case is part of the Lang—Vojta conjecture and the broader
conjectures of Vojta (see [HS00, Conjecture F.5.3.2, Conjecture F.5.3.6, Conjecture
F.5.3.8], [CZ10, Section 1|, [Zha24l, Section 2|), which in particular predict the Zariski
density of S-integral points of our affine varieties over number fields. A forthcom-
ing work of Corvaja—Zannier [CZ25| provides interesting discussions about rational
functions that take very few integral values, many of which are closely related to
those obtained from frieze polynomials (also see Remark .

3. A POSITIVE SIEGEL THEOREM

In this section, we prove the main theorem about integral points. In Section (3.1
we prove the qualitative parts of Theorem 5} in Section [3.2] we prove the enumerative
parts of Theorem [5(b).

3.1. Finiteness and infinitude. First, we prove Theorem a) and the finiteness
in [B|(b).

Let X be an affine variety of cluster algebra type C for a generalized n x n Cartan
matrix C. By the classification of cluster algebras due to Fomin—Zelevinsky [FZ03],
A = Ac has only finitely many cluster variables if and only if C is the Cartan matrix
of a finite-dimensional simple Lie algebra (i.e. C is of finite type). Hence if C is of
infinite type, then there are infinitely many positive integral C-friezes. Gunawan—
Muller [GM22], Theorem B| proved the converse: if C is of finite type then there are
only finitely many positive integral C-friezes. Therefore we have shown that there
are only finitely many positive integral C-friezes if and only if C is of finite type.

By Proposition there are only finitely many positive integral points on an
affine variety of cluster algebra type C if and only if C is of finite type. Since C is
of finite type precisely when tc > 0, we can conclude that #X(N) < oo if and only
if tc > 0.

3.2. Enumeration. We now prove the enumerative part of Theorem [5|(b). For finite
types Ay, the one-to-one correspondence of Proposition implies that #Xa, (N)
equals the number of positive integral friezes of type A,,. For each A, ¢ {E7, Eg}, the
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number of positive integral friezes of type A,, was enumerated in [CC73a, MGOT12,
FP16, BEGT21|. We complete the enumeration by determining #Xg, (N) and #Xg, (N).

We directly prove that #Xg,(N) = 26952 and then deduce that #Xg,(N) = 4400
from the Eg case using Proposition 2.6l Note that the method of proof for Eg also
works with slight modification for E;.

Type Eg. Using the structure of the affine variety Xg,, we give explicit bounds on its
positive integral points to prove the Eg case of Theorem (b)
The Eg-frieze equations are:

XYy =xq + 1

X2y =x3 + 1

X3Ysz = X2 + X4

X4Y4 = X1X3 + X5

X5Ys5 = X4 + Xg

XeYe = X5 + X7

X7Y7 = X6 X8

xgyg = x7 + 1

First, we observe that all of the coordinates of a positive integral solution are
essentially bounded from above by x4.

LEMMA 3.1. Let (x1,...,X8;Y1,...Ys) € Xgg(N). If x4,Y3,Y5,Ys, Y7 > 2, then
Xi,Yi < x4 +4 forallie{l,...,8}.

Proof. The bounds for x; and y; follow immediately from the equation xjy; = x4+1:
we have that
® x1,y; <xg+ 1.

From the equation x;y; = x3 4+ 1, we have that x; < x3+ 1. Substituting this into

the third equation, we have that x3(y; —1) < x4 + 1. But y3 > 1, so:
e x3 <x4+ 1 and y3z < xq + 2;
e x2,Yy2 < xq+ 2.

From substituting xg < x7+1 into the seventh equation, we have that x7(y;—1) <
x6+ 1. But y7 > 1, so x7 < x¢+ 1. Then applying x; < xg+ 1 to the sixth equation,
we have that xg(ys —1) < x5+ 1. But yg > 1, so x¢ < x5 + 1. Applying this to the
fifth equation, we have that x5(ys —1) < x4+ 1. But y5 > 1, so x5 < x4 + 1. Hence:
x5 < x4+ 1 and ys < xq4 + 2;

X6 < x4+ 2and yg < x4+ 3;
x7 < x4+ 3 and y7 < xq4 +4;
X8, Ys < x4 +4.

2
. . _X1X3+X X +3X4+] . . .
Finally by the previous bounds, y4 = = 24 S TR which implies that yq <

X4 + 3. ]

Remark 3.2. For computational purposes, the bounds in Lemmal[3.I] can be refined
further. When searching for friezes with entries all at least 2, i.e. xi,y; > 2 for all i,
we have the following bounds by similar arguments:
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o X1,y < X o x5,ys < P4t

o X2,y < X2 o X6, Yg < 2412

) — I ) — Y

2x4+1 2x4+3

® X3,z < =4, ® X7,Yy7 < ==,
X

*ys< 3 +1, o Xg,ys < M

Muller [Mul23|, Proposition 2.3 and Example 3.1| gives an upper bound on each
entry of a frieze. Since x4 equals F47 on the corresponding frieze, this translates
into upper bounds on x4 of roughly 1.7 - 10%°° for a general Eg-frieze and roughly
4.4 -10%° for an Eg-frieze whose entries are all at least 2. These are unfortunately
far too large for a computational search on Xg,, but we can obtain an exponential
improvement from a combination of our Diophantine model and a modification of
the proof of [Mul23| Proposition 2.3] with the specific mesh relations for Eg.

Recall that there is an action of Z/16Z on Xg, (N) induced by horizontal translation
of the corresponding friezes. As in Lemma let Oz/16z(x) denote the (Z/16Z)-
orbit of x and let Z>, denote the integers at least 2. Let 7 : Xg; — C denote the
projection onto the i-th coordinate.

LEMMA 3.3. Let x € Xgg(N) with Oy 16z(x) C Xgg(Z>2). Then there exists an
x" € Oz 16z(x) such that my(x') < 16966221628.

Proof. Let F = (Fy;)i; = (mi(oj(x)))i; be the frieze corresponding to x. Since
Oz16z(x) C Xgg(Z>2), we have that mi(0j(x)) € Z>; for all ,j, i.e. all entries
of the frieze are at least 2. Define v := (]1—6 logz(l_[j]; Fij))i to be the vector of aver-
ages of 2-logarithms of the rows of the frieze F. As in [Mul23, Example 3.1|, the i-th
coordinate v; is bounded above by

8
vi <) cif log (2Zk#ﬁ Sk 4 1).
j=1

Observe that if all the entries of F are at least 2, then F3y, Fay,F7 > 3 for all k
due to the third, fourth, and eighth Eg-frieze equations. The Eg mesh relations are:

FixFixer =1+ Faxp FsxFsxr1 = 1+ FaxFe i1
FaxFoxm =1+ Fxm FexFexi1r =1+ FsxFrip
F3xF3xe1r = 1+ FoxFaq F7xF7xe1 =1+ FexFg st
FarxFaxe =1+ FixFaxFs i FgxFsxin =1+ F7y.

Adapting the steps of [Mul23, Section 2|, we obtain even better bounds on each v;
except v7 (since it does not involve the third, fourth, nor seventh rows). Consider
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the square of the product of all entries in each row and apply the Eg mesh relations:

16 16
HF1k—H + Fapq1) < H(3 + D Fa541
k=1 k=1
16 16
Hsz—H + ) <[]GB+ DFspen
k=1 k=1

16 16
HF?)k_H +FopFaprn) <] J(677 + 1FoiFapes
k=1 k=1
16

16
HF4k_H + FixF3xFsxi1) < HUZ + 1)F1xF3xF5 k41
k=1

k=1
16 16
HF5k—H + FaFopst) < (67 + DFapFepen
k=1 k=1
16 16
HFék—H + FspFrirn) < [ [(67" 4+ DFsFrpi
k=1 k=1
16 16
HFSk_H +Fe) <[ [B7T+ DF7pn.
k=1 k=1
With
2 ifi=7,
3 ifi=1,2,8,
Bj = o
6 ifi=3,5,6,
12 ifi=4,

one obtains the bounds
0 < (Cgy - v)j < 1og2(B;1 + 1).

As noted in [Mul23, Proposition 2.3|, the positivity of the entries in CE; gives an
upper bound for v; in terms of the bounds on (Cg, - v);:

8
Vi = (CE;(CEg\’))i < Zc{); log, (B]T1 + 1).
=1
In particular, v4 < 16966221628 and
16 3 -
[1F < H(B; b 1)‘6% < 16966221628'°.
L o

Take the frieze F/ in the (Z/16Z)-orbit of F such that Fz,ﬂ < FZ‘] forall 1 <j <16, and
let x” denote the point in Xg,(Z>,) corresponding to F’. Since my(x’) = F!H is the
smallest factor in the product of 16 terms, we have that my(x’) < 16966221628. O
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Proof of Theorem @(b) in the Eg case. By Lemma it is sufficient to show that
there are exactly 4 points x € Xgg whose entire (Z/16Z)-orbit Oz 167(x) lies in
Xgg(Z>2). By Proposition , for such an x € Xg,, there exists an element x’ €
Oz162(x) C Xgg(Z>2) such that my(x’) < 16966221628. But Lemma says that
the other coordinates of x’ are less than 714 (x’) +4 < 16966221632. Hence for every
x € Xgg such that Oz/167(x) C Xgg(Z>2), there exists an element

X' € Ozngz(x) N Xe, (M) N {x € Al

Xiy Ui < 16966221632 for all i}.

A computer searckﬂ exhaustively finds 26952 points in
Xe, (N) {x e Al | xi,yi < 16966221632 for all i},

the largest of which is
(1320, 165, 16994, 2820839, 134632, 6433,461,21;,2137,103, 166, 8,21,21,14,22).

Searching among these 26952 points finds exactly 4 points whose entire orbit is in
Xeg(Z>2):
e (6,4,11,29,21,13,5,2;5,3,3,3 3
° (5,3,8,29,18,7,3,2;6,3,4,22 2),
L d (6)3)1])4],]6)7)5)3;7)4) b ’ yh 2)
e (7,4,15,41,18,13,8,3;6,4,3,3,3,2,2,3).

y+H )3)

)2)2)
3,3,

—_—

0

Remark 3.4. The four points of Xgg(N) whose (Z/16Z)-orbits lie in Xg4(Z>7)
actually lie in the same orbit of order 4. They correspond to the four Eg-friezes with
all entries at least 2 given by horizontal translations of the frieze in Example
Note that this affirmatively resolves |[BFGT21, Conjecture 5.14].

3.3. Reduction from Eg to smaller types. Using the reduction principle of
Proposition [2.6] the affine variety Xa,, for these Dynkin types can be obtained as
the intersection of Xg, with hyperplanes as follows:

= Xg, N <ﬂ{xl = 1}) forn <7,

XDHEXEsﬂ{xzz]}ﬂ<ﬂ{xi:1}> forn <7,
i=8—n

XEG = XEg N{xg=11N{x; =1}

Xg, = Xgg N{xg =1}

Since we have computationally found all 26952 points in Xg,(N), we can directly
verify the other the ADE-type formulae for n < 7 by taking the corresponding
subsets of the 26952 elements of Xg,(N). The other finite types of rank n <7 follow
from the ADE types by the observations of [FP16l Section 4] on foldings of Dynkin
diagrams.

2This took a few dozen hours on optimized C+-+ programs on 64 NVIDIA V100 GPUs (via
CUDA) and 1000 x86 CPU cores.
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Proof of Theorem @( b) in the E; case. In particular, we directly verify that there are
exactly 4400 points in Xg4(N) whose eighth coordinate is 1. O

Remark 3.5. We can also directly verify that none of the points in Xg,(N) have
(Z/10Z)-orbits in Xg,(Z>2), affirmatively resolving [BFGT21, Conjecture 5.11].

4. EFFECTIVE BOUNDS ON POSITIVE INTEGRAL POINTS IN FINITE TYPE

In this section, we establish general effective bounds on Xa, (N) in terms of the
following Z-lattice in a hypercube:

SIN1N) = { (%1, ooy Xnsy1y oy yn) € Z2% [Ny < iy yi < N for all i},

This gives a further refinement of Theorem (b) by bounding the height of positive
integral points; these bounds are sharp for A,, C;, and the exceptional Dynkin

types.

PROPOSITION 4.1. Let Ay, be a finite Dynkin type. For the following Dynkin types,
the positive integral points Xa, (N) are contained in S(1,Ny, ), where

e Na, =Fni2; e Ng, =307; o Np, =307;
i NCn = F2n+1 ;‘ [ ] NE7 — ]35503, [ ] NGZ o ]4,
o Ng, = 2820839;

and Fn, denotes the n-th Fibonacci number.
For the remaining two Dynkin types, the positive integral points Xa, (N) are con-

tained in S(1,NZﬁ“), where

(1) (n-2) n2

ONanz 2 7PBn:TL+]; .NDHZZT;PD =n,

n

Furthermore, every An-frieze is the horizontal translation of the An-frieze corre-
sponding to a point in Xa, (N) N S(1,Na, ).

As before, let Ca, = (cij) be a Cartan matrix for Dynkin type A,. Denote its
inverse by CZJ‘ = (ci_].] ). Define the following associated values:

n

cf.1

bi,An = HZ bl
j=1

n
CiA, i= H(] + ZZk?ﬁcjvk)C;;.

j=1
Muller [Mul23, Proposition 2.3 and Example 3.1| gives bounds on frieze entries in
terms of these values.

LEMMA 4.2. [Mul23, Proposition 2.3 and Example 3.1] Let A, be a finite Dynkin
type of rank n and let F be a positive integral Ay -frieze of period Pa, . Then there is
the following upper bound on the product of entries in its i-th row: H}):A]“ Fi; < bzzz.

Furthermore, if all entries in F are at least 2, then H::A]“ Fi; < cfz*;,
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Remark 4.3. While friezes can be defined for more general Dynkin types, the proof
of the following result crucially uses the result of Lusztig—Tits [LT92] that the inverse
of a Cartan matrix Cp, is positive if and only if A, is finite type. We also note a

misprint in [Mul23] Example 3.1]: the bound (156]38815)16 ~ 2% on the eighth row of

( 177347025604248046875 ) ~ 2164
144115188075855872 :

An immediate consequence of Lemma [4.2] and Proposition [2.4] is that if the frieze
F corresponds to the point (X1y...,Xn;Y1y..-yYn) € XAn(N), then x; < bii?l' Fur-

an Eg-frieze should be (:8 s =

thermore, if all entries in F are at least 2, then x; < ci, 2“
The Diophantine model of friezes allows us to find a minimal element in each
(Z/Pa,Z)-orbit on which we can reduce existing bounds by a power of PKJL.

LEMMA 4.4. Let Ay, be a finite Dynkin type, let F be a positive integral Ay -frieze,
and fit ani € {1,...,n}. Thereis a An-frieze F' corresponding to (X1y...,Xn;Y1y.-+,Yn) €
Xa, (N) such that F is a horizontal translation of F' and x; < bia, . Furthermore, if
all entries in F are at least 2, then x; < ¢y, -

Proof. Each Ap-frieze F is a horizontal translation of a frieze F' in its (Z/Pa, Z)-
orbit such that Fi’)] < Fi’)j for all 1 <j < Pp,. By Lemma there is a bound on

HFA{L F{] < b]:,i?; But x; = F{; is the smallest factor in the product of Pa,-many
terms, hence x; < bya, . If the entries of F are all at least 2, then the entries of the
translation F’ are also all at least 2. Hence the same argument gives the bound in
terms of cja, instead of bja,. O]

We conclude this section by proving Proposition [4.1] by determining the largest
row and compute the bounds by, and cja, for each finite Dynkin type.

Proof of Proposition[{.1 We explicitly compute the largest log,(b;) = Z] 164 —! for
each Dynkin type. The Cartan matrix that we use for each type is listed in
For A, the inverse of the Cartan matrix is given by: c;j] = min(i,j) — 5 +1 When

n is even, simple manipulations show that log,(b;) attains its maximum at i = % and

10g2(b%) = (n+2 , the n-th triangular number. When n is odd, log,(b;) attains its
(n+1) 2
maximum at i = “TH and log,(bn) = (nH . This gives a bound of Nao, =28 s

but in fact a sharp bound of the (n + 2) nd Fibonacci number Fn 1, was already
achieved by [CdSG24, Theorem 1(1)].
For B, the inverse of the Cartan matrix is given by:

ol ifi=1,
Lo n+1—max( jyifi>1.

The entries of Cgl are clearly the largest in row 2, so log,(by) =n—1+ Z;;z(n -

j4 1) = 2,
For C,,, the Cartan matrix is the transpose of Cg, so its inverse is given by:

b n+1—max(i,j) if j > 1.
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The entries of Cgl are clearly the largest in ro;v 1, so log,(b2) = 7 + sum}izz(n —
j+1) = %2 This gives a bound of N¢, = ZTLT, but in fact a sharp bound of the
(2n 4 1)-st Fibonacci number Fy,41 was already achieved by [CdSG24, Theorem
1(2)].

For Dy, the inverse of the Cartan matrix is given by:

Lifi=j=1,
n2ifi=1j=2o0ori=2,j=1
cgj‘ =< ifi<2>3

il >3,j<2
n+ 1 —max(i,j) if i > 3,j > 3.

nZ—n—i243i—2
2

We can directly calculate that log,(by) = log,(b2) = w while log, (b;) =
for i > 3. The i > 3 expression is decreasing in i, so we only need to compare
log,(by) = log,(by) with log,(b3) = ”2*2“72 = (n—&-])z(n—Z). Clearly, W >
@ when n > 3.

For the exceptional types Eg, E7, Eg, F4, and G,, we can use a computer algebra
system to compute the sums of the rows of the inverses of each Cartan matrix:

o [byr,| = 2097152,

o [bar, | = 281474976710656,

o |byr,] =43556142965880123323311949751266331066368,
o [bsr,| = 32768,

e [bzg,| =38

For the exceptional types of rank < 6, a short search finds all of the points in Xa,, (N)
and the actual maximima given in the theorem statement. The explicit searches in
Section [3.2] give the maxima for E; and Eg. O

5. POSITIVE MORDELL—-SCHINZEL IN INFINITE TYPE

It is a simple exercise to show that there are exactly 5 positive integer solutions
to the Diophantine equation
Siixyz=x+y+1.
Similarly, there are exactly 6 positive integer solutions to the Diophantine equation
Sy:xyz=x>+y+1.
Mohanty [Moh77, Theorem 2| proved that there are exactly 9 positive integer solu-
tions to the Diophantine equation
S3ixyz=x>+y+1;

we give another proof of this fact in Proposition The purpose of this section is to
show how the theory of friezes and cluster algebras of infinite type can establish the
infinitude of positive integral solutions to Diophantine equations, using the example
of S i xyz =x™ 4y + 1 with degree m > 4.

In this section, we show that there is an injection X(N) <— S,(N) from affine
varieties X of cluster algebra type C (which happens to be a bijection when C is
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of finite type) and use Theorem [5 to prove Theorem . Rank-2 types are classified
by generalized Cartan matrices of the form ( _zb E“) for positive integers a and b;
they are of infinite type precisely when ab > 4; the surface Sy, corresponds to the

special case (a,b) = (m,1). The threefold analogue arises from the rank-3 infinite
2 —a 0
types classified by generalized Cartan matrices of the form (—Ob 7 —2d> for positive

integers a, b, ¢, and d such that abcd > 3. ‘

Before moving on to the proof of Theorem [3] we remark that it can be viewed in a
positive refinement to the program of Mordell-Schinzel (as well as Siegel, Corvaja—
Zannier, and Vojta [Sie29, [Zan14, [CZ04|, [CZ10]; see Section and Remark [A.7)).
Jacobsthal [Jac39], Barnes [Bar53|, Mills [Mil54], and Schinzel [Sch15l [Schi§] found
counterexamples to Mordell’s claim that Equation [I| has infinitely many integer so-
lutions when 3 < deg, (G) - deg,(G) < 4, but several cases have been recovered by
Schinzel [Schibl Schi8] and Kollar-Li [KL24L Theorem 3|. In particular, Schinzel
[Sch15, Theorem 3| established that if m > 4 and a, b, c are nonzero integers, then
there are infinitely many integer solutions (x,y,z) to the Diophantine equation

xyz=ax™ +by+c

with ged(y,c) = 1. Theorem [3(a) gives a new proof of the a = b = ¢ = 1 case.
The Mordell-Schinzel conjecture, as formulated by Kollar-Li [KL24, Conjecture 2],
predicts that there are infinitely many integral solutions to the Equation [I] when
deg,(G) > 3 and deg,(G) > 3. It is unclear if these Diophantine equations should
also have infinitely many positive integral solutions, but perhaps cluster algebras of
infinite type should inform the formulation of a positive Mordell-Schinzel conjecture.

5.1. The general rank 2 case. We prove Theorem (a). Consider the generalized

2 x 2 Cartan matrix
2 —a
= (3 7).

C is symmetrizable for all positive integers a and b. The C-frieze equations are:
X1Yyr = Xg + ])

xzyz:xﬁ’%—].

Applying the substitution x; = X% :H to the second equation and relabeling
X2 — X, Yy —Vy, Yo — Z.
yields the equation:
(5.1) xy®z = (x* + 1)° +y°.

If (a,b) ¢ {(1,1),(1,2),(2,1),(1,3),(3,1)}, then C is of infinite type and tc < 0.
The assumption that ab > 4 guarantees that C is of infinite type, so there are
infinitely many positive integral solutions to the C-frieze equations by Theorem (a).
This gives infinitely many positive integral solutions to Equation[5.I]and in particular
to the equation

xyz = (x* + 1)° +y.
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If abed < 3, then C is of finite type and tc > 1. There are finitely many positive
integral solutions to the C-frieze equations with precise counts given by Propositions

[A.2) [A.] and [A.6]

5.2. A rank 3 case. We prove Theorem [3{(b). Consider the generalized 3 x 3 Cartan
matrix

2 —a O
C=|-b 2 -—-d
0 —c 2

C is symmetrizable for all positive integers a, b, ¢, and d. The C-frieze equations
are:

X1Yq ZXS-F],
X2y =X} +x§
X3Y3 :X§+1.

Applying the substitutions x; = XZ: J]” and x3 = Xi:

to the second equation yields:

x2y2y7ys = (x§ +1)°y$ + (x§ + 1)y7.
Relabeling
X2 — X, Yy — z, Yy—w Yz — Y.
yields the equation:
xydzPw = (x& + )Py + (x¢ + 1)92°,
Notice that if abcd > 3, then C is of infinite type and tc < 0. There are infinitely
many positive integral solutions to the C-frieze equations by Theorem (a). This

gives infinitely many positive integral solutions to Equation [5.1] and in particular to
the equation

xyzw = (x® 4+ 1%y + (x¢ + 1)z

APPENDIX A. ELEMENTARY PROOFS FOR SMALL n

Enumeration theorems for all Dynkin types for small enough n can be proved in
the same manner as Theorem (b) using the bounds provided by Proposition
In this appendix, we instead illustrate that elementary arithmetic methods, relying
solely on simple divisibility relations from the Diophantine equations defining Xa,,,
can directly prove the enumeration theorems for various A, of small n,

A.1. Affine varieties of cluster type A, for n < 4. The classical frieze enu-
meration theorem of Conway—Coxeter [CCT73a] shows that the number of positive
integral friezes of type Ay, is precisely the (n+1)-st Catalan number by constructing
a bijection between the A, friezes and the triangulations of an n-gon. Proposition
the number of positive integral points on Xa , is precisely the (n+ 1)-st Catalan
number.

We give another proof for small n by directly counting the points of Xa, (N).

PROPOSITION A.1. The affine curve Xa, has exzactly 2 positive integral points.
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Proof. The Aj-frieze equation is:
x1yr = 2.
Since x; and x; are positive integers, the only possibilities are (1,2) and (2,1). O

PROPOSITION A.2. The affine surface Xa, has exactly 5 positive integral points:

e (1,1,2,2), * (2,1,1,3), ° (3,2,1,2).
e (1,2,3,1), ° (2,3,2,1),
Proof. The Aj-frieze equations are:
xiyr =x2+1,
Xy =x1 + 1.

Observe that Xa,(N) is in bijection with the set of positive integral points on the
smooth affine cubic surface,

xyz=x+y-+1,
under the change of variables

X1—|—1
X1 — X, X2 — , Yy — Z, Y —y.

Y2
Observe that x; is congruent to —1 (mod %) from the initial A,-frieze equations
and that y =y is congruent to —1 (mod x;) from the affine cubic equations. Writ-
ing x; = mx; — 1 and y, = nx; — 1, we have that (mx; —1)(nx; —1) =x; + 1 so
mnx% — (m+4+n+1)x; =0. Since x1 # 0, we have x; = %ﬁ” This is a positive
integer only if m,n € {1,2,3}. These correspond to the 5 positive integral solutions
(x1,%X2;Y1,Y2) € Xa, (N) listed. O

Remark A.3. The affine cubic xyz = x+y+1 has infinite families of integer points
(t,—1,-1), (—1,t,—1), and (t,—t—1,0). So A,, = A; is the first Dynkin type with
#Xa, (Z7) = oo but #Xa, (N) < co.

PROPOSITION A.4. The affine three-fold XA, = Xp, has exactly 14 positive integral
points:

e (1,1,1,2,2,2) e (2,1,1,1,3,2), e (3,2,1,1,2,3),
e (1,1,2,2,3,1), ° (2,1,2,1,4,1), * (3,2,3,1,3,1),
e (1,2,1,3,1,3), ® (2,3,1,2,1,4), ® (3,5,2,2,1,3),
e (1,2,3,3,2,1), e (2,3,4,2,2,1), o (4,3,2,1,2,2).
e (1,3,2,4,1,2), e (2,53,3,1,2),

Proof. The Ajs-frieze equations (equivalently the D3-frieze equations) are:
X1y =x2 + 1,
X2Yy2 = X1 + X3,
X3ys3 =x2 + 1.

Observe that a multiple of x; is the sum of x; and x3, which are two divisors of
x2 + 1. In particular, x,yz = x1 +x3 < 2x2 4+ 2, so ya < 4. We completely determine
the positive integral solutions with case-work.
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Case yy = 1. In this case, xp = x1 +x3. Then either x; or x3 must be XZZH

or X23+ I since the other divisors of x; + 1 are too small (or large) to sum to

xy. If either x7 or x3 equals X22+ ! , then the other must be *2- ! ; these are both
divisors of x; + 1 only if x, = 2, 3, or 5. These correspond to the 4 positive
integer solutions:

The other case is if x; or x3 is X23+], i.e. xp = 2. This corresponds to the

single positive integer solutions:
L4 (1)2’153)])3)'

Case Yy, = 2. In this case, 2x; = x1 + x3. Then either x; or x3 must be
x2 + 1 or x, since the other divisors of x + 1 are too small to sum to 2x;.
If x; + 1 is either xq or x3, then the other must be x; — 1. But x; — 1 1is a
positive integral divisor of x; + 1 only if x; = 2 or 3. These correspond to the
4 positive integer solutions:

The other case is if x; divides x, + 1, i.e. x; = 1. This corresponds to the
single positive integer solutions:
o (1,1,1,2,2,2).
Caseyy = 3. Since 3x; = x1+x3 < 2xp+2, we necessarily have that x; < 2.
In particular, (x7,x3) must be (1,2), (2,1), or (3,3). This corresponds to the
3 positive integer solutions:

(

1, 1), e (3,2,3,1,3,1).
(2,

° , 3,1
L4 y ’3) 2)7
Caseyy = 4. Since 4xp; = x1+x3 < 2x3+2, we necessarily have that x; =1,
X1 = 2, x3 = 2. This corresponds to the single positive integer solution:
e (2,1,2,1,4,1).
Altogether we have the 14 positive integral solutions (x1, X2, X3;Y1,Y2,Y3) € Xa,(N)
listed. ]

A.2. Friezes of type B;. Fontaine-Plamondon [FP16, Theorems 4.2 and 4.3] showed
that there are precisely 6 positive integral friezes of type B, = C;. By Proposition
@ there are precisely 6 positive integral points on Xg,.

We give another proof by directly counting the points of Xg, (N).

PROPOSITION A.5. The affine surface Xg, has exactly 6 positive integral points:
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12,3),

y2), e (2,1,1,5), * (3,1,2,
1 3,2,5,2).

,1,1,5
), e (2,3,51), ° (3,
Proof. Observe that B, = C,. We will work with the C,-frieze equations for the sake
of similarity with G;. The C,-frieze equations are:
xy1 =x2 + 1,
X2y = X% + 1.

Observe that Xc,(N) is in bijection with the positive integral points on the affine
cubic surface,

xyz=x>+y+1,
under the change of variables

x2 4+ 1
X1 — X, X2 — y Y1 — z, Yz —y.

Observe that x, is congruent to —1 (mod xq) from the Bj-frieze equations and
that y; is also congruent to —1 (mod x;) from the affine cubic equation. Writing
x; = mx; — 1 and Yy = nx; — 1, we have that (mx; — 1)(nx; — 1) = x%—i—] SO
(1 —mn)x? + (m+mn)x; = 0. Since x7 # 0, we have reduced the problem to solving
x| = 1?11;?1 over the positive integers. This is only possible for m,n € {1,2,3}.
These correspond to the 6 positive integral solutions (x1,%2;Y1,Y2) € Xc,(N) that

are listed. OJ

A.3. Friezes of type G,. Fontaine-Plamondon [FP16, Theorem 4.4] showed that
there are precisely 9 positive integral friezes of type G; by using the enumeration
of Dy-friezes by Morier-Genoud—Ovsienko—Tabachnikov [MGOT12| and the obser-
vation that Gj-friezes lift to certain endomorphism-invariant Dy-friezes. By Propo-
sition there are precisely 9 positive integral points on Xg,.

We give another proof by directly counting the points of Xg, (N).

PROPOSITION A.6. The affine surface Xg, has exactly 9 positive integral points:

L4 (1?1)2)2) L4 (2’3?2)3)7 L4 (3)14)5’2)}
e (1,2,3,1), * (2,9,51), e (59,2,14),
° (2,1,2,9), ° (3,2,1,14), e (5,14,3,9).
Proof. The G,-frieze equations are:
X141 =xy+ 1,

Xzyzzx?-i—].

Observe that Xg, (N) is in bijection with the positive integer points on the affine
cubic surface,

xyz=x>+y+1,
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under the change of variables

X341
X1 — X, X2 — y y Yy — z, Y2 —>y.

Mohanty [Moh77, Theorem 2| proved that this affine cubic surface has exactly 9
positive integral points; we now give a shorter proof that it only has 9 positive integral
points. Observe that x; is congruent to —1 (mod x;) from the G,-frieze equations
and that y = y; is also congruent to —1 (mod x1) from the affine cubic equation.
Writing x; = mx; — 1 and y, = nx; — 1, we have that (mx; —1)(nx; — 1) = x? +1
SO X? — mnx% + (m+n)x; = 0. Since x1 # 0, we have reduced the problem to the
quadratic equation

X5 —mnx; + (m+n) = 0.
If the quadratic polynomial has a positive integral root, then it has positive integral
roots a and b such that a + b = mn and ab = m + n. This is only possible
for a,b,myn € {1,2,3,5}. These correspond to the 9 positive integral solutions
(x1,%2;Y1,Y2) € Xg, (N) that are listed. O

Remark A.7. From a naive arithmetic geometry perspective, it is not obvious a
priori that the surface xyz = x> +y + 1 should have only finitely many positive
integral points. Like in the A; case, there are infinite families of integer points
(t,—t—1,—t+1), (=1,t,—1), and (t,—t> —1,0) on this affine cubic. Furthermore,
every choice of positive integer z specializes the surface to an affine cubic curve
of geometric genus 0 with two complex points at infinity; Siegel’s theorem does not
suggest that each curve should have only finitely many integral points. But in fact, a
descent argument can demonstrate that all integral points of the surface are obtained
from the three curves listed above and the automorphism T : (x,y,z) — (q,y,w)
where q = %1 =yz—x?and w = y%ﬂ A forthcoming work of Corvaja-Zannier
[CZ25] provides a more in-depth discussion on the integral points of this surface and
other related examples with interesting topological considerations.
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For each finite Dynkin type A, we list the Cartan matrix used throughout the
paper, the corresponding system of equations for Xa, given by Definition [2.2] the
frieze periods, and the number of positive integer solutions (equivalently, the number
of positive integral friezes). Let d(m) be the number of divisors of an integer m.

Finite type Cartan matrix Frieze equations for | Period | Positive integral point count
An Ca. Xan Pa, #Xan (N)
2 1 X1y1 = x2 + 1
X2Y2 = X1 + X3
-1 2 1 2n+2
An n+3 —
1 n+2\n+1
-1 2 -1 Xn—1Yn—1 = Xn-—2 +Xn
12 XnYn =Xn_—1 +1
2 1 5
x1yr =x5 +1
-2 2 -1 X2Y2 = X1 + X3 [Vn+T1]
n—m?+1
Bn -1 n+1 E
y n
2 -1 Xn—1Yn—1 = Xn—2 + Xn m=
BT XnYn =Xn—1 + 1
2 -2
xX1yr =x2 + 1
-1 2 -1 xzyz:X$+X5
2n
Cn -1 n+1
n
2 -1 Xn—1Yn—1 =Xn—2 + Xn
1 XnYn =Xn—1 +1
; x1yr =x3 + 1
X2y2 =x3 + 1
2 -1 X3Y3 = X1X2 + X4 n P 1
x. =x3 + X5 z n—m-—
Dn 1 2 4Ya 3 5 n d(m)
n—m
-1 m=1
2 -1 Xn—1Yn—1 =Xn-2 +Xn
1 2 XnYn =Xn—1 + 1
X1yt = xaq + 1
R , —1 X2yz2 =x3 + 1
— — X3Yys3 = X2 +X4q
35 o7 A5 4 14 868
A 5> g X4Yaqa = X1X3 + X5
-1 X5Ys = X4 + Xg
X6Ye = x5 + 1
X1y1 = xa4 + 1
-1 xX2Yy2 =x3 + 1
E] E] 1 X3Y3z = X2 +X4g
E7 -1 2 -1 X4Yq = X1X3 + X5 10 4400
=1 E] 31 1 X5Ys5 = X4 + X¢
—1 X6Ye = X5 + X7
x7y7 =x6 + 1
X1y1 =xa + 1
1 X2y2 =x3 + 1
: 721 . X3Y3 = X2 + X4
B — b — X = X1X3 + X5
ES 1 ] 21 ] 4Ya 1X3 5 16 26952
45 X5Ys5 = X4 + Xg
-1 -1 X6Ye = X5 + X7
-1 2 X7Y7 = Xg + X
xgysg = x7 + 1
2 1 X1y = x2 + 1
_ _ X2Y2 = X1 + X3
F4 T2 ! 7 112
-2 2 -1 X3Y3 = X3 +x
12 3Ys TR
XaYyaq = x3 + 1
2 1 X1y1r = x2 + 1
G, (73 2) 4 9

xzyz:x?+1
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