PROPAGATION OF SINGULARITIES FOR THE WAVE
EQUATION ON EDGE MANIFOLDS
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ABSTRACT. We investigate the geometric propagation and diffraction
of singularities of solutions to the wave equation on manifolds with edge
singularities. This class of manifolds includes, and is modelled on, the
product of a smooth manifold and a cone over a compact fiber. Our main
results are a general ‘diffractive’ theorem showing that the spreading of
singularities at the edge only occurs along the fibers and a more refined
‘geometric’ theorem showing that for appropriately regular (nonfocus-
ing) solutions, the main singularities can only propagate along geomet-
rically determined rays. Thus, for the fundamental solution with initial
pole sufficiently close to the edge, we are able to show that the regularity
of the diffracted front is greater than that of the incident wave.
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1. INTRODUCTION

1.1. Main Results. In this paper, we investigate the geometric propaga-
tion and diffraction of singularities of solutions to the wave equation on
manifolds with edge singularities. The main results are extension of those
in [19] for the particular case of conic metrics, namely a general ‘diffractive’
theorem limiting the possible spreading of singularities at the boundary and
a more refined ‘geometric’ theorem showing that for appropriately regular
(nonfocusing) solutions the main singularities can only propagate along ge-
ometrically determined rays.

Let X be an n-dimensional manifold with boundary, where the boundary,
0X, is endowed with a fibration

Z— 90X By,

where Y, Z are without boundary. Let b and f respectively denote the
dimensions of Y and Z (the ‘base’ and the ‘fiber’). By an edge metric g on X
we shall mean a metric, g, on the interior of X which is a smooth 2-cotensor
up to the boundary but which degenerates there in a way compatible with
the fibration. To state this condition precisely, consider the Lie algebra V(X))
of smooth vector fields on X which are tangent to the boundary, hence have
well-defined restrictions to the boundary which are required to be tangent
to the fibers of my. Let  be a boundary defining function for X, then we
require that g be degenerate in the sense that

(1.1) g(V,V) € 22C®°(X)V V € V(X).

This of course only fixes an ‘upper bound’ on g near the boundary and
we require the corresponding lower bound and also a special form of the
leading part of the metric near the boundary. The lower bound is just the
requirement that for any boundary point,

(1.2) Ve V(X)and 2 2g(V,V)(p) =0
— V=Y fiVi, Vi e V(X), fi € C¥(X), fi(p) =0;

that is the vanishing of g(V, V) to higher order than 2 at a boundary point
means that V' vanishes at that point as an element of V(X). To capture
the required special form near X, consider within V(X)) the subalgebra of
vector fields which vanish at the boundary in the ordinary sense, we denote
this Lie subalgebra

(1.3) Vo(X) € V(X).
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In addition to (1.1) we require that there be a product decomposition of a
neighborhood of the boundary

(1.4) [0,6) x 0X X5 U > 0X

and a smooth metric gy (in the usual sense of extension across the boundary)
on [0,¢) X Y such that

(g — o g0)(V,W) € 2°C®(X), YV, W € V(X) and

(1.5) s 3
(g—m0 go)(V,W) € x°C(X), VV € Vo(X), W e V(X);

here 7y : U — [0, €) x Y is the product extension of 7y using (1.4).
We note that the metric gp on [0,€) X Y in (1.5) can always be brought
to the product form

(1.6) go = da® + h(z)

near © = 0 for some boundary defining function z, with h € C*>(]0,€¢) x
Y;Sym? T*([0,€) x Y)), ¢ > 0, i.e. h(z) an 2-dependent metric on Y. Thus
the global restriction (1.5) means that in local coordinates z, y, z near each
boundary point,

(L.7) g =da?+ h(z,y,dy) + 2k (z,y, z,dz, dy) + 2°k(2,y, 2, dz, dy, dz)

where the k' € C*°(U;Sym? T*([0,¢) x Y) and k € C®(U;Sym? T*X) and
the restriction of k to each fiber of the boundary is positive-definite. This
latter condition is equivalent to (1.2).

A manifold with boundary equipped with such an edge metric will also
be called an edge manifold or a manifold with edge structure. We draw the
reader’s particular attention to the two extreme cases: if Z is a point, then
an edge metric on X is a simply a metric in the usual sense, smooth up
to the boundary, while if Y is a point, X is a conic manifold (cf. [19]). A
simple example of a more general edge metric is obtained by performing a
real blowup on a submanifold B of a smooth, boundaryless manifold A. The
blowup operation simply introduces polar ‘coordinates’ near B, i.e. replaces
B by its spherical normal bundle, thus yielding a manifold X with boundary.
The pullback of a smooth metric on A to X is then an edge metric; here
we have Y = B and F = SdmB)—1 A non-ezample that is nonetheless
quite helpful in visualizing many of the constructions used in this paper
is a manifold with a codimension-two corner, equipped with an incomplete
metric: if we blow up the corner, we obtain a manifold of the type considered
in this paper, but where F' is now a manifold with boundary, given by a closed
interval representing an angular variable at the corner. More generally, any
manifold with corners with an incomplete metric can be considered to have
an iterated edge-structure: passing to polar coordinates near a corner yields
an edge manifold with fiber given by another manifold with corners, more
precisely the intersection of a sphere with an orthant. The authors intend
to consider this situation in a subsequent paper. Note that in every case the
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boundary of X is given geometrically by Y, as the fibers become metrically
small as we approach the boundary.

Since we work principally with the wave equation, set M = R x X. Thus,
the boundary of M has a fibration with fiber Z and base R x Y; it is an
edge manifold with a metric of Lorentzian signature. We consider solutions
u to the wave equation

(1.8) Ou = (D} — Ay)u=0on M

with respect to this Lorentzian metric. In the simplest case, in which X
decomposes as the product Ry x Y x Z and the metric is a warped product,

1
D:Df—<D§+;Dx+Ay+x2AZ>.

In general the form of the operator is a little more complicated than this,
but with similar leading part at the boundary.

We shall consider below only solutions of (1.8) lying in some ‘finite en-
ergy space.” Thus, if D, is the domain of A%/2, where A is the Friedrichs
extension from the space C*°(X), of smooth functions vanishing to infinite
order at the boundary, we require that a solution be admissible in the sense
that it lies in C(R; D,) for some o € R.

In terms of adapted coordinates x, ¥, z near a boundary point, an element
of V(X)) is locally an arbitrary smooth combination of the basis vector fields

(1.9) 20y, 10y, 0Oz,

and hence V(X)) is equal to the space of all sections of a vector bundle (de-
termined by mp), which we call the edge tangent bundle and denote °T'X.
This bundle is canonically isomorphic to the usual tangent bundle over the
interior (and non-canonically isomorphic to it globally) with a well-defined
bundle map “T’X — TX which has rank f over the boundary. Corre-
spondingly, on M, the symbol of the wave operator extends to be of the
form x~2p with p a smooth function on the dual bundle to ®T'X, called the
edge cotangent bundle and denoted *T*M. The vector fields in (1.9), and
x0¢, define linear functions 7, £, n and ¢ on this bundle, in terms of which
the canonical one-form on the cotangent bundle lifts under the dual map
°T*M — T*M to the smooth section

T@—Fé’dj%-n-@%—c-dz of “T™* M.

x x x
We will let ©S* M denote the unit cosphere bundle of ¢T™* M.

The characteristic variety of [J, i.e. the zero set of the symbol, will be
interpreted as a subset ¥ C ¢T*M \ 0; over the boundary it is given by the
vanishing of b. Note that one effect of working on this ‘compressed’ cotangent
bundle is that ¥ is smooth and is given in each fiber by the vanishing of a
non-degenerate Lorentzian quadratic form.

The variables £ and ¢ dual to x and z respectively play a different role
to the duals of the base variables (¢,y). We will thus define a new bundle,
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denoted 7(°S*(M)), whose sections are required to have £ = ( = 0 at
OM. (For an explanation of the notation, see §7). Over OM, we may then
decompose this bundle into elliptic, glancing, and hyperbolic sets much as
in the usual case of manifolds with boundary:

T(eS*M)=EUGUH

where G is the light cone, and £ its exterior, i.e. G U H is the projection of
the characteristic set to 7(°S*M).
For each normalized point

p=(4Ly,z7T=%Ln) eH, [ <1,
it is shown below that there are two line segments of ‘normal’ null bichar-

acteristics in X, each ending at one of the two points above p given by the
solutions & of ZQ + [7]* = 1. These will be denoted

f.7p7

where e is permitted to be I or O, for ‘incoming’ or ‘outgoing,’” as sgné =
+sgn7 (4 for I and — for O). In the special case that the fibration and
metric are of true product form

dz® + h(y, dy) + 2%k(z,dz),
these bicharacteristics are simply

’FLP: {tﬁ%,l‘: (%_t)}ELy:y(t))Z:ZaT:?7§:Ean:n(t)agzo}
and

FO,p = {t > Eax = (t —f)‘a,y = y(t)az =z,7=T,§ :Ean = n(t)ac = 0}7
where (y(t),n(t)) evolves along a geodesic in Y which passes through (7, 7)

at time t = f, and where 72 = 22 + |77|2 =1, and we have chosen the sign of
£ to agree/disagree with the sign of 7 in the incoming/outgoing cases.

As it is Z-invariant over the boundary, we may write H as the pull-back
to M via my of a corresponding set H. We may therefore consider all the
bicharacteristic meeting the boundary in in a single fiber, with the same
‘slow variables’ (¢,y) and set

ﬁ.’q: U ‘7:.7p, qEH
pemy (q)

These pencils of bicharacteristics touching the boundary at a given loca-
tion in the ‘slow’ spacetime variables (¢,y), with given momenta in those
variables, form smooth coisotropic (involutive) manifolds in the cotangent
bundle near the boundary. The two main theorems of this paper show how
microlocal singularities incoming along a bicharacteristic 7, are connected
to those along bicharacteristics Fop , for various values of p, p'.

Our first main result is global in the fiber, and corresponds to the fact
that the propagation of singularities is microlocalized in the slow variables
(t,y) and their duals while in general being global in the fiber. Let .7.:3?(1
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denote the part of .7'-".’q over the interior M° of M and in an appropriately
small neighborhood of the boundary.

Theorem 1.1. For an admissible solution, u, to the wave equation and any
q €N, , .
Fiy NWEFF(u) = 0 = 73, n WF¥(u) = 0.

Thus singularities interact with the boundary by specular reflection, pre-
serving momentum in the slow variables. The lack of localization in the
fibers is reflected by the fact that only the sets F, , rather than F, , enter
into the statement. Refinements of this result giving appropriate regularity
at the boundary, not just in the interior, are discussed below.

We also prove a result regarding the behavior at glancing rays which
touch the boundary at G. In this case, singularities can propagate only along
continuations of rays as generalized broken bicharacteristics much as in [18].
These curves are defined in §7 and in the non-glancing case are just unions of
incoming and outgoing bicharacteristics associated to the same point in H,
while in the glancing case the definition is subtler. This allows Theorem 1.1
to be extended to the following concise statement.

Theorem 1.2. Singularities for admissible solutions propagate only along
generalized broken bicharacteristics.

We also obtain a result which is microlocal in the fiber variable as well
as in the slow variables but that necessarily has additional ‘nonfocusing’
hypotheses, directly generalizing that of [19], whose detailed explanation we
postpone to §12. This condition, which is stated relative to a Sobolev space
H?, amounts to the requirement (away from, but near, the boundary) that
the solution lie in the image of H® under the action of a sum of products of
first-order pseudodifferential operators with symbols vanishing along j—}yq.
Now consider two points p, p’ in H and lying above ¢, so in the same fiber
Zy. They are said to be geometrically related if they are the endpoints of a
geodesic segment of length 7 in Z,.

Theorem 1.3. For an admissible solution u satisfying the nonfocusing con-
dition relative to H® for f}”q, q € H, and for p € H projecting to q,

Flpy NWE(u) =0V p’ geometrically related to p =
Fop YWE (u) =0V r<s.

So, if we define ‘geometric generalized bicharacteristics’ as unions of bi-
characteristic segments, entering and leaving OM only at geometrically re-
lated points, then solutions satisfying an appropriate nonfocusing condition
have the property that the strongest singularities propagate only along geo-
metric generalized bicharacteristics. This may be visualized as follows: Con-
sider an example in which only one singularity arrives at d.X, propagating
along Fr,» Theorem 1.3 shows that this singularity is diffracted into singu-

larities which may emerge along the whole surface ﬁo,ﬂ-o(pl); these outgoing
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singularities are weaker than the incident singularity at all but the special
family of geometrically related bicharacteristics. The geometric general-
ized bicharacteristics, along which stronger singularities can propagate, are
precisely those which can be obtained locally as limits of families of bichar-
acteristics missing the edge entirely. In the special case in which X is simply
a smooth manifold A blown up at a submanifold B, the geometric general-
ized bicharacteristics are just the lifts of bichacteristics in the usual sense.
Condensation of singularities arguments and the uniqueness in Hérmander’s
propagation theorem show that, at least locally, full-strength singularities
do indeed propagate along the geometric generalized bicharacteristics for
some solutions.

The nonfocusing condition does hold for the forward fundamental solution
with pole o sufficiently near the boundary

" (t) _ sin t\/Z 5

o m o-
We have u,(t) € Hj (M) for all s < —n/2 + 1, while the nonfocusing
condition holds relative to H* for all & < —n/2+ 1+ f/2. If p € H is
sufficiently close to o and Fr, N WF U,(t) # 0, so the incoming singularity
strikes the boundary at p, then for each p’ projecting to the same point in
H as p, but not geometrically related to it,

Fopy "WE'(u) =0V r<-—n/2+1+ f/2.

Thus, the diffracted wave is almost f/2 derivatives smoother than the pri-
mary singularities of the fundamental solution, so we obtain the following

description of the structure of u, (X° will, as usual, denote the interior of
X):

Corollary 1.4. For all o € X° let L, denote the flowout of SN*({o}) along
bicharacteristics lying over X°. If o is sufficiently close to 0X, then for short
time, the fundamental solution u, is a Lagrangian distribution along L, lying
in H® for all s < —n/2 41 together with a diffracted wave, singular only at
Fo, that lies in H" for all™ < —n/2 4+ 1+ f/2, away from its intersection
with L,.

The geometric generalized bicharacteristics in this case are just those at
the intersection of the diffracted wave and L,.

1.2. Previous results. It has been known since the work of the first author
[14] and Taylor [24] that C*°-wavefront set of a solution to the wave equation
on a manifold with concave boundary and Dirichlet boundary conditions
does not propagate into the classical shadow region, that is, that wavefront
set arriving tangent to the boundary does not ‘stick to’ the boundary, but
rather continues past it.! By contrast, diffractive effects have long been
known to occur for propagation of singularities on more singular spaces.

Hp the analytic category the contrary is the case — see [5], [21, 20, 22].
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The first rigorous example is due to Sommerfeld, [23], who analyzed the
diffraction into the shadow region behind a straight edge in two dimensions.
Many more such examples were studied by Friedlander [4], and a general
analysis of the fundamental solution to the wave equation on product cones
was carried out by Cheeger and Taylor [2, 3]. Borovikov [1] has analyzed
the structure of the fundamental solution on polyhedra. All of these works
rely in an essential way on the technique of separation of variables, using
the product structure of the cone. There is a quite general, but heuristic,
geometric theory of diffraction due to Keller [10]. This has been confirmed
in a few special cases.

Non-product situations and more singular manifolds have been less ex-
plored. Gérard and Lebeau in [6] explicitly analyzed the problem of an
analytic conormal wave incident on an analytic corner in R?, obtaining a
1/2-derivative improvement of the diffracted wavefront over the incident
one, which is the analog of Theorem 1.3 above. Also in the analytic setting,
Lebeau [11, 12] obtained a diffractive theorem analogous to Theorem 1.1
for a broad class of manifolds, including manifolds with corners; the sec-
ond author [25] has recently obtained such a theorem in the C* setting on
manifolds with corners. As already noted, the first and third authors [19]
have previously studied (non-product) conic manifolds in the C* setting and
obtained both Theorem 1.1 and Theorem 1.3 in that setting.

1.3. Proofs and plan of the paper. The proofs of Theorems 1.1 and 1.3
use two distinct but related pseudodifferential calculi. We have stated the
results in terms of regularity measured by the edge calculus, which is best
suited for studying the fine propagation of regularity into and out of the
boundary along different bicharacteristics. For arguments that are global in
the fiber, however, the b-calculus proves to be a better tool, and the proof of
Theorem 1.1 is really a theorem about propagation of b-regularity, following
the argument in the corners setting in [25]. Essential use is made of the
fact that the product x&, with £ the the dual variable to 0., is increasing
along the bicharacteristic flow, and the test operators used are fiber constant
so as not to incur the large error terms which would otherwise arise from
commutation with A.

By contrast, as in [19], the extension of the proof of Hérmander’s propa-
gation theorem for operators with real principal symbols to the edge calculus
necessarily runs into the obstruction presented by manifolds of radial points,
at which the Hamilton flow vanishes. The subprincipal terms then come into
play, and propagation results are subject to the auxiliary hypothesis of divis-
ibility. In particular, propagation results into and out of the boundary along
bicharacteristics in the edge cotangent bundle up to a given Sobolev order
are restricted by the largest power of x by which w is divisible, relative to the
corresponding scale of edge Sobolev spaces. The divisibility given by energy
conservation turns out to yield no useful information, as it yields a regu-
larity for propagated singularities that is less than the regularity following
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directly from energy conservation. To prove Theorem 1.3 we initially settle
for less information. As already noted, F, 1,4 is a coisotropic submanifold of
the cotangent bundle and as such ‘coisotropic regularity’ with respect to it
may be defined in terms of iterated regularity under the application of pseu-
dodifferential operators with symbols vanishing along F. 1,6 Thus, we begin
by showing that coisotropic regularity in this sense, of any order, propagates
through the boundary, with a fixed loss of derivatives. By interpolation with
the results of Theorem 1.1 it follows that coisotropic regularity propagates
through the boundary with epsilon derivative loss. Finally, imposing the
nonfocusing condition allows Theorem 1.3 to be proved by a pairing argu-
ment, since this condition is a microlocal characterization of the dual to the
space of distributions with coisotropic regularity.

2. EDGE MANIFOLDS

Let X be an edge manifold, as defined in §1.1. In this section, we analyze
the geodesic flow of X in the edge cotangent bundle, and use this flow to
describe a normal form for edge metrics.

As remarked above, by using the product decomposition near the bound-
ary given by the distance along the normal geodesics in the base manifold
[0,€) X Y, we may write an edge metric in the form (1.7). The following
result allows us to improve the form of the metric a bit further, so that dz
arises only in the dz? term:

Proposition 2.1. On an edge manifold, there exist choices for x and for
the product decomposition U = [0,¢€) X Y such that

g =da® + h(z,y,dy) + zh'(z,y, z,dy) + 2°k(2,y, 2, dy, dz)

To prove Proposition 2.1 (and other results to come) it is natural to study
the Hamilton flow associated to g in the edge cotangent bundle of X. Let
dx d
a=¢Z1n. Yt a
x T
denote the canonical one-form, lifted to I X. The dual basis of vector fields

of °T'X is x0;, 0y, 0, and in terms of this basis the metric takes the form

1 O(x) O(x)
g=2z20(x) H+0(xz) O
O(z) O(z) K
where H and K (which are nondegenerate) are defined respectively as the
dy®dy and dz®dz parts of h and k at = 0. Here and henceforth we employ

the convention that an O(z*) term denotes z* times a function in C>°(X).
Thus,

(2.1) gt=z2( O(x) H'+0()
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In fact, it is convenient to work on M = X x Ry, which has an induced
boundary fibration, with base Y x R;. Correspondingly, elements of *T* M
are written as d d

€i+7l+n.d£+<.d%
x x x
so (z,t,y,2,&,7,1n,() are local coordinates on M. The canonical symplectic
form on ®T*M° is d(7dt/x + «), and the Hamilton vector field of the symbol
of the wave operator O, p = (7/x)% — g7}, is then —222H, with

(22) H = —720; + (1€ + O(2)) 0r + (2€ + O(2?)) Oy
+ (£ + GGEY + 0(2)) 0 + (GKY + O(x)) 0,
QK

+ <‘§Cicjazk + 0(w>) g + (@ HY + O(2%)) By, + (&0 + O(x)) Oy,

(We employ the superscript o to denote the interior of a manifold.)

Note that while it has not been emphasized in the expression above, this
vector field is homogeneous of degree 1 in the fiber variables. We will be
interested in the restriction of this flow to X, the characteristic variety of [,
where (7/x)% = gL

Lemma 2.2. Inside X3, H is radial, i.e. is tangent to the orbits of the fiber
dilations on ¢T*M \ 0, if and only if =0 and { = 0.

Proof. To be radial H must be a multiple of £0¢ + 70, +n -0, + (- O¢. In
particular, in the expression above, the 0; component must vanish, which
inside ¥ implies = 0. The vanishing of the J, component further implies
¢ =0, and conversely H is indeed radial at x =0, { = 0. ([l

As usual, it is convenient to work with the cosphere bundle, ¢S* M, viewed
as the boundary ‘at infinity’ of the radial compactification of 1™ M. Intro-
ducing the new variable

o= |7,
it follows that Ho = —£o + O(x). Setting

§=Eo, n=mno, (=(o
we note that O'é, 7, é are coordinates on the fiber compactification of *T™* M N

>, with ¢ a defining function for *S*M as the boundary at infinity. Then
Lemma 2.2 becomes

Inside ©S*M N'Y, oH vanishes exactly at z =0, { = 0.
Let the linearization of ¢ H at ¢ € S N¢S*M (where z = 0, ( = 0) be A,.

Lemma 2.3. For ¢ € H, i.e. such that £(q) # 0, the eigenvalues of Aq
are —é, 0 and f, with dx being an eigenvector of eigenvalue é’, and do being
an eigenvector of eigenvalue —é. Moreover, modulo the span of dx, the —f—
etgenspace is spanned by do and the déj, and the 0-etgenspace is spanned by
dt, dy;, dij;, d€, and dz; + €13, K¥(q) dé;.
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Remark 2.4. This shows in particular that the span of the déj (plus a suitable
multiple of dz) is invariantly given as the stable/unstable eigenspace of A,

inside T;°S*M according to £ > 0 or £ < 0. We denote this subspace of
T;°S*M by T, (6S*M).

Proof of Lemma 2.3. A straightforward calculation using (2.2) yields, in the
coordinates (z,y,t, z,&,1,0,(),

H = (w0, — 00, — C0,) + K60, + K1GGo, — L O 6 6o, 1ot
oH = (20 — 005 — (O¢) + KV G0z, + GG = 5 5, %0 + oI,
with H’ tangent to the boundary. Thus,

oH = (20, — 00, — (0;) + K90, + «H' + H”,

where H' is tangent to the boundary, and H” vanishes quadratically at g (as
a smooth vector field). In particular, the linearization A, is independent of
the H” term, and is only affected by x H' as an operator with (at most) one-
dimensional range, lying in sp{dxz}. Moreover, x H'z vanishes quadratically
at OM, so dx is an eigenvector of A,, and by the one-dimensional range
observation, modulo sp{dz}, the other eigenspaces can be read off from the
form of o H, proving the lemma. U

Therefore, under the flow of o H we have
' ==&+ 0(¢%) + O(a),
@' = x4+ 0(2?).

The Stable/Unstable Manifold Theorem can then be applied to the flow
under H and shows that for each (yo, z0) € 90X, &y, Mo, with & # 0, there
exists a unique bicharacteristic with the point z = ¢ = 0, (y,2) = (Y0, 20),
é = &y, 1 = 1o in its closure and that a neighborhood of the boundary is
foliated by such trajectories. Choosing & = 1, n = 0 gives a foliation by
normal trajectories arriving perpendicular to 0X. Let & be the distance to
the boundary along the corresponding normal geodesics; it is a boundary
defining function. Gauss’s Lemma implies that in terms of the induced
product decomposition the metric takes the form

(2.3)

g = di* + h(F, 7, dj) + Th' (2,7, 7, dy, dZ) + F°k(Z, §, Z, 4, dZ).

This concludes the proof of Proposition 2.1.

This argument in fact gives a little more than Proposition 2.1, as we
may take & # 1. In fact, for any ¢ = (t,y,2,7,&,7) € H there exist two
bicharacteristics having this point as its limit in the boundary,? which we
denote

fI/O,qa

2The notation H, H will be further elucidated in §7.
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with the choice of I/O determined by sgn&/7. For p = (t,y,7,&,7) € H, we
let

Wal(P) = {(ta 2/7277_',6_, 77) VS Zy}

fI/O,p = U j:I/O7p7
q€ng ' (p)

and we collect all these bicharacteristics into

Frjo =JFrj0p F=F1UFo.
p

and

For later use, we note that when the metric has been reduced to the
normal form guaranteed by Proposition 2.1, the rescaled Hamilton vector
field on “T™*(M) reduces to

(24) H = —7120; + 760, + €20, + (€2 + [¢|%)0¢ + (GKY + O(2))ds,

+ (_§<2<3872k + O(l’))@ck + (JCUjH T+ O(J}Q))ayz + (5771 + O(m))ama
here we have let K% denote the whole of the K ~! +O(x) term in the bottom

right block of g~! as expressed in (2.1).

3. CALCULI

In order to simplify the descriptions below, we assume that M is com-
pact. If M is non-compact, we must insist on all operators having prop-
erly supported Schwartz kernels. For such operators all statements but the
L?-boundedness remain valid; when we restrict ourselves to operators with
compactly supported Schwartz kernels, we have L?-boundedness as well.

We use two algebras of pseudodifferential operators. Each arises from
a Lie algebra V of smooth vector fields on M tangent to M, which is a
C*°(M)-module, and they have rather similar properties:

e For b-ps.d.o’s, we take V = W, (M), consisting of all C* vector fields
on M that are tangent to OM.

e For edge ps.d.o’s, OM has a fibration ¢ : OM — Y, and we take
V = Ve(M), consisting of all C*> vector fields on M that are tangent
to the fibers of ¢ (hence in particular to OM).

In terms of coordinates x, y, z adapted to a local trivialization of the fibration
on an edge manifold, with x a boundary defining function and z a coordinate
in the fiber, it is easy to verify that V(M) is spanned over C*°(M) by 0,
Oy, 0z, while Ve(M) is spanned over C*°(M) by 20y, 20, 0., .

In both cases, V is the space of all smooth sections of a vector bundle
YTM — M. Thus, in the two cases, these bundles are denoted by PTM
and °T'M respectively; this notation extends in an obvious manner to all V-
objects we define below. The dual vector bundle is denoted by Y7*M, and
the corresponding cosphere bundle, i.e. (YT*M\0)/R™ is denoted by V.S* M.
As the space of all smooth vector fields on M includes V, there is a canonical
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bundle map YT'M — TM, and a corresponding dual map, T*M — YT*M.
These are isomorphisms over the interior of M. Also, being a C* section of
YTM, every V € V defines a linear functional on each fiber of YT*M. This
is the principal symbol map:

Vo,V — C* fiber-linear functions on YT M.

We let Diﬁ‘]f,(M ) be the space of differential operators generated by V
over C*®(M), so elements of Diff§,(M) are finite sums of terms of the form
aVi... Vi, 1 <k, V; €V, a € C®M). Thus, Diff,(M) = |, Diff§,(M) is
a filtered algebra over C°°(M). Defining Yoy(a) = 7*a for a € C®(M), ©
being the bundle projection YT*M — M, Yo extends to a map

Vo, : Diff (M) —
{COO fiber-homogeneous polynomials of degree m on YT*M },
that is a filtered ring-homomorphism in the sense that
Vomu(AB) =VYo,,(A)Vo(B) for A € Diff}(M), B € Diff},(M).

We also fix a non-degenerate b-density v on M, hence v is of the form
vy, 1y a non-degenerate C* density on M, i.e. a nowhere-vanishing sec-
tion of the density bundle QM := |A\"|(M). The density gives an inner
product on C>°(M). When below we refer to adjoints, we mean this relative

to v, but the statements listed below not only do not depend on v of the

stated form, but would even hold for any non-degenerate density = vy, 1y

as above, [ arbitrary, as the statements listed below imply that conjugation
by z! preserves the calculi.

For each of these spaces V there is an algebra of pseudodifferential opera-
tors, denoted by W,,(M) which is a bifiltered C>° (M) *-algebra of operators

acting on C*(M), ¥\,(M) =, \Il?}’l(M), satisfying

(I) Diff}(M) C \Ilgz’o(M) (with the latter also denoted by Wi} (M)),
(IT) if 2 is a boundary defining function of M then z! € \P%I(M), and
(M) = (M),
(III) the principal symbol map, already defined above for Diff,,(M), ex-
tends to a bifiltered *-algebra homomorphism

Vo W (M) — 2lsp (YT M\ 0),
(IV) the principal symbol sequence is exact
0 — W (M) — Wi M) — 2lSm L (YT M\ 0) — 0,

(V) for A € U(M), B € WY (M), [A, B] € W™ = (Ar) satisfies

1
ng+m’—1,l+l’ ([A7 B]) = E{Vo—m,l(A)a ng’,l’ (B)}a
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with the Poisson bracket defined a priori as a homogeneous function
on T*M°\0, but extends to ! ¥ times a smooth function on YT*M\
0,

(VI) every A € \IJ?}’O(M ) extends from C*(M) by continuity to define a
continuous linear map on L?(M), and for each A € \I/?,’O(M ) there
exists A’ € W;l’O(M) such that for all u € L?(M),

[Aullzz < (2sup |a])||ullz2 + [[A"ul| 2,

where a = Yo o(A).

In addition, there is an operator wave front set (or microsupport) WFY,

such that for A € ¥,(M), WF},(A) C YS*M is closed, and satisfies

(A) WF},(AB) C WF},(A) N WF},(B),

(B) WF),(A+ B) C WF},(A) UWF},(B),

(C) WF),(a) = 7~ !suppa for a € C>*(M), where 7 is the bundle projec-
tion,

(D) for any K C YS*M closed and U C YS*M open with K C U, there
exists A € \IJ?/’O(M) with WF},(4) C U and Yo 0(A) =1 on K (so
W,(M) is microlocal on YS* M),

(E) if A € \II?}’I(M), Vomi(A)(g) # 0, ¢ € YS*M, then there exists a
microlocal parametrix G € W;,”" (M) such that

¢ & WFL(GA - 1d), q ¢ WF(AG - 1d),

(F) if A € UM(M) and WF,(A) = 0 then A € U, = ), oo
— thus, WF), captures A modulo operators of order —oo in the

smoothing sense, just as Vam,l captures A modulo operators of order
(m—1,1).

Note that if b € 2!S/  (YT*M\0) then for any U C YS* M open satisfying
U D supp b there exists B € W$Z(M) with WF},(B) C U and Yo, (B) = b.
Indeed, with K = suppb, let A € \II%O(M) be as in (D) above, so WF},(A) C
U and VO'O’()(A) =1 on K. By the exactness of the symbol sequence, there is
By € \I’;n’l(M) and Yo, ;(B) = b. Then B = AB, satisfies all requirements.

Beyond these rather generic properties, shared by the b- and edge-calculi,
we will use one further, more specialized property of the b-calculus: if V' €
Wo(M) is such that V|sy = D, (restriction in the sense of Vi, (M), i.e. as
sections of PT'M), then for A € W*(M), [A,V] € W (M), i.e. there is a
gain of = over the a priori statements. (Note that x0,, the ‘radial vector
field’, is a well-defined section of PT'M at 9M.)

The above property in fact follows from the analysis of the normal op-
erator associated to V. More generally, for a differential operator in the
b-calculus, we obtain a model, or normal operator by freezing coeflicients of
b-vector fields at the boundary: in coordinates (z,w) € Ry x RF with z a
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boundary defining function, if

P=> ajq(z,w)(xD,) D
then -
N(P) =" aia(0,w)(xD;)' D5,
is now an operator on Ry x M. Likewise, if () is an edge operator given by

Q= biasle.y. 2) (@D, (@D,)" D

on a manifold with fibered boundary then
N(Q) = Z bia,8(0,Y, Z)@Dx)i@Dy)aDg

is an operator on lel x F, where F' is the fiber and b the dimension of
the base of the boundary fibration. These normal operators are in fact
homomorphisms from the respective algebras, and they extend to act on the
algebras W{}(M). Their principal utility is the following:

A€ 2U (M) <= N(A) = 0.

We will make very little use of the normal operators; for more detailed
discussion, see [13].

We will also require a conormal variant of the b-calculus described above,
where polyhomogeneous symbols (S} ) are replaced by those satisfying
Kohn-Nirenberg type symbol estimates (S™). We denote this calculus Wpq.
It satisfies all the properties above, except that the symbol map now takes
values in S™(PT*M)/S™ 1 (PT*M). This calculus will be important in mak-
ing approximation arguments in our b-calculus-based positive commutator
estimates.

A unified treatment of the two calculi discussed in this section can be
found in Mazzeo [13]. This was the original treatment of the edge calculus,
while the b-calculus originates with the work of the first author [15].

4. COISOTROPIC REGULARITY

Theorem 4.1. Away from glancing rays, the set F is a coisotropic sub-
manifold of the symplectic manifold *T*M, i.e. contains its symplectic or-
thocomplement.

Proof. We split F into its components F; and Fp; by symmetry, it suffices
to work on Fj.

It suffices to exhibit a set of functions «; vanishing on F; whose differen-
tials yield a basis of sections of N*Fr such that the Poisson bracket of any
two also vanishes on F7j.

To begin, we let H,,, denote the Hamilton vector field of py = “oy _o(0)
(and more generally, H, the Hamilton vector field of any symbol ¢); let
© = 22/|7| so ¢Hp, € Vy(°T*(M)\0), and is homogeneous of degree zero.
The vector field ¢ Hp, is not itself a Hamilton vector field: we have

(4.1) ©Hpy = Hypy — poHyp.
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This last vector field has the virtue of vanishing on Fj, however.

Now F is a conic submanifold of ¢TI M, hence has a set of defining
functions that are homogeneous of degree 0. Letting fl = (;/|r| we note
that it follows from (2.3) that we may take defining functions for F; to be
homogeneous functions of degree zero of the form

Oéi:éi—l—O(.%'), iZl,...,f,

with da;(q) an eigenvector of the linearization A, of ¢H,, of eigenvalue —é ,
plus one extra to keep us in the characteristic set: ag = x2po/|7| = ¢po. We
immediately note that for ¢ > 1, we have

(4.2) {ao, i} = Hp, i + poHpai = poHyp (i),
which is a smooth multiple of py, so that Poisson brackets with oy never
present difficulties. It remains to show that {a;,;} is in the span of the
a;'sfori=1,...,f.
The Jacobi identity yields

(4.3)

Hypo{woi, xojt = {Hyppy (x0y), woj} — {Heppy (zej), xoy}, 4,5 =1,..., f.
Using (4.1) and the tangency of ¢H,, to F; and to z = 0 we find that

Hpo (va;) is a smooth function vanishing at both = 0 and on F7, hence
we have

Hop(z0) = "z
where b, € C*. We can in fact say a little more: since ¢Hp, is a smooth
vector field tangent both to x = 0 and to Fr, and as do;(q), resp. dz are

eigenvectors of the linearization of wH,,, at 0F with eigenvalue —¢, resp. &,
we have

pHpyx = Ex + 22b + chmaj, ©oHp,o; = —fai + xzrijaj o

with b, ¢;, 735,75 all smooth, r; vanishing quadratically at F7. Thus,

©Hp, (xay) = Z bir(z2 o) + 7

for smooth functions b;; and 7} and with 7, quadratically vanishing on F7.
Observe now that poH, (zcy) = (ppo)xe; with ¢; smooth, and {(¢po)zc;, za;}
vanishes at pg = 0 (cf. (4.2)). As a result, by (4.1) and (4.3), we see that

oHp {za;, za;} = Z reim{roy, xay} +r

where 7 is a smooth term vanishing on F7.

Now we restrict to F7. By construction of F7, the vector field ¢ H), van-
ishes identically at Fr N dM, hence it is divisible by a factor of z when
restricted to Fr, with the quotient being a vector field on F; transverse to
OFr. Thus if we let s be a parameter along the flow generated by ¢ H,,, with
s =0 at 9F;, we have with c;jkl smooth,

d
£{$ai, zoy b F, = Z C;jkl{xak? zout| 7
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Now zay, and zoy Poisson commute at M, so we conclude that {za;, za;} =
0 on Fj.

This implies that in fact {a;,;} = 0 on Fy, as {zay, za;} — 2?{ai, a;}
also vanishes there. O

We now fix an arbitrary open set U C ¢T*M disjoint from rays meeting
x =& = 0. We omit the set U from the notation below, by abuse of notation.

Definition 4.2.

(a) Let U (U) be the subset of ¥ (M) consisting of operators A with
WF,/ACU.

(b) Let M denote the module of pseudodifferential operators in Wl (M)
given by

M={AcTLU): o(A)| = 0}.

(c) Let A be the algebra generated by M, with A* = AN VE(M). Let
H be a Hilbert space on which WI(M) acts, and let K C °T*(M) be
a conic set.

(d) We say that u has coisotropic regularity of order k relative to H in
K if there exists A € WI(M), elliptic on K, such that A¥Au C H.

(e) We say that u satisfies the nonfocusing condition of degree k relative
to H on K if there exists A € WO(M), elliptic on K, such that
Au C A*H. We say that u satisfies the nonfocusing condition relative
to H on K if it satisfies the condition to some degree.

Remark 4.3. The conditions of coisotropic regularity and nonfocusing are
dual to one another, at least in a microlocal sense: if u satisfies (d) and v
satisfies (e) then the L? pairing of Au and Av makes sense.

Lemma 4.4. The module M is a test module in a sense analogous to |7,
Definition 6.1]. That is, M is closed under commutators and is finitely
generated in the sense that there erist finitely many A; € WY(M), i =
0,1,...,N, Ay = 1d, such that

N
M={AcTU): 3Qi € VUV), A= QiAi}
j=0
Moreover, we may take Ax to have symbol |T|ay = 22|7|7!p, p = o(0),
and A;, i =1,...,N —1 to have symbol |t| a; with da;(q) € Ty~ (°S*M) for
q € OF, where we used the notation of Remark 2.4.

Proof. For A,B € M, [A,B] € W (M), WF./([A, B]) C U and o([A, B]) =
+{o(A),0(B)}, so o([A, B])| - = 0 as F is coisotropic. Thus, M is closed
under commutators.

Let a;, ¢ = 1,..., N, be smooth homogeneous degree 0 functions on
eT*M \ 0 such that a; vanish on F and da;(q), i = 1,..., N, spans N;j-" for
each ¢ € F. In particular, we may take ay = 2%|7|"'py = @po and choose a;,
i=1,...,N — 1 as in the statement of the lemma. Let A; be any elements
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of W (M) with o(4;) = |7|a;. In view of this spanning property, every

homogeneous degree 1 function a € C*®(°T*M \ 0) with suppa C U and

al = 0 can be written as vazl qi |7] a; with supp ¢; C U, g; smooth homo-

geneous degree 0, so if Q; € WI(M) are chosen to satisfy WF,'(Q;) C U and

o(Q;) = ¢, then Qo = A— N | Q;A; satisfies WF(Q) C U, Qo € WA(M),

proving the lemma. O
We recall from [7]:

Lemma 4.5. (See [7, Lemma 6.3].) If A;, 0 < i < N, are generators for
M in the sense of Lemma 4.4 with Ay = 1d, then

N
(4.4) AP =03 Qa ][ AN, QueWU)
laj<k =1
where o runs over multiindices o : {1,..., N} — Ny and || = a1+ -+ an.

Remark 4.6. The notation here is that the empty product is Ayp = Id, and
the product is ordered by ascending indices A;. The lemma is an immediate
consequence of M being both a Lie algebra and a module; the point being
that products may be freely rearranged, modulo terms in A*~1.

Now, Ay being a multiple of O, modulo WY(M), regularity under sum-
N
mands Q, [] A7 with ay # 0 and |« = k is automatic for solutions of
i=1
Ou = 0, once regularity with respect to A*~! is known. The key additional
information we need is:

Lemma 4.7. Forl=1,...,N —1,

N
(45)  2%[A,O1=> CjA;, Cy € VM), o(Cpy)lyz =0 for j #0.

§=0
Remark 4.8. In fact, it would suffice to have o(Cj;)|, diagonal with

Re U(Cll)bj: >0,

as in [7, Equation (6.14)] or an even weaker lower (or upper) triangular
statement, see [7, Section 6].
Proof. Let |t|a; = o(A;), considered as a homogeneous degree 1 function
on °T*M. Note that ay = o(Ay) = 2%|7|"1po, so o(0) = z72|7]%an. As
2%i[A;, 0] € V(M) and A = Id, it suffices to prove that for suitable ¢,
homogeneous degree 1 with ¢;;| = 0,

N
(4.6) o(2%i[A,0) = eylr|a;.
j=1
But o(z%i[A;,0]) = —2?Hp, (|7| a1) = —Hyp, (|7] @) is homogeneous of degree

2, vanishing at F, so (4.6) follows, though not necessarily with ¢;;|» = 0.
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By Lemma 2.3 and the part of the statement of Lemma 4.4 regarding
da;(q), da; is an eigenvector of the linearization of o Hp, with eigenvalue —f ,
and do is also an eigenvector with eigenvalue —é . Correspondingly, using
the homogeneity and working on °T*M, ocHy, (0 ta;) = (cHp,o Ya; +
oY (o Hyp,)(a;) vanishes at 9F, so we may indeed take cjlgr = 0. O

The final piece of information we needed to analyze propagation of reg-
ularity with respect to M is to recall from Lemma 2.3 that z, resp. o are
eigenvalues of the hnearlzatlon of o H,, of eigenvalue § , resp —§ , and corre-
spondingly for W,,,; € " (M) with symbol w,,; = ||l = o7mal,
(4.7)

iWint, 0] = Wi—1,-1Co, where Cy € W2(M), 0(Co)|,z = —(m + ).
5. DOMAINS

An essential ingredient in our use of the edge calculus will be the identi-
fication of domains of powers of the Laplacian with weighted edge Sobolev
spaces.

Definition 5.1. Let D denote the Friedrichs form domain of A, i.e. the closure
of C*°(X) with respect to the norm (||dul|32 + [|u/|32)'/2. Let D, denote the
g g

corresponding domain of A%/2? (hence D = D;), and D' = D_;.

Recall that L?](X) = 2~ (+D/212(X), and that we use the b weight in
our definition of edge Sobolev spaces.

We remark that multiplication by elements of C3°(X) (the subspace of
C>°(X) consisting of fiber constant functions at 0.X) preserves D, as for

¢ €CP(X), Vea Ve(X),
we have
Vou = ¢pVu+ [V, ¢lu,
and
[V.¢] € C=(X)

is bounded on Lg. Thus, D can be characterized locally away from 90X,
plus locally in Y near 0X (i.e. near 0X the domain does not have a local
characterization, but it is local in the base Y, so the non-locality is in the
fiber 7).

The basic lemma is the following.
Lemma 5.2. We have, for v € COO(X), f>1,
—1 12 _ 2
(5.1) |z~ || + ||a = Dsv||” + |Dgvl* + | Dyo|? < Clv|5.

Remark 5.3. This is the only result we need for the diffractive theorem,
which uses the b-calculus. If f = 1, we use more carefully crafted ps.d.o’s
to make sure that the control of ||v||, rather than ||z~ 1v||, suffices—indeed,
|z~ 10| is mot controlled by |lv||p if f = 1. A fortiori, in the extreme case
f =0, we do not control Hx_lvH by the domain norm.
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That a reverse inequality to (5.1) holds too is immediate from the defini-
tion of D and the form of the metric.

Proof. As |[v||3 = ||dv||72 + |[v]|72, the form of the metric g implies
g g
_ 2
|2~ D2o||” + | Do )|* + | Dyo)|* < Cllollp.

So it remains to show that Hx_lvuz < CHUH% for v supported near 90X,

which in turn will follow from H:z:_lsz < O(||Dyvl|? + ||v||?). Treating y, 2
as parameters, this in turn is an immediate consequence of the standard
analogous one-dimensional result (with respect to the measure zf dz). [

As an immediate consequence, we deduce the following;:

Proposition 5.4. Suppose that either s € [0,1), or s =1 and f > 1. Then
Dy = o~ D2+ [1s(X).

Proof. For s =1, f > 1, this follows immediately from Lemma 5.2 and the
definition of the Friedrichs quadratic form domain D as the closure of C*°(X)
with respect to || |[p. Indeed, the lemma gives [[ul|, 1724141 (x) < Cllullp

for u € COO(X ); the analogous reverse inequality is immediate, so the density
of C*°(X) in both spaces proves the proposition for s = 1. As Dy, 6 € [0, 1],
resp. z/~(F+D/2H9(X), are the complex interpolation spaces for (L2, D),
resp. (L2, z!~U+D/2H1 (X)), the proposition follows for s € [0,1], f > 1.

A different way of identifying D, which indeed works for arbitrary f, is to
note that working in a local coordinate chart O’ in Y over which the fibration
of X is trivial, and extending the fibration to a neighborhood of X, one
has an open set O in X which one can identify with [0,€), x O’ x Z. As D is
a Cy°(X) module, we only need to characterize the elements of D supported
in compact subsets of O which have a product decomposition. But directly
from the definition of D, such functions are exactly the correspondingly
supported elements of

HYY;L([0,€), x Z; 2! dadz)) N L2(Y; D([0,€) x Z)),

where D stands for the Friedrichs form domain of any conic Laplacian on
[0,€) x Z. These domains D are well-known, and are described in [19, Equa-
tion (3.11)]. In particular, for f > 1, D([0,€)x Z) = z'=+D/2 (0, €) x Z),
providing an alternative method of characterization of the domain D for
f>1

Now, z'=U+D/2H1(X) ¢ D always (with a continuous inclusion) as both
are completions of C°(X), with the first norm being stronger than the
second. Complex interpolation with L? (of which both are a subspace) gives
the inclusion z/~U+D/2H0(X) c Dy for € [0,1].

To see the reverse inclusion, we proceed as follows. In order to simplify
the notation, we localize to a product neighborhood O of 90X, but do not
denote this explicitly. Since complex interpolation of the spaces L? = D
and D = Dj yields Dy for 0 < 6§ < 1, with an analogous statement for
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D([0,¢€) x Z), while complex interpolation of L? and H' yields H? for 0 <
0 <1, we deduce that
Dy C H(Y; L2([0,€), x Z)) N L*(Y; Dy([0, €) x Z)),

meaning elements of Dy multiplied by a cutoff supported in O identically
1 near 0X are in the right hand side. For 6 € [0,1), Dy([0,¢) X Z) =
20=HD2[0([0,€) x Z), even if f = 1, so we deduce that for 6 € [0,1),

Dy ¢ HY(Y; L2([0,€), x Z)) N L2(Y; 29~ U+D2HI ([0, €) x Z)).
The right side is exactly z/~U+D/2HY(0). In fact, this follows from

HYY;L2([0, ), x 2)), LX(YV;2' U2 HL((0,€) x 2))
and 2'~U+D2HL(O)

being the form domains of commuting self-adjoint operators Ay, As, resp.
A = Ay + Ay, with A; > Id, as this implies the non-trivial (and relevant)
direction, i.e. that

H(Y;L*([0,€), x 2)) N L2(Y; 29UV H{ ([0, €) x 2))  27~U+D2HY(0)

by using A~2)/2 to produce the holomorphic family used in the definition of
complex interpolation. For instance, one may take A; = Ay for some metric
on Y, and A2 = Apoxz + cx~2 for a conic metric and ¢ > 0 sufficiently
large.

Thus, the proposition follows for s € [0,1) and f arbitrary (as well as
s=1,f>1). O

We write D, ete. for the analogous spaces on M:
Definition 5.5. ||u||% = HDtuH%Q(M)+HquH%2(M)+||u||%2(M). We also write
D([a, b]) for the space with the same norm on [a,b] x X.

We will require the following result about the interaction of the test mod-
ule M from Definition 4.2 with the norm on D :

Lemma 5.6. Let A € M. Let A"‘ﬁ denote the adjoint of A respect to the

norm on D. Then
A% =A*"+B+R

with B € WX°(M) and R a smoothing operator mapping D(M) — C®(M).
Proof. Let O = D2+ A+1.Ifu,v € Co° (M) have compact support, we have
(Au,v) 5 = (OAu,v)
= (u, A"v) 5 + <[ﬂ, Alu,v).
Using the usual elliptic parametrix construction, we may write

00, A] = B0 + R
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where B* € W2°(M) and R’ € W, > ?(M). By the Riesz Lemma, (R'u,v) =
(Ru,v)p for some smoothing operator R, so we obtain the desired form of
the adjoint. O

The domain D localizes with respect to fiber-constant functions. Thus,
we make the definition:

Definition 5.7. For u € C~*°(X), we say that u € Dj if ¢pu € D for all fiber
constant ¢ € C°(X). Similarly, for u € C~*°(X), we say that u € D] _ if
¢u € D' for all fiber constant ¢ € C°(X).

We define the localized domains on M analogously.

Note that if u € D then certainly u € Digc.

6. WAVEFRONT SETS (f > 1)

Throughout this section, we assume f > 1. For the f = 1 case, see Sec-
tion 10.3

By convention all ps.d.o’s in this section have Schwartz kernels supported
in a fixed compact set K x K, and we define associated local norms by fixing
a function ¢ € C°(M) equal to 1 on neighborhood of K; we let

el o = ||
for various choices of Sobolev space.
Lemma 6.1. If V € 27 1Ve(M) and A € U _(M) then
[A, V] € 271 (M).

(Recall that the calculus with conormal estimates, Wy (M), is described
at the end of §3.)

Proof. The result follows from the fact that V € 2~ DiffL (M). O

Lemma 6.2. Any A € \P?)OO(M) with compact support defines a continuous
linear map A : D — D with a norm bounded by a seminorm of A in \I’?)OO(M).

Moreover, for any K C M compact, any A € V2__ (M) with proper support
defines a continuous map from the subspace of D consisting of distributions
supported in K to D,.

Proof. The norm on D is (||dprul|® + ||ul|?)/2, and C°(M°) is dense on
D, so it suffices to show that for u € CX(M°), ||Aul|r2 < Cllul/f2, and

|V Aul|r2 < O(||dagul| + ||ul]) for V € 271Ve(M). As \I’%OO(M) is bounded
on L?, the first claim is clear. Moreover,

IV Aul 2 < [|AVul g2 + [V, Alul 2 < C|[Vu] g2 + Cllz ™ ul| 2

3As always, for the case of a manifold with boundary, i.e. f = 0, we refer the reader to
[17, 18].
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where we used the previous lemma for the second term, and also that
U (M) is bounded on L?. Finally, as f > 1, |[z7 ul|z2 < C(||Dyullp2 +
||u||£2), finishing the proof. O

We note that this lemma is in fact false without the assumption f > 1.
We are now able to follow the treatment of [25] almost verbatim, using
the preceding Lemma in place of [25, Lemma 3.2].

Definition 6.3. For m > 0, we define HZ', (M) as the subspace of D con-

"y

sisting of u € D with supp u compact and Au € D for some (hence any, see
[25]) A € W*(M) (with compact support) which is elliptic over suppu, i.e.

A such that such that oy, ,,(A)(g) # 0 for any ¢ € bTS*uppuM \ 0.

We let Hg‘bloc(M ) be the subspace of Dioe consisting of u € Do such

that for any ¢ € C°(M), ¢u € Hgbﬁ(M).

Thus, HgblOC(M ) consists of distributions conormal to finite order rel-
ative to D. We also define the spaces with a negative order of conormal
regularity relative to D:

Definition 6.4. Let m < 0, and A € ¥, ™ (M) be elliptic on PS*M with
proper support. We let H%Lbc(M) be the space of all u € C™°°(M) of the

form u = uq + Auo with uy,us € 250. We let

lullizs. oy = nf{urllp + lusll : w= 1 + Aus).

,C

We also let HZ'\ |~ (M) be the space of all u € C™>°(M) such that ¢u €

Hgl,b,c(M) for all ¢ € C°(M).

The spaces thC and Hgb,bc do not depend on the choice of A; see [25].

With this definition, A € UF__(M) defines a map
A:HE, (M) — HE (M),

if the supports are kept in a fixed compact set, this is a continuous linear
map between Banach spaces. We now proceed to microlocalize these spaces.

Definition 6.5. Let u € H%7b7106
q € PT*M \ 0 is not in WFgﬁ(u) if there exists A € WP'(M) such that
ob,m(A)(¢q) # 0 and Au € D.

For m = oo, we say that ¢ € PT*M \ 0 is not in WFbm’ﬁ(u) if there exists
A € W) (M) such that o1,0(A)(¢) # 0 and LAu € D for all L € Diff, (M),

e if Au € HZ, | (M).

We also use the notation WFy 5(u) = WFg?ﬁ(u).

for some s and let m > 0. We say that
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Remark 6.6. Note that WF, 5(u) is only defined for v € U, H , | (M).

It is reasonable thus to call J; HZ | (M) the space of D-admissible dis-
tributions, and to refer to solutions of Uu = 0 with u € J, H , | (M) as

admissible solutions—even, in a more general setting, if [1 is the ‘Laplacian’
of a general pseudo-Riemannian metric.

We recall the definition of the operator wave front set of a family of
ps.d.o’s.

Definition 6.7. Suppose that B is a bounded subset of \Il’goo(M), and g €
bS*M. We say that ¢ ¢ WF}(B) if there is some A € W, (M) which is
elliptic at ¢ such that {AB: B € B} is a bounded subset of W, *°(M).

Note that the wave front set of a family B is only defined for bounded fam-
ilies. It can be described directly in terms of quantization of (full) symbols,
much like the operator wave front set of a single operator. All standard prop-
erties of the operator wave front set also hold for a family; e.g. if E € WUy, (M)
with WFy (E) N WFy(B) = 0 then {BE : B € B} is bounded in W, *°(M).

The key lemma here concerns families B with wave front set disjoint from
a wave front set WFIb"’ ﬁ(u) of a distribution w; it is the quantitative version

of the microlocality of Uhoo (M):
WF’;E’“(Bu) C WFL(B) N WEF'5(u), B € vk (M),

see 25, Lemma 3.9].

Lemma 6.8. Suppose that K C PS*M is compact, and U a neighborhood

of K in PS*M. Let Q € WFE(M) be elliptic on K with WF{(Q) C U. Let

B be a bounded subset of VF_ (M) with WF}(B) C K. Then for any s € R

there is a constant C' > 0 such that
[Bullp < C([ul| s

D,b,loc

+1Qul).
s ; k _
for Be B, ue Hf?,b,loc with WFbﬁ(u) NU =0,
For the proof, see [25, Lemma 3.13 and Lemma 3.18|.

Remark 6.9. Instead of working with 15, one can also work with D’ , as
\Ilgoo(M ) acts on it by duality. All the above results have their analogues
with WF, 7 replaced by WF, 5,.

We will also employ a wave front set on a quotient space of S*M. In §7 we
will define a space bS* M with a proper, surjective map p : PS*M — bS*M;
bS* M will be equipped with the quotient topology. In this case, by abusing
the notation slightly, we use the following terminology:

Definition 6.10. WF, 5(u) and WF 5, (u), considered as subsets of bS* M,
are the images under the quotient map p of WF, 5(u) and WF, 5,(u), con-
sidered as subsets of S* M.
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Thus, for ¢ € PS*M, q ¢ WF, 5(u) if and only if p~'(g) N WF, 5(u) =0,
i.e. u is well-behaved at all pre-images of gq.

7. EDGE/B RELATIONSHIP

Let N denote an edge manifold with fibration
Z — N B W.

Canonical coordinates on °“T*N induced by coordinates (z,w,z) (with w
pull-backs of coordinates on W) on N are (z,w, 2z, &, 1, () corresponding to
writing covectors in ®*T*N as

dx dw
E—+p-—+(¢-dz.
x T
Analogously, canonical coordinates on "T* N are (x,w, 2, &, i, ¢) correspond-

ing to writing covectors in PT*N as
dx
(7.1) §?+g-dw+§-dz.

Let 7 denote the bundle map *T*N — PT*N given in canonical coordi-

nates by
7-‘-(:1:7 w7 Z? 57 ILL7 C) = ($7 w? Z’ ;L'é.’ /"L? xc)'

This map can be obtained more invariantly by identifying *T*N with the
bundle *¢T*N := x°T*N, i.e. the bundle whose sections can be written
as x times an edge one-form; the identification is via multiplication by =z,
naturally. The map 7 is then the inclusion map of this bundle into PT*M.
We define the compressed cotangent bundle by setting

PT*N = 7(°T*N)/Z,
7 °T*N — PT*N

the projection, where, here and henceforth, we take the quotient by Z to act
only over the boundary (where it is defined) and the topology to be given
by the quotient topology. We remark that ®T*5xy N can be identified with
T*W.

In our geometric setting, we have N = M :=R x X, W =R x Y, and the
w variables above are replaced by w = (t,y), and correspondingly u = (7,7),
hence p = (7,7) and the canonical one-form on the b-cotangent bundle is

d
(7.2) §%+Idt+g-dy+§-dz

Below it is much more convenient to work with the cosphere bundles
rather than the cotangent bundles. These are defined as

bS*M = (PT*M \ 0)/RT, PS*M =PS*M/Z, ©S*M = (°T*M \ 0)/R*,

where 0 denotes the zero sections of the respective bundles and RT acts
by scalar multiplication in the fibers. The maps m and 7 commute with
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the RT-action on the cotangent bundles, but they do map some non-zero
covectors to the zero section of PT*M (at = = 0), so they do not descend

to maps ¢S*M — bS*M. (We remark that ©S*M and *¢S*M are naturally
identified, which is one of the reasons for working with cosphere bundles.)
Nonetheless, we introduce the notation

7(CS*M) = (m(°T*M)\ 0)/RT c *S*M
#(CS*M) = (#(°T*M) \ 0)/RT C PS*M

for convenience.
However, letting p = o.(z20) € C*°(°T*M \ 0), we have

2 2
Pla—o =77 — (52 + [nl, + K‘k) :
Since
7T(07 t? y? Z’ 6’ T’ 177 C) = (O’ w? Z? 07 T? /’77 0)7
on the characteristic set p~1({0}) C °T*M of O, where 7 # 0, non-zero
covectors are mapped to non-zero covectors by 7, hence also by 7. (In other

words, OM is non-characteristic.) Thus 7,7 also define maps, denoted with
the same letter:

TN PSM, 78— PS*M, B =pt({0})/RY.
We set
2= (%)
this is the compressed characteristic set.
In order to obtain coordinates on a subset of the cosphere bundle from the
canonical coordinates on a cotangent bundle we need to fix a homogeneous

degree 1 function that does not vanish on the cone corresponding to this
subset. In our case, on ¥, |7| can be taken as a canonical choice. We thus

let
r_ S ¢
§= 7( =1
T T
(so 7 =1), and likewise, in the ‘b-coordinates’ of (7.1),
c & S
e
Bl v e

In these coordinates, at = = 0, ¥ is given by £2 + |42 + |¢|? = 1, while at
z =0, Y is given by £=0,{=0, ]ﬁ\i < 1 (with the subscripts h, k as usual
denoting lengths with respect to the indicated metrics).

Lemma 7.1. Every neighborhood of a point qo = (to,y0, T = 1,ﬁ0) €Y in

Y contains an open set of the form

{g: |20+ y(@) — vol* + [t(q) — tol* + |7(q) — A, |* < 6}
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Proof. Let p : PS*M — bS*M be the quotient map. A neighborhood U of
o in ¥ is, by definition, of the form U’ NS where U’ C PS*M is open. But,
as U’ being open, Z is compact, and gy € U’, U’ contains an open set of the
form

{a €5 M+ 2@ +[y(@) = w0l + [t(a) — tof”
+1E@)1? +1Ala) — 0, > + [<(a) ) < 8}
for some &' > 0. But ¥ = 7(X), so on ¥, §(q) = 2(¢")é(¢) with ¢ € %,

1= #(d), 50 |E(0)] < 2(@)|E(e")] < x(q). hence on a set in £ with 2(q)? < 5",
we have in fact \g(q)\2 < ¢”, and similarly, \é(q)]Q < C¢". Thus, the set

(7.3)

{ge>: |z(@) + y(q) — vol® + t(q) — tol* + |A(q) — A, |* < (C +2)7'6"}
is indeed contained in (7.3), proving the lemma. O

Lemma 7.2. Y is a metrizable space.

Proof. This follows from bS* M being metrizable, which can be shown eas-
ily directly. We provide an alternative argument From Lemma 7.1 it is
immediate that X is regular, i.e. if gy € Y, F C ¥ closed, g ¢ F, then
there are disjoint neighborhoods of U of gy and U’ of F: indeed, we can
use sub- and superlevel sets of the continuous function f,,(q) = |x(q)|* +
ly(q) — vol? + [t(q) — to|> + |9(q) — 770|2. If now K is compact, F is closed,
for each qp € K there is a function x4, € C°(R), identically 1 near 0 such
that supp(xg, © fgo) N F = 0. Let Vi = {q : Xq © fgo > 1/2}, then
{Vi © qo € K} is an open cover of K. Let {V,,...,V,,} be a finite sub-
cover. Then F(q) = Z?:l(qu o fq;)(q) satisfies F' > 1/2 on K, F'=0on F,
so again sub- and superlevel sets of F' can be used as disjoint neighborhoods
of F and K. If K is closed but not compact, the sum can still be made
locally finite, proving that ¥ is normal. This proves the lemma. O

We may define the following three subsets of 7(°S},,M) (‘elliptic,” ‘glanc-
ing’ and ‘hyperbolic’):
& = n(* S M) \ 7(),
G = {q € 7(“Spp, M) : Card(r~ () N T) = 1},
H = {q € n(°S};M) : Card(n~(q) N ) > 2}.
In coordinates, we have

7T(07 t? y7 Z? 5? 7/\—7 777 C) = (07 t? y7 Z? 07 7/\-? 777 0)?

hence the three sets are defined by {72 < @’2}, {#? =
respectively inside m(°S},, M), which is given by x = 0, é =
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We may also define the corresponding sets in ®S*5y,M (hence quotiented
by Z and denoted with a dot):

E=¢€/2,
G=6/Z,
H="H/Z

Remark 7.3. The hyperbolic and glancing sets can be visualized as (co-)
vectors at the boundary that are respectively transverse to the geometric
boundary Y and tangent to it. A major difference from the situation of
manifolds with boundary is that given a point in 9.X and tangential momenta
7,7 with 72 > ‘ﬁ’z we have specified not just a single point in the hyperbolic
set but a whole manifold of them parametrized by Z. If X = [R3; 4] is given
by the blowup of a smooth curve ~, then we may visualize these points as
the tangents to the cone of rays emanating from a single point in v making
a fixed angle to v (hence striking the blown-up space at all possible points
in a fixed fiber). It is thus the whole cone that is being considered at once
when we specify a point in the quotient space H.

Remark 7.4. In the related (but distinct) case of manifolds with corners with
smooth nondegenerate metrics, one defines the hyperbolic, glancing, and
elliptic sets with respect to the most singular boundary stratum (smallest
corner) at a given point—cf. [12, 25]. Upon blowup of this stratum, we
recover the immediate analogs of the definitions above. For certain more
refined results, it is necessary to keep track of the relationships of rays with
the different boundary hypersurfaces; for instance, a ray might be hyperbolic
with respect to one hypersurface and glancing with respect to another.

Bicharacteristics are usually defined as curves in the cotangent bundle. It
is in fact more natural to define them in the cosphere bundle. However, the
Hamilton vector field of a homogeneous degree m function is homogenous
of degree m — 1, so the curves in the cosphere bundle are only defined up to
reparametrization unless m = 1. To fix a parameterization, we renormalize
o.(0) to make it homogeneous of degree 1, by considering

p=z|r| Lo (0) € 271 (CT* M \ 0).

Note that p is actually independent of the choice of z; x7'7 = 0.(Dy),
which is constant along bicharacteristics in T*M?°, so the bicharacteristics
do not ‘slow down’ as they approach 0M, unlike the integral curves of xQHp.
In particular, their projection to X are constant speed geodesics. Then
Hj is homogeneous of degree 0, hence defines a vector field on °S}. M.
Equivalently, on 3, we can renormalize H, (o)

2

Hp = |7'|715UH06(D) = *WHa H = *Q_IxQHae(D)a



PROPAGATION ON EDGE MANIFOLDS 29

H as in (2.2). Explicitly,

(7.4)
1
_ QHﬁ =
— 70+ €0, + 27 (|{? + 0@@*)¢” + O(2)A¢ + O(2)7?) 0
o 1 .. 0KV .
+ (a:flCiK” + 0(1)77>8zj + (—55671(&]'87 +O(1)n¢ + O(ﬁ)ﬁ2)3§k
k

+ (A H7 + O()i) + O(x)¢) 9y, + (O + O(2)i¢ + O(1)¢) 9,
While Hj is not a C* vector field (it is o Hj that is C*) on ©S*M, it acts on
C*° functions independent of z, é , é at x = 0, hence on pull-backs of functions
from PS* M.

Note that by definition
Definition 7.5. Let I be an interval. We say that a continuous map v : I — )

is a generalized broken bicharacteristic if for all f € C(bS*M ) real valued
with 7* f € C*°(°S*M),

timing 2 )() = (f 2 7)(s0)

5—50 s — S0
> inf{Hy(7* f)(q) : g €7 ' (v(s0)) N T}

holds.

Remark 7.6. This definition may appear slightly complicated, especially as
compared to the more explicit statement of the next lemma, which could be
used as an alternative definition. However, it is the natural definition, for
certainly any putative notion of generalized broken bicharacteristic should
have the stated property. While it may be possible to strengthen the def-
inition so as to rule out certain tangential rays in some cases (as happens
in the smooth boundary setting), this would be a delicate matter. In N-
body scattering one can also define generalized broken bicharacteristics as
in Definition 7.5, but these do not have a simple characterization analogous
to that given below.

Since °S*M > q — Hp(7* f)(q) is continuous for f as in the definition,
and as 7 !(7y(s0)) N ¥ is compact, the infimum on the right hand side is
finite. Applying the same estimate to —f, we deduce that f o~ is locally
Lipschitz.

Lemma 7.7. Suppose v is a generalized broken bicharacteristic.

(1) If v(so) € G then for all f € C(°S*M) real valued with 7*f €
C>®(®S*M), f o~ is differentiable at sy with

(f o) (s0) = Hp(7* f)(q),
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where q is the unique point in 7 1 (y(s9)) N .
(2) If v(so) € H then there exists € > 0 such that |s — so| < €, s # S0
implies x(y(s)) # 0, i.e. y(s) does not lie over the boundary.

Proof. Part (1) follows from the definition by applying it to both f and —f,
and noting that the set over which the inf is taken has a single element, so
in fact limg s, (s — 80)* ((f o ¥)(s) — (f o) (s0)) exists.

For part (2), consider f = §A € C(PS*M), so #* f € C*°(°S* M), and indeed
7*f = z€. For ¢ € ¥ with z(q) =0, (7.4) gives

Hy* f(q) = £(q) + i (a) = 7*(@) = lili(a) > 0,
so 7" f is strictly increasing, and consequently non-zero in a punctured neigh-

borhood of sg, so the same holds for f. But on ¥, at x =0, f = 0, so we
deduce that x # 0 in a punctured neighborhood of sy as claimed. ([l

As an immediate corollary, we deduce that near points in H, generalized
broken bicharacteristics consist of two bicharacteristic segments of x2Hp in
¢S*M (projected to PS* M), one incoming and one outgoing.

The following are useful general facts about generalized broken bicharac-
teristics.

Corollary 7.8. (cf. Lebeau, [12, Corollaire 2]) Suppose that K is a compact
subset of 3. Then there is a constant C > 0 such that for all generalized
broken bicharacteristics v : I — K, and for all functions f on a neighborhood
of K in ¥ with #*f € C*(°S*M), one has the uniform Lipschitz estimate

|for(s1) = for(s2)| < Cla"fllez [s1 — saf, s1,82 € 1.
In particular, (locally) the functions x, y, t, T and n are Lipschitz on gen-

eralized broken bicharacteristics.

We also need to analyze the uniform behavior of generalized broken
bicharacteristics. Here we quote Lebeau’s results.

Proposition 7.9. (c¢f. Lebeau, [12, Proposition 5]) Suppose that K is a
compact subset of ¥, v [a,b] — K is a sequence of generalized broken
bicharacteristics which converge uniformly to ~v. Then 7 is a generalized
broken bicharacteristic.

Proposition 7.10. (c¢f. Lebeau, [12, Proposition 6]) Suppose that K is a
compact subset of ¥, [a,b] C R and

(7.5) R = {generalized broken bicharacteristics «y : [a,b] — K }.

If R is not empty then it is compact in the topology of uniform convergence.

Proof. R is equicontinuous, as in Lebeau’s proof, so the proposition follows
from the theorem of Ascoli-Arzela and Proposition 7.9. O

Corollary 7.11. (Lebeau, [12, Corollaire 7]) If v : (a,b) — X is a general-
ized broken bicharacteristic then v extends to [a,b].
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We now make the connection with the F, F notation introduced above.
Given q € H, we recall from §2 that there exist unique maximally extended
incoming/outgoing bicharacteristics vy /0, where sgné = £sgn7, such that
q = 0(7); as above, we denote these curves

Feq-

Likewise, for p € H we let
f.7p = U f.7Q'

qeﬂalp
We will abuse notation slightly to write
(7.6) Hij0 = 0F /0

for the endpoints of incoming/outgoing hyperbfolic bicharacteristics at the
boundary.

As opposed to generalized broken bicharacteristics, we may define a dif-
ferent flow relation, at least away from glancing rays, as follows:

Definition 7.12. Let q,q' € H, with 7o(q) = mo(q"). We say that
Fre Foq

are related under the forward geometric flow (and vice-versa under the back-
ward flow) if there exists a geodesic of length 7 in Z,,) connecting z(¢q) and
2(¢). If a € Fr 4 with ¢ € H, we let the forward flowout of a be the union of
the forward geodesic segment through a and all the Fp o that are related to
F1,4 under the forward geometric flow (and vice-versa for backward flow).
(If the forward flow through a stays in M°, we simply let its forward flowout
be the ordinary flowout under geodesic flow.)

We note that the flow relation generated by generalized broken bichar-
acteristics differs from that of Definition 7.12 as follows: a ray in Fj, can
be continued as a generalized broken bicharacteristic by any Fp , with
mo(q’") = mo(q); there is no requirement on the relative locations of ¢, ¢’ in
the fiber.

8. ELLIPTICITY

First note that products of elements of x~1 Diff¢ (M) and ¥T*(M) can be
written with the products taken in either order:

Lemma 8.1. For any Q € 7! Diff.(M) and A € WI(X) there exist A’ €
U(X), Q' € 2~ Diff}(M) such that

(8.1) QA=AQ+ A'Q".

Proof. Since ™! Diff}(M) C z~ ' Diff| (M), [Q, A] € 2~ ¥ (M), so (8.1)
holds with A’ = [Q, A]lz € (M) and Q' = 2~ € 2~ Diff{(M). 0
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In fact the span of products on the left in (8.1), and hence on the right,
may be characterized as the subspace of =¥} (A1) fixed by the vanishing
of the principal symbol at z = 0, ¢ = 0, ( = 0. Similarly one may consider
higher order products.

Definition 8.2. Let
(8.2) o~ F Diftk (M) C a7 Fuit™ (M)
be the span of the products QA with Q € =¥ Diff*(M) and A € ¥(M).
Induction based on Lemma 8.1 gives
Corollary 8.3. The space z—* Diﬂ?’leC W (M) is also the span of the products
AQ with Q € 2~ * Diff*(M) and A € U7 (M) and hence
| =" Difth vy (M)
k,m

forms a bigraded ring which is closed under adjoints with respect to any
b-density.

Next consider the Hamilton vector field of the principal symbol of an
element of W (M).

Lemma 8.4. If A € U'(M) then the Hamilton vector field H, of a =
obm(A), defined initially on T*M°, extends to an element of Vi(PT*M)
and in canonical local coordinates (x,w, z,&, 1, C) on PT*M, induced by local
coordinates (z,w,z) on M, S

Hy = (0¢a)z0y + (0pa) 0w + (0¢a)0, — (205a)0¢ — (Owa)0y — (9.a)0;.

Proof. Let (x,w, 2,0, i, ¢) be the canonical coordinates on T* M induced by

local coordinates (z,w, z) on M. In M°, Ty;o M and bT]’\}oM are naturally
identified via the map

T M — PT* M, (T, y, 2,0, 1, §) = (z,w, z, 0, 11, C).
Moreover,
Hyeo = 05,005 + Op a0y + Ocmha0; — Oyma0p — Oympady, — 0;mhad.
Since O,ma = mrfgaéa and O,mja = 7 (0y + x_lgﬁg)a,
Hyeqmpe = mp(0ga(x0y + £0¢)c + Opadyc + Ocadzc
— (20za + £0¢a)dcc — DOyadyc — 0zadcc), if c € Cc®(PT*M).

The terms in which both a and c are differentiated with respect to £ cancel,
proving the lemma. ([

The test operator used below has the special property that its symbol is
fiber constant at the compressed cotangent bundle:
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Definition 8.5. A symbol a € C>®°(°T*M) of order m is said to be basic if

it is constant on the fibers above PT*(M), i.e. in terms of local coordinates
0.(a) =0 at {x = { = ( = 0}. An operator having such a principal symbol
is also said to be basic.

Lemma 8.6. If A € U"(M) there exist B € V*(M), C € ¥ 1(M),
depending continuously on A, such that

[D,, Al = B+ CD,
with o(B) = —i0,(0(A)), o(C) = —i0:(0(A)). If in addition A is a basic
operator, -
(8.3) 27D, Al = Bi+ CiD, + Y Eya 'D.; + 2 'F,
J
with B; € W' (M), C;, Ei;, F; € W?_I(M) depending continuously on A
and

(84)  —id:(0(A)) — iC,06(a(A )—ﬂca(Bi)—i-ga(Ci)—i—Zgjcr(Eij).

Proof. Writing
(D, A] = [x_l(:an), Al = :L‘_l[sz, Al + [x_l, AlzD,,

we recall from the end of §3 that [xD,, A] is one power of x more regular
than the commutator of two generic b-operators, i.e. [xD,, A] € W' (M), so
setting B = 2~z Dy, A] € U"(M) Lemma 8.4 shows 0,,,(B) = —iz "' Hea =
—idya with a = o(A). Moreover, C = [z71, Alz € U] (M) has 0,,,_1(C) =
—iH,—1a = —i0za.

On the other hand, z7'D,; € 271} (M), so [z~ 'D;,, A] € 71U (M),
and o([z71D,,, A]) = —i(z~'(, 0§a+x_1(9z]a) By assumption, d,,a vanishes
atx =0,¢=0,§=0,s0 we canwr1te8 ja = xbj +§c]+ZkC ejr with
b; homogeneous of degree m, c;, e;y, homogeneous of degree m — 1. Now let
B; € V(M) with o(B;) = —ibj, Cj, Ej, € U1 (M) with o(C}) = —ic;j,
a(Ejk) = —i(ejr +0jrd¢a). Then R = [z7'D,,, A] —B;j—CjD,—> Ej;D.,
satisfies R € 2710 (M) and 0(R) = 0,50 R € 21U (M), ie. R=2"'F
with F € W~ (M), finishing the proof of (8.3). O
Remark 8.7. Since M is non-compact and the results here are microlocal,
we shall fix a compact set K C M and assume that all pseudodifferential
operators under consideration have their Schwartz kernels supported in K x
K. Choose ¢ € C®°(M) which is identically equal to 1 in a neighborhood of
K and fiber constant. Below we use the notation -5, for [[¢ullp to avoid

having to specify U. We also write ||¢v|z as HvHﬁl/ .

Next comes the crucial estimate.
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Lemma 8.8. Suppose that K C U C ®S*X with K compact and U open
and that A = {A, € U5 1(X) : 7 € (0,1]} a basic family with WF}(A) C
K which is bounded in Wi (X). Then there exist G € ‘Iff)fl/Q(X), G ¢
USH2(X) with WF)(G), WF}(G) C U and Co > 0 such that

'/ (ldx Arul® — | DyAyul?)
M
< Co(llully,, + IGully +I0ulZ, +1G0u]Z,),
Vre (0, 1]’ u € H(iloc(X)

with WE* 22(u) U =0, WF22(0u)nU =0

where the meaning of HuH%l and |Oul||%, s stated above in Remark 8.7.

loc

It follows that if Ou =0
‘/ (ldx Avul? — | D Auf?)| < C’O(HuH%1 + HGuH%)
M oc

The main point of this lemma is that G is 1/2 order lower than the family
A. In the limit, » — 0, this gives control of the Dirichlet form evaluated on
Agu, Ag € ¥} (M), in terms of lower order information. The role of A, for
r > 0 is to regularize such an argument, i.e. to ensure that the terms in a
formal computation, in which one uses Ag directly, actually make sense.

Proof. The assumption on the wavefront set of u implies that A,u € D for
r € (0,1], so, writing (-, -) for the pairing in L?(M),

ldx AvullZoar) = I DeAruloeary = —(OAru, Avu).
Here the right hand side is the pairing of D’ with D. Writing A, = A,0+
[0, A, ], the right hand side can be estimated by
(8.5) (A Ou, Ayu)| + [([O, Arlu, Aru)l.

The lemma is therefore proved once it is shown that the first term of (8.5)
is bounded by

(8.6) Colllulls, + IGul% +10ul, +1GTul%,),

and the second term is bounded by C'(’)’(Huﬂ%loc + ||Gu||%)
The first estimate is straightforward. Let A_;/; € ¥, Y 2(M ) be elliptic
with Ay € \I’ll)/ 2 (M) a parametrix (hence also elliptic), so
E=A_1pM)p—1d, E' =AjpA_ 15 —1de W >(M).

Then
<Ar|:|u7 AT'U,> = <(A,1/2A1/2 — E)ATD'U,, Aru>
= (A1pA:8u, A%y p Ayu) — (A, Ou, E*Aru).
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Since Ay /pA; is uniformly bounded in \I/S+1/ 2( M), and A* |, A, is uniformly

bounded in Wy_J/2(M), (Ayj2A4,0u, A* |,
a bound like (8 6) using Cauchy-Schwarz and Lemma 6.8. Indeed, using

Lemma 6.8, choosing any G € ¥y~ 1 2(M ) which is elliptic on K, there is a
constant C’1 > 0 such that

~1/2
A,u) is uniformly bounded, with

1A% pdull < Cr(llul3,+ [Gul3).

Similarly, by Lemma 6.8 (or more precisely, its version with WFb’ﬁ,) choos-
ing any G € ¥ +1/Q(M) which is elliptic on K, there is a constant C] > 0
such that ||A1/2ATDUH%, < C’{(||Du||%{oc + HG’DUH%,) Combining these
gives, with C) = C + C1,

’<A1/2ArDu7A*_1/2ArU>| < ”A1/2ArDUH ||Ai1/2Ar“H
< 1A 2 A Oull? + (A% jp Avu®
' 2 2 2 A 2
< Co(llully,+11Gulls + 10ully, +1G0ul,),

as desired.

A similar argument using the assumption that A, is uniformly bounded
in U§ (M), and the uniform boundedness of E*A, in ¥} _ 1/Q(M) (in fact it
is bounded in W, (M), ) shows that (A,Ou, E*A,u) is umformly bounded.

Now we turn to the second term in (8.5). Let Q; € x~ ! Diff}(M) be a
local basis of 7! DiffL (M) as a C*°(M)-module. Using Lemma 8.6,

=2 QB+ 2 QB+ B

B; € Ui(M), B}, € U3 (M), Bj;, € ¥;~*(M), uniformly bounded in

W (M), resp. Wi (M), resp. Wi (M). With Ay, € W, /*(M) as
above, using Lemma 8.1, we can write further

A1/2|:|‘4 ZQ%Q] ’LJT+ZQ] ]7‘+B’/‘7

7.7

with B,, etc, as their primed analogues, but of order 1/2 greater: B, €
w20, B, € UTVA(M), By, € USY2(M), uniformly bounded in
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\I/s+3/2(M), resp. \IIS—H/Z(M), resp. \I/S_l/Q(M). Thus,

boo boo boo
(8.7)
([0, AJu, Apu) = > (QiQjBijru, A™y jpAvu) — > (QiQ EBijyu, Avu)
(] ij
+ D (QBjru, A jpAv) = > (QEBjpu, Avu)
J J

+ (Bru, ALy p Aru) — (EBru, Aru)
= Z<QjBij,Tua Q:A*_l/gAru> - Z<QjEBij,rup Q7 Aru)

+ Z<Bj,rU7 Q;Ail/QArw — Z<EB]',7»U, QjAru)
J J
+ (Bru, AL, Aru) — (EByu, Ayu),

where QF € x7! Diff! (M) is the formal adjoint of Q; with respect to dg, and
where in the last step we used

Bij ru, Afl/QAru, EB;jjyu, Ayu € D.
We estimate the term
(Q;Bijru, Q:A*—l/QATuH
by Cauchy-Schwarz: both factors are uniformly bounded for r € (0,1]

571/2(]\/[) with a uniform

since A* /2AT, B;j, are uniformly bounded in Wy

wave front bound disjoint from WF;;/ 2(u) Indeed, as noted above, by
Lemma 6.8, choosing any G € \I/sb_l/ 2(1\4 ) which is elliptic on K, there is a

constant C7 > 0 such that this term is bounded by C’1(||u||72_~)1 + ||Gu|]2ﬁ)
Similar estimates apply to the other terms on the right hand side of (8.7)
(with the slight technical point that for the penultimate term one uses
the pairing between D~! and D), showing that ([, A,]u, A,u) is uniformly
bounded for r € (0, 1], indeed is bounded by C’o(||u|]%1OC + ||Gu||%), proving
the lemma. O

Next we refine Lemma 8.8 by including a second parameter and arranging
that G have order s as opposed to s + 1/2.

Lemma 8.9. Under the same hypotheses as Lemma 8.8 there exist G €
UV2(X) and G € WE(X) with WF)(G), WF(G) C U and Cy > 0
such that for € > 0, r € (0,1] and u € Dy, with WFi_ﬁl/Q(u) nNU =0,
WE} 5, (0u)NU =0

] (dxarul? = D) | < el Auliagg + Collall, +lIGuls

+ e Ouly, +eIGTul,).



PROPAGATION ON EDGE MANIFOLDS 37

Proof. Tt is only necessary to treat the term |(A,Ou, A,u)| slightly differ-
ently, using Cauchy-Schwarz:

(A4, Ou, Arwy| < | A Oullp | Arullp < ell Apullf + e[| A, Dul %,

Now the lemma follows by using Lemma 6.8. Definition 6.5, namely choosing

any G € U{ (M) which is elliptic on K, there is a constant C] > 0 such that

14,0u||%, < C1(]|[0ul|%, + [|GOul|%)); the end of the proof follows that of
loc

Lemma 8.8. O
Proposition 8.10. (Microlocal elliptic reqularity.) If u € Dy, then

WE 5 (u) C WE!

bD,(Du)Ufr(eS*M), and WFK‘ (u )ﬂSCWFbD,( u).

Proof. We first prove a slightly weaker result in which WF

placed by WFZE}/ 2
statement using Lemma 8.9.

Suppose that either ¢ € PS*M \ 7(°S*M) or q € £. We may assume
iteratively that ¢ ¢ WFS 172 (u); we need to prove then that ¢ ¢ WFi’ﬁ(u)

(note that the inductive hypothesis holds for s = 1/2 since u € 75100). Let
A € ¥§ (M) be basic and such that WF} (A) N VVFS 1/2( ) =0, WFL(4) N

WFZJ;,/z(Du) 0, with WF{(A) in a small nelghborhood U of ¢ so that for

a suitable C' > 0 or € > 0,inU

(1) 1< CE +|{?) if g € PS M\ #(°S* M), or

(2) \§| + \§| <e(l+ |ﬁ]2)1/2, and > 14¢ if g€ .
Let A, € U, *(M) for r > 0, such that £ = {A, : r € (0,1]} is a bounded
family in U9(M), and A, — Id as r — 0 in WE (M), € > 0; we let the symbol

of A, be (1+7(T2+|n>+[¢|*+£[%))~". Let A, = A, A. Let a be the symbol
of A, hence for r > 0,

o(Ar) = L+ + >+ [P +1€7)~

bD,(Du) is re-

(Ou)—we rely on Lemma 8.8. We then prove the original

We now have A, € \pi—Q(M ) for » > 0, and A, is uniformly bounded in
s (M), A, — Ain USTE(M).
By Lemma 8.8,
ldx Apul|* — || DeAyul|?
is uniformly bounded for r € (0, 1]. Write the dual metric as
62+QZB 020y, + 220 0p (x7102) + Y Bijoy, 0y,
,J

+Zc” 0:)(@710:,) +2 ) B0y, (2710,).

7.7
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Then
/ ]dXATuPdg:/ \DxAru|2dg+/ ZBliAruDyiArudg
M M M
+ / > CiDAvua 1D, Audg + / > Bi;Dy,AruDy Audg
M M

+ / > Cija ' D, Auz—1D, Acudg+ / > E;DyAquz1D, Audg.
M M

As Bjj(x,y,2) = Bij(0,y, z)—}—ajBl{j(x, y,z) (in fact, B(0,y, z) is independent
of z), we see that if A, is supported in x < ¢,

(8.8) |/ 2B} Dy, Apu Dy Apudg| < C5 Y [|Dy, Avul| | Dy, Avul,

M i'j!
with analogous estimates for Cj;(z,y,2) — Ci;(0,y, 2) and for B;(z,y, 2),
Ci(z,y,2) and E;j(z,y,z). Moreover, as the matrix B;;(0,y, z) is positive
definite, for some ¢ > 0,

1 -
c/M Z ]acilDsz,,u|2 dg < 3 /M Z B;;(0,y, z)xilDziAru 1D, Audg;
J ij

we also make ¢ < 1/2. Thus, there exists C > 0 and & > 0 such that if
0 < dp and A is supported in x < é then

c/ (| Dz Arul* + Z |z D, Ayul?) dg
M .
j

(8.9) +/ ((1—C6)> " |Dy, Apul} — |DiAvul?) dg
M -
J

g/ (ldx Avul2 — [DyAyul?) dg,
M

where we used the notation

Z |DyjA,nu|}2Z = Z Bij(0,y, 2) Dy, Aru Dy, Ayu,

J ij

i.e. h is the dual metric g restricted to the span of the dy;, j =1,...,1l.
Now we distinguish the cases ¢ € £ and g € PS*M \ #(¢S*M). If g € £, A

is supported near £, we choose § € (0, (2C)~1) so that (1 — é5)ﬁ2 > 146 on

a neighborhood of WF} (A), which is possible in view of (2) at the beginning

of the proof. Then the second integral on the left hand side of (8.9) can be

written as | BA,u||?, with the symbol of B given by ((1 — Cd)|n|? — £2)'/?

(which is > 07), modulo a term a

/ FAuAmu, FeWi(M).
M
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But this expression is uniformly bounded as 7 — 0 by the argument above.
We thus deduce that

e | 1DeAul? + 3" e Doy Al |* | + | BA?
J

is uniformly bounded as r — 0.
If g € "S*M \ #(°S*M), and A is supported in z < 6,

/62]DZ].ATu]2§/ l2™' D, Ayul?, / 523:D$Aru]2§/ | D Avul?.
M M M M

On the other hand, near ¢ € PS*M \ #(°S* M), for § > 0 sufficiently small,

I= / %(‘xDmATUP + Z !Dszrufz) — [DyAvul?
(8.10) M i

= ||BATUH2 +/ FATUTT‘UH
M

with the symbol of B given by ((c/26%)(&* + Zg) — 72)1/2 (which does not
vanish on U for § > 0 small), while F € ¥} (X), so the second term on the

right hand side is uniformly bounded as r — 0. Now the LHS of (8.9) is
bounded below by

I+3 1Dz Al + 37 [l Ds, Al |
J

We thus deduce in this case that
C 2 _ 2
5 | 1= Arull* + > e Do Al | + (1BAulf?
J
is uniformly bounded as r — 0.

We thus conclude that D, A, u, x_lDzj Ayu, BA,u are uniformly bounded
L?(M). Correspondingly there are sequences D, A, u, x_lDZj A, u, BA,, u,
weakly convergent in L?(M), and such that r, — 0, as k — oo. Since
they converge to D, Au, aleszu, BAu, respectively, in C~*°(M), we
deduce that the weak limits are D, Au, xilDz]. Au, BAu, which therefore
lie in L2(M). Consequently, dAu € L?(M) proving the proposition with

1/2
WE" 5, (Ou) replaced by WFZ"%,/ (Ow).
To obtain the full result observe from Lemma 8.9 that for any € > 0

/ (ldx Ayul® — | DyAvul® — eldar Avul?)
M

B / (1= e)ldx Avul* — (1 + €)| D1 Arul?)
M
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is uniformly bounded above for r € (0,1]. By repeating the argument for
sufficiently small € > 0, the right hand side gives an upper bound for

Cc

| DeAP + S e D A+ B A,

J

which is thus uniformly bounded as r — 0 and the result follows. ([l

Theorem 8.11. (Elliptic regularity) Suppose Ou = 0. Then WF, 5(u) C
3.

Proof. Over M°, this is ordinary elliptic regularity. Over M, we note that
it follows from the first part of Proposition 8.10 that the wavefront set is
contained in 7(°S*M). On the other hand, 7(°S*M)\X = &, so the result
then follows from the second part of the proposition. O

9. LAW OF REFLECTION

In this section we show that singularities interacting with the boundary
may be microlocalized to give a propagation theorem in the slow variables,
i.e. constraining the values of ¢,y and their dual variables at which singu-
larities come off the boundary. The argument is global in the fast variables
in the fiber (and in a certain sense the dual to the normal variable is also
‘fast’). Recall that we may freely regard WF 5(u) as a subset of bS*M or

of PS*M (see Definition 6.10).

As is already clear from [19], subprincipal terms matter in the commu-
tator argument, so our arguments are somewhat delicate. To carry out
commutator computations we trivialize the fibration locally near a point of
Y, and hence extend the trivialization to a neighborhood in M of the fiber
above y. Thus an open set O in M is identified with [0,€), x O" x Z, where
O’ 5 y is open in Y and we take O’ to be a coordinate patch. Then ngM
is identified with "T*([0,€) x O') x T*Z, and this product decomposition
allows us to pull back functions from PT*([0,€) x O') to PT M.

In particular this gives a connection for the fibration near the chosen fiber.
Any b-vector field V on [0,€) x O’ lifts to O via the product identification
and then for any vector field W tangent to the fibers, the commutator [V, W]
is also tangent to the fibers. Indeed, if W is the lift of a vector field from
Z, the conclusion is clear, and in general W is a finite linear combination of
such vector fields with coefficients on M. If W is only tangent to the fibers
over the boundary then the same is true of [V, W]. Also, if f is the pull-back
of a function on [0,¢) x O, its commutator with W vanishes. Using this
local trivialization of the fibration we also choose an explicit quantization
map for b-pseudodifferential operators.

Definition 9.1. Fix a partition of unity ¢; on Z supported in coordinate
charts, cut-offs x; identically equal to 1 on a neighborhood of supp ¢; and
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still supported in coordinate charts and a function p € C>((—1/2,1/2))
identically 1 near 0. Then for a € S™(PT*O) set

(91) Optrv(a’) = Z XZAZXZJ where

A; = (Qﬂ)—n/ei(é‘x;/’”l+n~(y—y’)+<~(z—2'))

rz—a

p( o Ja(z,y, &1, C)¢i(2) d€ d¢ dnv.

This is an explicit semi-global quantization, with v a choice of right den-
sity, for the algebra of (compactly supported) b-pseudodifferential operators,
as can be seen directly by lifting the kernels to the b-stretched product on
which the cut-off p(x /2’ —1) is smooth. In particular it is surjective, modulo
terms of order —oo, for operators essentially supported near the given fiber
over the boundary.

To construct a ‘test operator’ we choose a symbol @ on PT*([0,¢) x O'),
lift it to PT*O (still denoting it by @) and multiply it by a cut-off that is
identically 1 near Y. Thus set

_ 2

(9.2) a=ap(§ +1¢%)

with ¢ € C°(R) supported in [—2c;,2c;] and identically equal to 1 on
[—c1,c1]. Thus, dw(§2 + @2) is supported in §2 + @2 € [c1,2c1] and hence
outside Y. This may be thought of as a factor microlocalizing near the

characteristic set but effectively commuting with [J. Note that a is indeed a
symbol on PT*O.

Lemma 9.2. With a € S™(PT*([0,¢) x O')) given by (9.2), A = Op,,,(a)
and W a vector field lifted from Z wusing the local trivialization of the fibra-
tion,

(9.3) (W, A] = B € W (M)
has wave front set disjoint from ¥ and depends continuously on a.

Proof. Changing A by an operator of order —oo operator does not affect the
conclusion, so in particular the commutator terms involving the cut-offs x;
in the definition of Opy,,(a) may be ignored.

Working modulo W, °°(M), so localizing near the diagonal as necessary,
the Schwartz kernel of A can be computed using product coordinate charts
O x O. In these, where we allow coordinate changes in z, A takes the form

(2m)~" / (&I (y=y V¢ (2=2))
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where d(1)) is supported away from 3. The commutator [A, W] thus arises
from the derivative of ¢ along W, hence is microsupported away from ¥. [

The adjoint of Opy,, (a) with respect to dg is not quite of the form Opy,. (b)
because we have not used Weyl quantization in (9.1), however it is of this
form modulo terms of order —oo since Opy,, is a full quantization of the
b-calculus. If v = vgry is a product type edge density relative to the
trivialization, with B = [0,¢) x O', and a is given by (9.2) then, modulo
terms with WF} disjoint from 3 (arising from the cut-off ) the adjoint
Opy,y (@) of A with respect to v reduces to the adjoint with respect to vp.
Since the quantization is of product type, the full symbol of the adjoint is of
the same form (9.2). Thus A may be arranged to be self-adjoint with respect
to v. Then dg = Jv, for some smooth nonvanishing J, and the adjoint A* of
A with respect to dg is A* = J 1A J, i.e. if AT = A then A* = J-1AJ.

Lemma 9.3. If A= AT with symbol given by (9.2) and W is a vector field
lifted from Z using the trivialization of the fibration, then E € \IIQbm(M), and
F e \Il%mfl(M) may be chosen to depend continuously on A so that

(9.4) [W,A*A]=F+E, o(F) =a{a,W(logJ)}, WF|(E)NY =0,
where W (log J) € C*°(M) is lifted to ®PT*M by the bundle projection.

Proof. Working modulo operators which have wavefront set disjoint from 3,
[A, W] =0 so

(W, A*A] = (W, J Y ATA + J 1AW, J]A
= —J W, JJAJA + JYAW, JJA = T YA, (W, J|JJA.
Then F' and E may be defined by inserting appropriate cut-offs. O
Using the chosen local trivialization of the fibration, set
(9.5) Qo=z"', Q1 =D, and Q; = x_le, j>2
where the W; are the lifts of vector fields from Z spanning V(Z) over C*(Z).

Lemma 9.4. The Q; span the C*°(M)-module x*~! Diff!(M)/z* Diff] (M)
over 2C>®(M); in fact for every £,

(9.6) P, ez 'Diff}(M) = 3 B; € 2/C>®°(M) and C € z*V,(M)
such that P, = Z B;Q; + C.
Similarly, each element P € z'~2 Diffg(M) may be decomposed as

P=)"Q;BiQ;+Y CiQi+L,
with Byj € /C®(M), C; € V(M) and L € z* Diff}(M).
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Proof. If (9.6) holds locally over a covering of M by coordinate charts then
summing, on the left, over a partition of unity subordinate to this cover gives
the semi-global result. Thus, it suffices to work in coordinates compatible
with the chosen trivialization. The vector fields xD,, xD,, and W; span
Ve(U) so if Py € /"1 Diff}(M) then over U, 2P, = a(zD,) + > b;W; +
S ci(zDy,) +c with a, ¢, b;, ¢; € x*71C>(U). This is the local form of (9.6):

Py =cQo + aQ1 + Z b;Q; + Z(Cﬂ)Dyr

For the second claim, write P = Y P} P! with P; € 2~ ' Diff}(M), P! €

K3 K3

"1 Diff! (M), and apply the first part to P; and P! O

Lemma 9.5. With the Q; as in (9.5) there exist M;, N; € xDiFflla(M),
Kij € C*°(M) and H € Diff}(M) such that

(9.7) —O=> QiryjQj+Y QiM;+Y NiQi+H
with o(H)|p—0 = h — 72,
h being the metric on the base Y.

Proof. If the requirements are weakened to M;, N; € Diff{ (M) and the con-
clusion regarding o(H)|,—¢ is dropped then (9.7) follows from Lemma 9.4
applied to 0 € z~2 Diff2(M). Moreover, every element of z~! Diff?(M) has
the form (9.7) with M;, N; as stated, and with o(H)|z=0 = 0. So the con-
clusions of the lemma regarding M;, N; and o(H)|,—o only depend on the
normal operator of [ in z~2 Diff2(M).

Now, the normal operator is determined by the restriction of z72¢ to
°T3+ X, which, by (1.6), is 272(dz? + h(0,y,dy)) + k(0,y,2,0,0,dz). The
dual of z72¢, as a symmetric edge 2-tensor, i.e. as a symmetric section of
°T*X @ °T*X, is 22(02 + H(0,y,8,)) + K(0,,2,0,0,9,) modulo sections
vanishing at 0X, with H, resp. K, the duals of A and k. The standard
expression for the Laplacian yields

A=D;D,+ Y D;H(y)D, +Y D;a ?K9(y,2)D, +P,
0, 1,J
P ¢ 7' Diff?(M). As detg = 2*fa, a € C®(X), a > 0,

Dy, — Dy, = (det g)_1/2Dyi (det g)¥/? — D, € C*(X),

and the lemma follows. |

The Q; in (9.5) are homogeneous of degree —1 with respect to dilations in
the x factor in the trivialization. This leads to the term 4a(d¢a)k;; in o(L;j )
in the following commutator calculation; ultimately this is the dominant
term.
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Lemma 9.6. With the notation of Lemma 9.5, if A = At = Op,,.(a) €
U (M) then

i[A"A, 0] =) QiLyQ+ Y QiLi+Y LIQi+ Lo+ E
with Lij € W™ Y(M), L}, L} € O™(M), Lo € 93" (M),
(9.8) E € z72Diff2 2™ Y(M) having WF}(E) N3 =0,
o(Lij) = 4a(dca)kij + aVija, o(L;) = aVia,
o(LY) :;L‘/;/ICL and o(Ly) = aVpa

where the Vi, V!, V!" and Vi are in the span, over homogeneous functions
on PT*M (independent of a), of vector fields on PT*([0,¢) x Y) that are
tangent to {{ = c} at x = 0 for each c, and

‘/0‘:1320 - 2Hh712’

We remark that while the factors in 2~ Diff* U7"(M) may be arbitrarily
rearranged, according to Lemma 8.1 and Corollary 8.3, the principal sym-
bols of the factors in the rearranged version may involve derivatives of the
principal symbol of the original operators. This is due to the appearance of
Qo = =~ ! terms which are lower order than the Q; in the standard sense,
but not in the sense of the grading of »~* Diff® ¥7"(M). This is of no con-
sequence if the terms being rearranged are a priori bounded. However, for
positive commutator estimates such as those below, the principal symbols
needs to be controlled, and the basic problem we face is that the differential
of a non-zero function is never bounded by a multiple of the function near
the boundary of its support, so in microlocalizing it is necessary to exclude
such undesirable derivatives, hence the careful structuring of (9.8).

Proof. Using the decomposition of [J in Lemma 9.5
(9.9) —i[A"A,0] = i) [A"A,Qf|rijQj +1i ) Qfrij[A"A, Q)
iy [ATA QM+ Ni[ATA, Q)
iy QIATA kilQi+1 Y QF[ATA M) +i) [ATA, Ni|Qi +i[A*A, H].

The last four terms involve commutators of the form i[A*A, R], with R €
Diffl (M) and Lemma 8.4 shows that such terms are in \IJ%mH_l(M), with
principal symbol of the form aVa with V' a homogeneous vector field on
bT* M, tangent to & = ¢ at = 0. These terms make obvious contributions
as required by (9.8), so it only remains to consider the terms involving
commutators with the @); and Q.

Consider first @1 = D,. Lemma 8.6 applies and shows that i[A*A, D,]
is of the form B + CD, with B € ¥™(M), and C € \I'%)m_l(M) where
0(B) = —0,a* and o(C) = —0¢a®. The term involving B can then be
absorbed in the L}, L or Lo terms, while C enters into Li; (or L, LY,
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depending on which factor of @); we were considering). Notice though that
if C' enters into L., i.e. if we were considering i[A*A, Q]M/, the vanishing
of the principal symbol of M/ at = 0 shows that the principal symbol of
L’ is indeed given by aVa with V a vector field tangent to £ = ¢ at x = 0,
namely 0. a
Next consider the terms [A*A, Q;] with Q; = 2~ 'W; for i # 0, to which
Lemma 9.3 applies for all W;. Since F' in Lemma 9.3 is in \Ilim_l(M), for
all W; but Qg (for which this commutator vanishes), we may regard ' F
as a term of the form F'Qq, F' € \Ilimfl(M), thus giving terms as in the
statement of the lemma.
So it remains to consider i[A*A,z~!]. This lies in ¥7™ (M), and by
Lemma 8.4, it has principal symbol —2z~! adca. This completes the proof.
O

In Os = 0N {x < ¢}, with |§] arising from the metric on the fibers

52

2

po = op(0) =72 — ( +(1+0(x))|n; +O( )nC+(;+0(1))\C|i>-

and for § > 0 sufficiently small, £ + |<|2 < ¢1/2in XNUy, Uy = PT*Os. The
Hamilton vector field of py in bT*(M ) is then

3 2082+ |¢ 1
Hy, = 10, = 20, - 1“85 — Hyy— —Ha
(9.10) + (O(zn) + 0(0)dy + (O(zn*) + O(ﬁ) +0(¢%/2%)0,

+(0(n) + 0(¢))d: + (0(n¢) + 0(¢*))d¢
+ (O(zn?) + O(anC) + O(¢? /).

where H, , and H, ; denote respectively the Hamilton vector fields of A in

(y,n) (with = as a parameter) and of k in (2, ¢) (with (z,y) as parameters).
So

(9.11) —&= —|£| satisfies
- T

Hyy(—6) = m( +ﬁ+o<xn >+o<xn<>+o<<2/x>).

The function —é is therefore a ‘propagating variable’ decreasing under the
flow. The commutator argument used below makes essential use of this
decrease.

Now we are ready to state and prove the diffractive propagation theorem
in the hyperbolic region; the proof is similar to that of the corresponding
result in [25].
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Theorem 9.7. Let u be an admissible solution of Uu = 0 and suppose
U C X is a neighborhood of qy = (to,zo,yo,ﬂo) € 'H then

(9.12) UNn{-£{<0}nWFu=0=q ¢ WF pu.

Since WF u and WFbj)u are the same away from z = 0, and WFbﬁ is
a closed set, this result suffices to get propagation of wavefront set into
and back out of the edge boundary along rays striking it transversely (i.e.
arriving at points in 'H)

Proof. Fix a small coordinate neighborhood Uy of ¢g. By Lemma 7.1 and
the hypotheses, there exists § > 0 such that
(9.13)

{q: [2(@)P+ly(@) —yol*+It(@) —to*+]7i(q) =,y |* < 63{—€ < O}NWFu =0

E

where 1) = . Set

&)

w=z24+ (y—yo)2+(ﬁ—ﬁ0)2+(t—to)2 and

(9.14) .1
d) - _§ + %w

with the idea that at the edge, the propagation which we cannot control is
in the ‘fast variables’ (£,() but we may localize in the remaining (‘slow’)

variables by cutting off in w and using a multiple of —§ to construct a
positive commutator. Note that

(9.15) 77 Hpyw = O (Va(€ /a? + Efa? + 1))

Next we select some cut-off functions. First choose xo € C*(R) with
support in [0, 00) and xo(s) = exp(—1/s) for s > 0. Thus, x§(s) = s 2x0(s).
Take x1 € C*°(R) to have support in [0, 00), to be equal to 1 on [1,00) and
to have x| > 0 with x} € C°((0,1)). Finally, let x2 € C2°(R) be supported
in [-2c1, 2¢1] and be identically equal to 1 on [—cy, ¢1]. Here we will take ¢;
to be such that

(9.16) €112 <er/2in BN

where |§ | is the metric length of fiber covectors with respect to some fiber
o 22 A 22 A
metric. Thus, x2(£ 4 [¢]?) is a cut-off such that dy2(£" + [¢|?) is supported

in 52 +[¢[? € [e1, 2¢1] hence outside 3. Such a factor microlocalizes near the

characteristic set but effectively commutes with [J. We shall further insist

that all cut-offs and their derivatives have (up to sign) smooth square roots.
Now consider the test symbol

(9.17) a = xo0(1 = 6/8)x1(=E/6 + Dx2(E + [¢]%).
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We proceed to show that
(9.18)
for given 8 > 0, if § > 0 is sufficiently small then a € C>°(®T*M \ 0)

is a basic symbol with support in any preassigned

conic neighborhood of ¢g € bS* M.

To see this, observe that from the choices made for the cut-offs, ¢ < §
and § < 0 on the supports. Since w > 0 in (9.14), —§ <6 so

(9.19) €| <0 = w < B*(p+&) < B0 +§) < 26°6°

In view of (9.14) and (9.13), this shows that for any 8 > 0, a € C>®°(PT*M \
0) is supported in a given conic neighborhood of ¢y, provided ¢ > 0 is
sufficiently small. Since the only dependence on the fiber in (9.17) comes
through the metric, as \f |2, and x3 is constant near 0, a is constant on the

fibers near 52 + |¢|? = 0, which is to say it is basic; this proves (9.18).
Now, we may take A = Opy,(ag) using Definition 9.1 with ag from
(9.17). To extract some positivity from the commutator of A*A with O
using Lemma 9.6 we need to show that the term 4adgar;; in the symbol
of o(L;j) dominates the others. To do this it is enough to show that for a
homogeneous vector field V, tangent to { = 0, Via can be estimated by Oa,
if 8, § > 0 are chosen appropriately. -
We shall rewrite the identity (9.8) for this particular choice of A, using

(9.7). Choose a basic operator B € \Illl)/Q(M) with

(9.20) b= 01,12(B) = 7" % (xox0)*x1x2 € C°(PT*M \ 0)

where the regularity uses the properties of the cut-offs, in particular that
they and their derivatives are squares. Thus b? occurs as a factor in any first
derivative of a in which the derivatives strike the xo term. (Note that other
derivatives are acceptable either because they are supported away from Y or
because they are supported in the region where we have assume regularity.)
Also, choose C' € WY (M) with symbol

(9.21) ob0(C) = |z] 7 (22% — 2pnl;) 2y

where 1 € SO(PT* M) is identically 1 on U considered as a subset of T M.
Then, recalling that the Q); are given in (9.5) we proceed to show that
(9.22)

i(ATAD =D QiLyQ;+> QLi+> LiQi+Lo+E
= RO+ B*(C*C + Ro + Z Q:R; + Z QiRi]’Q]’)B +R'"+E +E"

ij
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where all factors have wavefront set near g,

Ry € \I/g(M), R; € \PEI(M)v Rij S \Ill:2(M)>
(9.23) R € O, (M), R" € 22 Diff2 ¥, *(M),
E', B" € 2 ?Diff2 ¥, (M),

have symbols

7o = 0b,0(Ro), 1 = ob,—1(Rs), 1ij € op —2(Rij)
1
satisfying supp(r;) C {w < 95262}, |ro| < Ca(1 + %)wlm,

1/2

1
w2, 1%r55] < Co(1+ == )w?/?,

325 326
Iro| < 3Ca(68+ B71), |rri| < 3C2(68+ 1),
17275 < 3C2(08+ 67

(9.24) |7ri| < C2(1 +

and
(9.25) WE)(E') € £ ((0,00)) N U, WFj(E") N3 =0,

The first equality in (9.22) is just (9.8). The operators L have symbols
as described in (9.8) and in particular these are smooth multiples of b% plus

noncharacteristic terms and terms supported in & 71((0, 00)) so we may write
L' = B*R;B+R.+FE'+E" where R, € U ?(M) and the E’, E" terms satisfy
(9.25); henceforth, the meaning of the terms E’ and E” (and corresponding
symbols €', ¢”) will change from line to line, but all will satisfy (9.25). Thus

(9.26) > QiLi=B"> QiRB*+) [Q;,BIR:B+ Y _QiR]

Since B is basic, the commutator term may be absorbed into E”. The final
term may be absorbed into R” in (9.22). The L7Q; terms are similar, with
a final commutation of ); to the left. Similarly, Lo gives rise to a term
involving Ry with additional contributions to R” and E”.

Now consider the first term in which the L;; appear. The definitions
above give

4 -~
(9.27) 40,85@ = _WbQ + Tij + 6/ + 6//
- T

= Lij = B*(T"kyT + Ryj)B+ Li; + E' + E", Lj; € . *(M)
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where T € W, (M) is elliptic. The sum involving the L;; in (9.22) can
therefore be written, using (9.7)

> QiL;Q; =RO
+BY(—H=)_ QiMi=» N:iQi+» QiRi;Q;)B+> QiLj;Q;+FE' +E"
[ [ 1%

where the ', E” terms now involve commutators of the Q; or Q¥ and B or
B*, as well as commutators involving T, T*. This leads to the final line in
(9.22).

By Lemma 9.6, the symbol r;; can be written as xoVxo times x; and
X2 factors, with V' tangent to £ = ¢ at x = 0. (We have absorbed X/, x5
terms in E', E”.) As we can estimate Vw by a multiple of \/w and V¢ by
a multiple of z and hence of \/w, we obtain the desired symbol estimates.
The estimates on r; and ry proceed analogously.

Having calculated the commutator in (9.22), we proceed to estimate the
‘error terms’ Ry, R;, R;; as operators. We start with Ry. As follows from
the standard square root construction to prove the L? boundedness of pseu-
dodifferential operators, there exists R) € ¥, ' (M) such that

[ Rov|| < 2suprof [[o]l + [ Bov

for all v € L?(M,dg). Here || - || is the L?(M, dg)-norm, as usual. Thus, we
can estimate, for any v > 0,

(9.28)  [(Rov,v)| < [[Rov]l [lv]| < 2suplrol [|v* + [|Rgwll [|v]
< 6C2(08 + 7 wll* + T HIRGwll* + vl

Now we turn to R;. Let T_; € W, (M) be elliptic (we will use this to
keep track of orders), and T} € \Il%)(M) a parametrix, so 7171 = Id+F,
F € U, °°(M). Then there exist R; € W (M) such that

[Riw| = [[Ri(ThT-1 — F)w|| < [[(RiT1)(T-1w)]| + | Ri Fw]|
< 6C2(68 + B Torwl| + || RiT—yw|| + | RiFw|

for all w with T_jw € L?*(M, dg). Similarly, there exist R € ¥, (M) such
that

(9:29) [(T1)*Rigwll < 6C2(668+ B~ Toyw] + | R T-awl| + [[(T1)* Rij Fuwl|
for all w with T_jw € L?(M, dg). Thus,

(9:30)  [(RiQiv, v)| < 6C2(68 + B T1 Q| [|v]
+ 29 [ol” + T RIToA Qo] * + 4 EQuv ),
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and, writing Qv = Th'T_1Q v — FQ;v in the right factor, and taking the
adjoint of 17, (9.29) gives

(9.31)  [(Ri;Qiv, Qjv)| < 6C(68 + B )| To1Qiv| [ T-1Q;v||
+ 29| T1Qjv||* + v M| R T-1Qav||> + v I Fy Qavl|” + || Ri; Qav || |1 FQjv]l,

with Fj, Fij S \I/l:OO(M)
Finally we turn to the positive commutator argument itself. Let s <
sup{s’ : qo ¢ WF, 5 u}; hence, without loss of generality, we have WE} 5 un

s+71/2

U = () where we shrink U as necessary. We will prove that gy ¢ WFb 5 U

a contradiction unless s = +o0.
Let A, be a quantization of

(9.32) IT[* (1 + 7|22, relo,1),

and set A, = AA, € \Ilg(M ) for » > 0. Then A, is uniformly bounded in
Uy (M), and we may further arrange that [, A,] = 0.
By (9.22),

(9.33)
(i[A* A, Ou,u) = |CBAwu|? + (R'OAu, Apu) + (RoBAyu, BAu)

+ ) (RiQiBAyu, BAvu) + > (Ri;QiBAu, Q; BAu)
+ (R Apu, Au) + (B + E")Apu, Apu).

On the other hand, as A, € ¥)(M) for r > 0 and u € D, A*A,u € D, and
the pairing in the following computation is well-defined:

(9.34) ([AFAr, Ou,u) = (A7 A, Ou,uy — (OA; Aru, u)
= (A,.0u, Ayu) — (Ayu, A.Ou) = 0.

The first term on the right in (9.33) is thus bounded by the sum of the ab-
solute values of the others. The second term on the right in (9.33) vanishes,
to the third we can apply (9.28), to the fourth (9.30) and (9.31) applies
to the fifth. The penultimate term is bounded uniformly as r | 0 by the
hypothesis on s, i.e. the assumed regularity of w. The last term is also uni-
formly bounded, the E part for the same reason and the E’ term by elliptic
regularity. Similarly, in applying (9.28)—(9.31) all the terms but the first
two terms on the right in each are also uniformly bounded as r | 0 by the
assumed property of WFZ,ﬁ u. So, with a constant C’(y) independent of r
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and for some C'3 > 0 depending only on the geometry

(9:35) [|CBAul? < C'(v)
+(6C2(68 + 671) + C3) (IIBAWII2 + ||T1QiBATUI|2>

+6C2(38+ 87| BAul Y I T-1Qi BAul| + 29| BAull®.
(2
The remaining terms on the right may be estimated as follows: writing
T1Q; = Q;T] + 2~ 'T! for some T/, T € U, '(M) (recall that 1 = Qy),
and using Lemma 8.8 where necessary, we may choose our constants so as
to absorb the highest order terms into the left-hand-side (using ellipticity
of C' on WF’(B) and microlocal elliptic regularity). In particular, then, we
may pick 3 sufficiently large, and v = v > 0, dg > 0, so small that for all
d < &
Cy||BAyul|? < Cs + Cgl|dasT? BAul|?,

with C4 > 0. Letting 7 — 0 now keeps the right hand side bounded, proving
that ||[BA,u| is uniformly bounded as » — 0, hence BAgu € L?*(M,dyg)
(cf. the proof of Proposition 8.10). In view of Lemma 8.8 this proves that

q ¢ WF]SDJ%I/ 2(u), and hence proves the first statement of the proposition.
Finally7we need check that the neighborhoods of gy which are disjoint

from WEF} 5(u) do not shrink to {go} as s — co. This argument is parallel

to the last paragraph of the proof of [9, Proposition 24.5.1]. In each iterative
step it is only necessary to shrink the elliptic set of B, by an arbitrarily small
amount, which allows us to conclude that gy has a neighborhood U’ such
that WF;ﬁ(u) NU’ = ( for all s. This proves that qp ¢ WFE‘%(U). O

We note that in the proof above the ability to control Qou terms in terms
of the |lul|5 was crucial, and it is this aspect of the proof that breaks down
in fiber dimension 1. The necessary modifications to the proof in this case
are discussed in the following section.

To carry through similar estimates in the glancing region we need the
following technical lemma. In essence this shows that, applied to solutions
of Cu = 0 near g', D, and CL'_lDZj are not merely bounded by D; but small
compared to it. Such an estimate is natural since

2 pola—o = 2°72Po = 77 — & — nl}, — I}
gives
€ +1CR < C@Plpl + Jo| +11 - ),
and 1 — |ﬁ]% vanishes at , so the right hand side is small near G. In the re-
mainder of this section, a §-neighborhood will refer to a §-neighborhood with

respect to the metric distance associated to any Riemannian metric on the
manifold ”S* M. The notation [ullp, and |Oul|%, is fixed in Remark 8.7.
o¢ lo

C
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Lemma 9.8. Suppose u € Dy, and that K C PS*M is compact with
s+1/2
K cg\ WFb,ﬁ/ (Ou)
then there exist 6o > 0 and Cyp > 0 such that if A = {4, : r € (0,1]}
is a bounded and basic family in VU (M) with WFp(A) C U C PS*M, a

§-neighborhood of K, 0 < § < &y, and with A, € Wi~ (M) forr € (0,1] then
for some

G e U (M), Ge w2 (M) with WF)(G), WF}(G) C U
and C’o = C'()((S) >0

1DsAvul® + ) 2~ dz Avul |}

7

< Codl|Dedrull? + Co(llulls,_+ IGully + [Dulll, +GTul3,) ¥ 7> 0.

Remark 9.9. As K is compact, this is a local result in the extended base,
[0,€); x Y. In particular, we may assume that K is a subset of bS*M over
a suitable local coordinate patch in the extended base. Moreover, we may
assume that dy > 0 is so small that D; is elliptic on U.

Proof. The proof is again very similar to [25]. By Lemma 8.8 we already
know that

Jdx Avul® <Dy Al
+ Chllluly, + IGul + [0ull, +[GOul3,).

for some C{j > 0 and for some G, G as in the statement of the lemma. Thus,
we only need to show that if we replace the left hand side by || D, A,ul|?> +
|z~ tdz Arul|7 (i.e. we drop the tangential derivatives, at least roughly speak-
ing), the constant in front of || DyA,u||?> can be made small.

A simple argument as in [25], amounting to moving the tangential deriva-
tives to the right side and freezing the coefficients at x = 0 (cf. also the
proof of Proposition 8.10), reduces the problem to showing that

‘/M ((Dt2 - Zhij(O»Q)DyiDyj)Arum> dg
< Cof | DiAull? + Co@)([lully + [IGull3),

(9.37)

which we proceed to do.

The key point is that the symbol of D7 — 3~ h;(0,y)Dy, Dy, is small on
WF1 (A); more precisely, it is of size d. It is convenient to microlocalize, i.e.
replace this tangential part of the wave operator by an operator F' micro-
supported near G. So let 1 € C®("S*M) (3 can thus be identified with a
homogeneous degree zero function on PT*M \ 0) with ¢ = 1 near WF} (A),
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suppy C U, |[¢| <1, and let F € ¥)(M) be such that

(9.38)
WF|(F) c U, WF), (DtFDt ~0;-Y hiijiDyj)) NWE)(A) =0

f=obo(F)=2(1-) higf;0,),
where such ¢ and F exist, since D; is elliptic on WF},(A). Now,

‘/M ((DtFDt —(D? — Z hij(o,y)DyiDyj))Arum>

since (D;FDy — (D} — 3" hij Dy, Dy,)) Ay is uniformly bounded in W > (M),
by the first line of (9.38). Moreover, 1 — hijﬁiﬁj is a C* function on a
neighborhood of K in ®S*M which vanishes at G, so [1 — hij§i§j| < (36
on a d-neighborhood of K, and hence
sup | f| < Cs6.
Since there exists F’ € ¥, (M) with WF} (F’) C U satisfying
IFv]| < 2sup [ f] o] + || 7]

for all v € L?(M,dg), we deduce that ||Fv| < 2C3d|v| + ||F'v|| for all
v € L*(M,dg). Applying this with v = D;A,u, and estimating || F'v|| using
Lemma 6.8, (9.37) follows, which in turn completes the proof of the lemma.

O

< Chllul3_

For propagation at the glancing points it is convenient to introduce no-
tation for the Hamilton vector field of the ‘tangential part’ of the wave
operator. Thus, we let

(9.39) W’ =0, — Hj, h(y,n) = |z|""nl7,

so W’ is homogeneous of degree zero, hence can be regarded as a vector field
on the cosphere bundle. This vector field is well-defined at G as a vector
field tangent to G. Away from G it depends on choices, but as pointed out
in a remark below, these choices do not affect the statement of the following
proposition. Moreover, this vector field also makes sense on G, which is a
smooth manifold.

It is also useful to extend 7 to a neighborhood of M as projection to
OM followed by 7:

7:(-6('1‘7 t’ y’ z? 57 ]‘7 /f]? C) = (t7 y? 17 ﬁ)'
Proposition 9.10. Let u € Dy, and suppose

(9.40) K C PS*M is compact with K C G\ WF?ﬁ,(Du).

Then there exist constants Cy > 0, 69 > 0 such that if qo = (to, Yo, 1,@0) eK
(hence |1, = 1), to conclude that qo ¢ WF\ 5(u) it suffices to know that for
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some 0 < § < &g, with Cod < B < 1, and for all ¢ = (m,t,y,z,é,l,ﬁ,f) ex

(9.41) [3°() — exp(—3W")(q0))| < 55 and |z(q)| < 55
— (q) ¢ WE, 5(u).

Remark 9.11. In the estimate (9.41), W can be replaced by any C* vector
field which reduces to W” at gg since flow to distance § along a vector field
only depends on the vector field evaluated at the initial point of the flow, up
to an error O(§?). Similarly, changing the initial point of the flow by O(§?)
does not affect the endpoint up to an error O(62). Thus, estimate (9.41) can
be further rewritten, at the cost of changing Cj again, as

| exp(6W”)(7°(q)) — qo| < B and |z(exp(3W°)(q))| < 85

(942) — 7(q) ¢ WE, ()

here we interchanged the roles of the initial and final points of the flow.

Proof. To prove this result it suffices to modify the proof of the glancing
propagation result of [25], with the modifications similar to those leading
to the normal propagation above. The key ingredient is Lemma 9.8, which
allows the @); factors, including )y, in the commutator in Corollary 9.6 to
be shown to be small, provided the symbol of the commutant is arranged
to be supported sufficiently close to the glancing set. Thus, the Ly term of
Corollary 9.6 dominates the commutator (there is no £ dependence of the
commutant in this case near the characteristic set), with principal symbol
at x = 0 given by 2aH;_2a.

First take a function wy € C*°(S*(R x Y')) which is a sum of squares of 21
(I = dimY') homogeneous degree zero functions p;:

2l
wo =) p%, Wpila0) =0, pj(q0) =0,
j=1

dpi(qo), j = 1,...,2l linearly independent at gp. Since dim S*(R x Y) =
21+ 1, dpj(qo), j = 1,...,2l, together with dt (¢ is also homogeneous of
degree zero), span the cotangent space of the S*(R x Y), for dimensional
reasons (note that W’t(qo) # 0). In particular,

[ W] < Ch (g + 1t = tol)
Then extend wy to a function on PT*M (using the trivialization) and set
(9.43) w = wy + z2.

Then the ‘naive’ estimate, playing an analogous role to (9.15) in the hyper-
bolic region, is

|77 Hpw| < Clw!/2 (w2 + [t — to| + €)% + I¢]?)

(9.44)
< Clw (w2 + |t — to| + 7 2|po));
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here we used polz—0 = 7% — |£]* — |n|2 — [¢|2, which lets us estimate
_ _ 1/2
T2[¢]% < C(r2pol + || + wi/? + |t — to)),

for 1 — |§ |§ is homogeneous of degree zero and vanishes at G (recall that
this last estimate motivates Lemma 9.8). Note that (9.44) is much more
precise than (9.15): we have a factor of w!/2 + [t — to| + 77 2|po| in addition

to w!/2—this is crucial since we need to get the direction of propagation
right.
Finally put
1
(945) gf) =t—1ty+ %w,
and define a = ag almost as in (9.17), with —§ replaced by t — tg, namely
(9.46) a=x0(2— ¢/6)x1((t —to + 8)/86 + 1)x2(|o|*/7?).

The slight difference is in the argument of x1, in order to microlocalize more
precisely in the ‘hypothesis region’, i.e. where u is a priori assumed to have
no wave front set. This is natural, since for the hyperbolic points we only
needed to prove that singularities cannot stay at the boundary, while for
glancing points we need to get the correct direction of propagation. We
always assume for this argument that 8 < 1, so on supp a we have

p<20andt—tyg>—0F56—09 > —20.

Since w > 0, the first of these inequalities implies that ¢t — tg < 24, so on
supp a

(9.47) |t — to| < 26.
Hence,
(9.48) w < B25(26 — (t —tg)) < 46262

Moreover, on supp dx1,
(9.49) t—ty € [—0 — 0, —6], w'/? < 286,

so this region lies in the hypothesis region of (9.42) after 5 and § are both
replaced by appropriate constant multiples.

Now, using (9.44), (9.48), and 7 1H,,(t — to) = 2, we deduce that at
po =0,

_ _ 1
T IHp0¢ =T 1Hp0(t — t()) + %I 1Hp0w
1

- %C{'wlﬂ(wlm + |t — tol)

> 1—20{’(5+g) > cp/4>0

>1
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provided that § < ﬁ, % > 16201 , i.e. that ¢ is small, but /0 is not too
1

small—roughly, 4 can go to 0 at most as a multiple of § (with an appropriate
constant) as 6 — 0. Recall also that § < 1, so there is an upper bound as
well for G, but this is of no significance as we let § — 0. It is also worth
remembering that in the hyperbolic region, 8 roughly played the same role
as here, but was bounded below by an absolute constant, rather than by
a suitable multiple of &, hence could not go to 0 as 6 — 0. With this, we
can proceed exactly as in the hyperbolic region, so (recalling that 7 > 0 on

supp a!)
Hpya® = =03 + e, by = /2207 Hyy )26 (x0x0) > x1x21

with e arising from the derivative of x1x2. Again, xo stands for xo(2— %), etc.
In view of (9.49) and (9.42) on the one hand, and the fact that supp dxa is
disjoint from the characteristic set on the other, both supp dy1 and supp dy2
are disjoint from WF, 5 (u). Thus, i[A*A, 0] is positive modulo terms that
are controlled a priori, so the standard positive commutator argument gives
an estimate for Bu, where B has symbol by. Replacing a by ar*T1/2 still
gives a positive commutator since D; commutes with [, which now gives
(with the new B) Bu € L?(M,dg). In particular qo ¢ WE7 5(u). O

Now, applying arguments that go back to [18] we find

Theorem 9.12. If u € H5% (M), then for all s € RU {oo},
WE; 5(u) \WFZ%I,(Du) cy

is a union of mazimally extended generalized broken bicharacteristics of U
in 3\ WE* S (Ou).

10. FIBER DIMENSION 1

In this section we indicate the changes necessary in the previous sections
to accommodate fiber dimension 1. Fortunately, these are quite minor, due
to the rather trivial character of 1 dimensional Riemannian geometry. The
basic reason for treating fiber dimension 1 separately is that z~! is not
bounded from D to L?, and terms with 2! arise throughout the previous
section. Here we introduce a class of operators that we call very basic in
order to eliminate these terms—this is possible as the metric on the fibers
can be put in a rather simple form.*

We can assume that all fibers are circles (disconnected fibers can be dealt
with similarly). Moreover, one may arrange that the fiber metric is k(y)dz2,
dz? denoting the standard metric on the circle (corresponding to a circum-
ference of 27, say). Correspondingly, locally in the base Y (and all our

4Another7 perhaps more natural way to proceed would be to consider operators that
commute with the projection to fiber-constant functions at the boundary.
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considerations are local in the base) there is a circle action on OM, with
infinitesimal generator 0,.

Definition 10.1. Let 27 1V.(M;Y) be the subspace of 27 1V,(M) consisting
of vector fields V' such that [V, 0.] € Ve(M).

Remark 10.2. 27 Ve(M;Y) is not a left C°°(M)-module, but it is a left
C3° (M )-module, where

CyP(M) ={f €C>®(M): flon is fiber constant}.
Note also that x is determined by the form of the metric up to multiplication
by a € C3°(M).

Definition 10.3. We say that A € W (M) is very basic if it commutes with
0. at x =0, ie. if [A,0.] € 2 W (M).
Remark 10.4. Very basic operators form a C{°(M)-bimodule. Moreover,
they form a ring under composition as [AB, d,] = [A, 0.]B + A[B, 0.]. Also,
if A€ W (M) is very basic, v P[A,a?] € ¥}"_1 (M) is also very basic, by
the Jacobi identity.

The point of this definition is:

Lemma 10.5. If A € W (M) is very basic then
(1) (replaces Lemma 8.1) for any Q € x 1Vo(M;Y) there exist very
basic A; € \I/gl_l(M) and Qj € z7WVe(M;Y), j = 1,...,1, Ag €
U (M) such that

[Q, Al = Ay + ZAij.

(2) (replaces Lemma 8.6) there exist B € V' (M), E € \Ilg;l(M)
depending continuously on A such that

(10.1) [z7'D,, A] = B+ Exz~'D,,

with E wvery basic, and there exist B € W' (M), C € \Ilgnogl(M)
depending continuously on A such that

(10.2) [D,, Al = B+ CD,,
and C is very basic.

(3) (replaces Lemma 6.2) if m =0, A : D — D with norm bounded by a
seminorm of A in W) (M).

Thus, for very basic operators 2~ 1D, behaves much like D,.

Proof. (1,2): As very basic ps.d.o’s form a C3°(M) bimodule, it suffices to
check that the conclusion holds for @ = D,, D,, and Q = z~'D, in some
local coordinates on Y. For D,, this is immediate as D,, is a very basic
element of WU} (M), so [4, Dy,] is a very basic element of ¥J"(M).

For Q = 7' D,, we compute [z~ 'D,, A] = [z7!, A]Jz(2~'D,)+z~'[A, D.].
The second term is in W (M) as A is very basic, while the coefficient of
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7D, E = [z}, Az € V7" (M) is very basic in view of the previous
remark, proving the first line of (2). A similar argument applies to D, =
z~!(zD,), noting that [A, zD,] € zU" (M) just by virtue of A € U _(M).

(3): As in the proof of Lemma 6.2, this reduces to [4,V] : D — L?(M)
being bounded for A € ¥)_ (M) and V € 271Ve(M;Y). By (1), this follows
from Ay, A; being bounded on L? while Q; : D — L?(M). O

Of course, we need to know that there is a plentiful supply of very basic
operators.

Lemma 10.6. Suppose that a € S™(°T*M) is such that a|.—o is invariant

under the circle action. Then there exists A € W7'(M) very basic such that
o(A) = a.

Proof. Using a product decomposition of M near OM, extend the circle
action to a neighborhood O of OM. Let A" € ¥{"(M) be a quantization
of a, so 0(A’) = a, and let A be the average of A" under the circle action,
ie. A" = (2m)7! [41 Apdf, where Ay is the conjugate of A by pull-back by
translation by 6. Due to the averaging, A commutes with the infinitesimal
generator of the circle action, 0,, so A” is indeed very basic. Moreover,
0(A")|z=0 = alz=0 as a is invariant under the circle action, so the symbol of
Ag at x = 0 is also a. Now let A € 2W*(M) be such that o(A) = a — o (A");
then A = A” 4+ A has all the desired properties. O

With the help of this lemma, all proofs in Section 8 go through, provided
we use commutants that are very basic.

Corollary 10.7. (Cf. Lemma 9.2.) With a trivialization in which the fiber
metric at x = 0 is k(y)dz?, suppose that a, a are as in Lemma 9.2, where
|§|2 stands for the lift of the standard metric on the circle Z. Let A be as in

the previous lemma. Then (8, A] = B € 2U7 (M) and WF}(B)NY = 0.

Proof. We merely need to observe that a|y—o is invariant under the circle
action, and apply the previous lemma to deduce [0, A] = B € xU*(M).
The wave front set statement follows from the construction of A: it holds
(in a uniform fashion) for each Ay. O

With the notation of the paragraph preceding Lemma 9.3, since dg = Jv
with J € CP(M), as 0;log J|z—0 = 0, Lemma 9.3 can be strengthened as
follows:

Lemma 10.8. With A= Al as in §9
[W,A*A] = B+ F, B €2V{"(M), F €z (M)
WFL(B)NY =0, o(F) = a{a, Wlog J},

with both B and F depending continuously on A. Here Wlog J € xC*°(M)
is lifted to PT*M by the bundle projection.

(10.3)



PROPAGATION ON EDGE MANIFOLDS 59

Now Lemma 9.5 can be strengthened to include a statement that x;; is
very basic, i.e. k;; € C3°(M).

Then Corollary 9.6 remains valid even if the sums are so that Qg = z~
is excluded from them, and L;; are very basic.

Consequently, the proofs in the rest of Section 9 go through.

1

11. EDGE PROPAGATION

The flow along (2.4) in the boundary, i.e. at = 0, is explicitly solvable
in °T5,,M: we have
§ = [¢[tan(|[¢|s + C)
while |(| is conserved, (z,(/|¢|) undergo geodesic flow at speed |(| with
respect to the base metric on the boundary, and

7= Asec(|¢|s + C), n= Bsec(|(|s+ C).

Thus along maximally extended integral curves, (z,(/|(|) undergoes time-7m
geodesic flow and (7, 7) traverse a line through the origin in R®*!. Since the
Hamilton vector field along these curves is nowhere vanishing, we conclude
from the arguments of [16] that for any k,I, WF.! 4 is a union of such
integral curves. The Hamilton vector field vanishes at the endpoints of these
integral curves, at the codimension-two corner of the radial compactification
of °T* X, hence the question remaining is how the interior wavefront set
estimates on u extend to the corner, and thence into and out of °Tj X. In
fact, we can do a (crucial) bit more, obtaining propagation of coisotropic
regularity, i.e. regularity under A*, along the flow discussed above.

Theorem 11.1. Let u € He_oo’l(I x X)) be a distributional solution to the
wave equation with Ou =0, t € I C R with I open.
(1) Let m > 1 + f/2. Given p € Hr, if (F1,\0M) N WE™ Au = 0, for
all A e A* then p ¢ WES™ Bu for all I <1 and all B € A"
(2) Let m < 1+ f/2. Given p € Ho, if a neighborhood U of p in
°S*|oar M is such that WE™ ! (Au) N U C 0Fp for all A € A* then
p ¢ WE.™! (Bu) for all B € A*.

Remark 11.2. For any point p € “Tj5,,M\{¢ = 0} there is an element of
AF elliptic there, hence (1), with k = oo, shows that solutions with (infinite
order) coisotropic regularity have no wavefront set in 77, M\{{ = 0}.
Indeed this result holds microlocally in the edge cotangent bundle. Note
that the set {x =0, ¢ = 0} is just the set of radial points for the Hamilton
vector field.

As the proof follows quite closely that of Theorem 8.1 of [19], we shall be
somewhat concise here. However, as the flowout cannot be put in a simple
model form as in [19], we need a lemma adapted from [8] to handle factors
from A™, replacing the powers of the fiber Laplacian used in [19]. This is
stated in the Appendix, in Proposition A.6.
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Proof of Theorem 11.1. We only consider part (1) of the Theorem; the proof
of (2) is completely analogous, cf. [19].
Let p = (8,7, 2,7,&,7) € H;. We begin by constructing a localizer in the
fast variables. Let
T 5T (M€ = 0} — 2
be locally defined by

sgné Iq

Y(q) = z(expy, ¢, SooHy),  Soo = arctan —.
. ¢
where ¢q € °T},,(M) has coordinates (to, yo, 20, 70, {0, 10, Co). This map sim-
ply takes a point over the boundary to its limit point in the fiber variables
along the forward bicharacteristic flow, hence on the boundary, we certainly
have T, (H) = 0. We now extend T smoothly to the interior of “T*M, thus
obtaining a map satisfying

YT.(H) =O(z).

Let a; be homogeneous degree zero defining functions for F; as in Sec-
tion 4. (In fact, for the proof of (1), one could use (; in place of a;, as one
is only concerned about positivity at x = 0, where one can take a; = (;, but
for the proof of (2), the use of a; is important.)

Now fix any sufficiently small neighborhood U of p in T M. There exists
d > 0 such that

{w <6, Jail <6, In/m —a/71> + |y — g +d(¥,2)° + [t = #]* <6} C U.
There exists § such that

H (In/7 = /7 +ly =g +d(T.2)? + [t =17 = 5z ) >0

on U, since the derivative falling on each term in the cut-off is O(x), and
H(x) = £x + O(2?), i.e. is bounded above on U by a negative multiple of .

We now need some cut-off functions. Let ¢ be nonnegative, nonincreasing,
and supported in (—oo,€), and xy € C*°(R) be nonnegative, nondecreasing,
and supported in (e,00). We may further arrange that ¢, x, —¢' and X’
are squares of smooth functions. We also let ¢ € C°([0, €)) be nonnegative,
nonincreasing, identically 1 near 0, with ¢, —¢' the squares of a smooth
function.

Set

(1L.1) apy = X(ED)x(E)d(@)d(e Y ad)w(p’() /)
Y((In/m = /71 + ly = 9" + d(X,2)* + |t = 1* = ) (7)™,
with + = sgn &7,
Note that applying H to 7™z! on the support of () gives a main term
(m + 1)€™a!, hence this term is positive provided m + 1 > 0. As long as

e is sufficiently small that (8 + 1)e < §, the support of the symbol lies in
U, hence choosing € sufficiently small ensures the positivity of the term in
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H (afn’l) coming from the last cut-off term. The cut-off factors involving x
are harmless as the support of the Hamilton vector field applied to these
intersects the characteristic set inside ®I™M in a compact set. Finally,
the cut-off terms involving ¢ have the following properties: the Hamilton
derivative of ¢(x) supported in the interior of ¢I™* M, while the Hamilton
derivative of ¢(e=1 > a?) is supported away from F.

Using the above observations, provided m-+I > 0, by choosing e sufficiently
small, we can ensure that

H(a, ) =+(a)?+> W +etctk
J
where suppe C T*X°, supp ¢ is compact in ®T*(M) and X N supp(k) = 0.
For k = 0, the proof is finished with a positive commutator argument as
in [19, Theorem 8.1]. For arbitrary k, we can now use Proposition A.6 to
finish the proof inductively. O

Remark 11.3. The reason for the appearance of f/2 in the statement of
the theorem is that in order to prove the theorem, we need to use a, s
withr =m—1,s=—-1— % Indeed, the commutator of A} A, s (with
A, € U*(M) having principal symbol a,¢) with O is in W™~ 1257 2(M).
As in the commutator argument we use the metric density dg (to make
O formally self-adjoint), which is #/*! times a non-degenerate smooth b-
density (with respect to which He" ’l(M ) is weighted), a principal term in
this commutator of the form (A’)*A’ provides a bound for the H." ’l(M )
norm of u provided that 2m — (2r — 1) =0, 20+ (2s = 2)+ (f +1) = 0,
leading to the stated values of r and s in terms of m and [. As in order to
obtain a positive commutator we need r + s > 0 (or < 0 in the outgoing
region), we deduce that m > [+ g (resp. m <1+ %) must be satisfied.
Moreover, the reason for I’ < [ in the statement of the theorem is the
possible need for an interpolation argument, in case the a priori regularity
of u is weak, ie. u € H&' with ¢ too small (possibly negative). This is
because, due to the standard error terms, the regularity of u can only be
improved by 1/2 order at a time, so already m = ¢+1/2 would have to satisfy
m > 1+ %, i.e. we would need ¢ > [ + % In particular, if ¢ > [ + % is
satisfied, i.e. if we have this much a priori regularity, we can take I’ = [.

12. PROPAGATION OF COISOTROPIC REGULARITY

Theorem 12.1. Let p € H, € > 0 and k € N. Then there is k' (depending
on k and €) such that if Ju = 0 and u has coisotropic reqularity of order k'
relative to H® (on the coisotropic J”:]) near f[’p strictly away from OM, then
u has coisotropic regularity of order k relative to H*~¢ (on the coisotropic
.7;"0) near .7.-"071,, strictly away from OM.

In particular, if Ou = 0 and u is coisotropic (i.e. has infinite reqularity)
relative to H® (on the coisotropic ]:1) near ];"Lp strictly away from OM, then
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for all € > 0, u is coisotropic relative to H~¢ (on the coisotropic fo) near
Fo.p, strictly away from OM.

Explicitly, with the argument presented below, one can take k' = k if
€ >1/2, and any k' > ik‘ if e <1/2.

Proof. First we show that the result holds with H S*O.replaced by H1/2-0,
Indeed, by Theorem 9.7, u is C* microlocally near Fp , strictly away from
OM provided it is C*° microlocally near F7, away from M, i.e.

WE(u) N (Frp\ 0Fr,) =0 = WF(u) N (Fo,p \ 0Fo,) = 0.

In particular, u is coisotropic as stated, provided that WF(u) N (F7, \
8.731,,)) = (). Thus, we we may assume that u is microlocalized near .7'-"171,
and away from OM for ¢ < t(p), hence that u and A*u lie in H (M°®) for
t < t(p) (with loc indicating locally in time). It is convenient to normalize
s to make Proposition 5.4 easier to use. Let ©4 have Schwartz kernel

(12.1) K(Os)(t, ) = P(t — k(| Del”) (t, 1)

where 9 (t) is a smooth function of compact support, equal to one near
t =0 (cf. [19]). Since applying ©_g to u preserves the hypotheses, except
replacing s by 0, and then the conclusion is preserved (shifting s back)
upon the application of ©;, we may apply Proposition 5.4, to conclude that

_ [l
u € Hes’lic 2 (M) for t < t(p), hence for all .

Then Theorem 11.1 part (1) can be applied, first with [ = s — %,
m = s — % + 0 near incoming points (so m > [ + g), to conclude that u

. . . . s—l-i-O,s—ﬂ—O .
is coisotropic of order k relative to He 2 2 (M) near 0F;. Note
that if U is a sufficiently small neighborhood of H; = 0F7 in °T},,M, this

implies that in fact u is microlocally in H§+k_%+0’s_%_0(M) on U\ Hj,
since M has elliptic elements near each point in U \ H;. Since bicharac-
teristics v in 7 H(H) \ (H; U Ho) C Ty M tend to Hj, resp. Ho, as
the parameter along 7 tends to oo, the standard (non-radial) propagation
of singularities, [19, Theorem 8.1(ii)], yields that w is coisotropic of order
k relative to Hg

1 f+1
—li0s-IH o R o o .
2 2 (M) at 771 (H) \ Ho—indeed, u is simply in
s+kf%+0,sf%70

H. (M) microlocally on 7~ (H) \ (H; UHo). Applying The-
orem 11.1 with m = s — % —0,l=s5—- % — 0 (the two small constants in

the —0 are chosen so that m <[+ %), we conclude that u is coisotropic of

_075_%_

1 3
order k relative to H, 2 0(M ) near Fo, as claimed.
On the other hand, w is in H* along Fp, by Theorem 9.7. Hence the

theorem follows by the interpolation result of the following lemma. O

Lemma 12.2. Suppose that u is in H® microlocally near some point q away
from OM , and it is coisotropic of order N relative to H™ near q with s > m.
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Then for e > 0 and k < Si]\rfn, u s coisotropic of order k relative to H%¢
near q.

In particular, if u is in H® microlocally near some point q away from OM
and wu is coisotropic (of order oo, that is) relative to H™ near q with s > m,
then u is coisotropic relative to H*™¢ for all € > 0.

Proof. If Q € WO(M) and WF'(Q) lies sufficiently close to g, then the hy-
potheses are globally satisfied by ' = Qu. Moreover, being coisotropic,
locally F can be put in a model form ( = 0 by a symplectomorphism
® in some canonical coordinates (y,z,7,(), see [9, Theorem 21.2.4] (for
coisotropic submanifolds one has k = n — [, dim S = 2n, in the theorem).
Further reducing WF’(Q) if needed, and using an elliptic Oth order Fourier
integral operator F' with canonical relation given by ® to consider the in-
duced problem for v = Fu' = FQu, we may thus assume that v € H®, and
D%y € H™ for all «, i.e. (D,)"v € H™. Considering the Fourier trans-
form ¢ of v, we then have (n,¢()%0 € L2, (n,()™(()Vo € L?. But this
implies (n, ()m0Ts0=0(YN0j ¢ L2 for all § € [0,1] by interpolation (in-
deed, in this case by Holder’s inequality). In particular, taking § = —<

s—m?’

(n,O)5=¢(¢)Yov € L? if k < S and the lemma follows. 0

s—m’

13. GEOMETRIC THEOREM

We now prove Theorem 1.3, using as our main ingredients Theorem 12.1
and a duality argument.

Let U; be a small open neighborhood of a single point w € ff),p such
that all points in Fp N Uy have a distance from M between 0.9dy and dj
for some small dy. Pick any time T greater than dy, so that all interactions
of U; with the boundary occur under backward generalized bicharacteristic
flow for time less than T.

Let U§ and UP now denote two open sets in 7*M° such that UL con-
tains the whole time-T backward flowout of U;j in the sense of generalized
broken bicharacteristics. UDG , by contrast, must contain only the geometric
backward flow from U; (see §7 for the definitions of these flows). By hypoth-
esis, we may choose UOD such that the nonfocusing condition holds relative
to H® on U({j . We may split the initial data into a piece microsupported in
UOG and supported away from a boundary, and a remainder. The former
piece, by hypothesis, is globally in C(R;Ds), hence satisfies the conclusion
of the theorem. Thus it suffices to consider only the latter piece, which has
no wavefront set of any order in UOG .

Let r < s. Let A;, i = 1,..., N, denote first-order pseudodifferential op-
erators, generating M as above, but now locally over a large set in M°, and
with kernels compactly supported in M°. Let By and B be pseudodiffer-
ential operators of order 0, compactly supported in M°, and with micro-
support in Ué:) resp. Uy, such that Bj is elliptic at w and such that By is
elliptic on the time-T backward flowout of WF’ B; along generalized broken
bicharacteristics. Let U denote the forward time-evolution operator, taking
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wave equation solutions on [0, 4] to wave equation solutions on [T' — ¢, T1.
Theorem 12.1, together with time reversal symmetry, gives

> H@_THA“BlU(“)H%GT%TD =

|oe| <K’

= 3 10-rs1-cABoullg 5 <
|| <k

with ©. defined by (12.1). Thus, if we define Hilbert spaces
Ho = {U € ﬁ([oa(ﬂ) :Du =0, Z ”®fr+1fez4aBOU||2ﬁ([o,5]) < OO}

la|<k
and
Hi={ueD(T-6T)):Du=0, »_ H@,THA”‘BWH%([T%TD < oo},
| <k’

we have U ~1 . H; — Hg. Hence by unitarity of U with respect to the norm
on D, U : Hy — HJ, where the dual spaces are taken with respect to energy
norm, t.e. the norm on D. Now

Hy = {ueD(0,8]) : Du=0, u= Y (A)5(Bo)pO—rt1-0vVa, va € D}

<k

and

Hi = {ueD(T-6,T]): Du=0, u= > (A")5(B1)5O—r11va; va € D}
oo <K/

Thus since u satisfies the nonfocusing condition of degree k w.r.t. H® for
t € [0,6] on UP, it lies in H; hence U(u) € Hf, ie. u also satisfies the
nonfocusing condition of degree k¥’ w.r.t. H" for t € [T' — 0,T] on U;. (Here
we have used Lemma 5.6 to see that lying in the range of (A%)}, yields
nonfocusing; recall that the D subscript means adjoint with respect to the
D inner product.) So microlocally near w and for ¢t € [T — 4,71,

(13.1) we Y A*(H").

o <k’
On the other hand, since WFu N US; = (), Theorem 11.1 shows that there
exists # € R such that microlocally near w and for ¢t € [T'— 6,71,

(13.2) A e H® Va

(The particular choice of 3 is dependent on the background regularity of the
solution.) We can interpolate (13.1) and (13.2) similarly to Lemma 12.2; the
only difference is that one has (n,¢)"(¢)~¥% € L? rather than (n, ¢)%% € L?,
with the notation of that lemma. This shows that near microlocally w, for
te [T —6,T], u e H . Since r < s is arbitrary, this proves Theorem 1.3.

O
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14. APPLICATIONS TO LAGRANGIAN DATA

An important class of examples of solutions satisfying the nonfocusing
condition is given by choosing as Cauchy data Lagrangian distributions in
X°, with respect to Lagrangian manifolds transverse to the coisotropic sub-
manifold F obtained by flowout from the boundary. For the proof of the
proposition below it is useful to have the following lemma which puts the
coisotropic and Lagrangian manifolds into model form, and which seems to
be well-known although it is hard to find a published reference.

Lemma 14.1. Suppose that F is coisotropic of codimension k, L is La-
grangian, and F and L are transverse. Let w denote the standard symplec-
tic form on T*R"™, and write R" = RZ"’“ x RYwith dual coordinates (1, ().
Then there is a local symplectomorphism mapping F, resp. L to {¢ = 0},
resp. {y =0,z =0} in (T"R",w).

If in addition F and L are conic and the canonical one-form does not
vanish on ToF, with ¢ € F N L then there is a homogeneous symplectomor-
phism mapping a neighborhood of q into (T*R™,w), equipped with the stan-
dard (fiberwise) RT -action, such that F, resp. L are mapped into {¢ = 0},
resp. {y =0,z = 0}.

Proof. By [9, Theorem 21.2.4] (and the subsequent remark), we may assume
that F is given by {¢ = 0} in (T"R™,w). As L is transverse to F, d(j,
j = 1,...,k, restrict to be linearly independent on L at points in £ N
F. Moreover, for ¢ € LN F, we may assume that dn;(q), j = 1,...,n —
k, together with d(;(q), are linearly independent on L. Indeed, a linear
combination ) c;d,; cannot be tangent to L at ¢, as it is the image of
> ¢j d¢j under the Hamilton map; for a Lagrangian submanifold the tangent
space is the image of the conormal bundle under the Hamilton map, and we
just established that ) c; d(;(q) is not an element of the conormal bundle
of £. By a symplectic linear transformation in T*R"~* that switches the
roles of some components of dy and dn we can arrive at the stated situation.

Thus, £ is locally a graph over {0} x (R"); ., i.e. on £, y = Y(n,(),
z=Z(n,(). As Lis Lagrangian with respect tow = ) dn;Ady;+>  d(;\dz;,
it follows that £ is locally the graph of the differential of a function F' :
(R"):;’C —R,ie Y =d,F, Z=d¢F. The map

(141) (yvza"%g)’_) (y_an,Z_dCF’naC)

is a local symplectomorphism, it preserves F = {¢ = 0}, and maps L to
{y =0,z =0} as desired.

For the conic version, one may apply [9, Theorem 21.2.4], so one can
assume that F is given by ¢ = 0. We may assume that y(q) = 0; n(q) # 0
since ¢ does not lie in the zero section. Now, the span of the J,, intersects
T, L trivially as above. Let V* be the span of the ) c¢;jdn;(¢) which lie in
Ng L, ie. for which the image V' under the Hamilton map > ¢y, € TyL.
Taking W to be a complementary subspace to V' in the span of the dy;, we
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see that functions with differentials in V' plus functions with differentials in
W*, together with the (j, give coordinates on L locally. Moreover, by the
conic hypothesis, W is at least one-dimensional. There is a homogeneous
symplectomorphism switching the roles of the variables in V and V* (if V' is
not already trivial); if n{ is away from 0, as one may assume, one can take
the map on V& W @ V* @ W* given by
/ / /
Wyl l) = (= + Sy ),
™ ™

with the rest of the y” and 7" as well as the z and ( are unchanged under
the map. Note that the pullback of the differentials of the new 7 coordinates
is 1y dy; + y; dn and dnj, which have the same span as dy; and drj, hence
pull-back to be linearly independent in T;/£. Thus, one can arrange that £
is locally a graph over {0} x (R"); -, which in addition is conic, so Y and Z
as above are homogeneous of degree zero. Then F may be arranged to be
homogeneous of degree 1 (we can take F' =) n;Y; + ) (;Z;—see |9, Proof
of Theorem 21.2.16]), so (14.1) is homogeneous, proving the lemma.

O

Proposition 14.2. Let p € F; and let q € .7-'IX be its projection. Let u be a
solution to the wave equation with Cauchy data that is in Do, near 0X and
that in X° is given by (u, Dyu)l—o= (uo, u1) with (ug,uy) € (I5(L), 1571 (L))
where L is a Lagrangian intersecting FX transversely at .7-"(;( Then u sat-
isfies the mnonfocusing condition of degree (—s — n/4) + f/2—, microlocally
along ‘7;"[7},.

Note that —s — n/4 — 0 is the a priori Sobolev regularity of the initial
data, hence the gain in this result is of f/2 — 0 derivatives.

Proof. Without loss of generality, we may take u; = 0 (if instead, ugp = 0
we simply consider the solution dyu). Decomposing by a partition of unity,
it suffices to assume that ug has support in a small open set in X°.

By the preceding lemma, there exists a local symplectomorphism ® that
reduces this geometric configuration to a normal form: ® maps FX to the
set {¢ =0} and £ to N*{p} with p € X°. Quantize ® to an FIO T of order
0, with parametrix S, so that ST —1, TS—1 € U=>°(M°). Thusif Y € A™,

Tu=(TYS)Tv=u=Yv+r, reC>®M°),

and this would give the desired conclusion. As we are working locally in
M°, T and S preserve the scale of spaces D,; thus it now suffices to show
that there exists w € D_;_;, 44 f/2—0 such that (T'(1 +Y)"S)w = Tu, with
Y € A?. By Egorov’s theorem, 7Y S is a pseudodifferential operator of order
2 whose symbol vanishes quadratically on {{ = 0}; it thus suffices to take
TYS = A,, where A, is the (indeed, any) Laplacian in the fibers.
Meanwhile, Tu € I*(N*{p}). We thus simply drop 7" and take u €
I*(N*{p}), FX = {¢ = 0}, Y = A,. We lump together the base vari-
able (x,y) to a single set of variables g, and shift our variables so that
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7(p) = z(p) = 0. Thus, in our transformed coordinates we have
(1+Y)Vu= / Tt D Daz, Ob(e, §, 7', €, n, () d' d dnd d]

where a, the symbol of (1 + A,)™", is a symbol of order —2N, and where b
is a symbol of order s — n/4.

For N sufficiently large, the integral in ( is absolutely convergent, taking
values in Lagrangian distributions of order s+ f/4 in the g variables, hence

(1+Y) Nu € C(z; H S A 270) ¢ gosmn/AHR270x0),

loc

Thus w € D_y_pjasp/2—0+Y (D_s_pjasrz—0) + -+ YN (D_y_pjay/2-0)-
O

APPENDIX: ITERATIVE REGULARITY UNDER MODULES

In this section we adapt the result of [7] and [8] to the present setting.
The key new ingredient is that the set of radial points is not discrete, so we
cannot be quite as specific with microlocalization as in these papers; we use
the construction of Section 11. The notation below is that of Definition 4.2
and Lemma 4.4; additionally, we use the ‘reduced’ multiindex notation,
dropping Ay, which is an elliptic multiple of [J and thus treated separately,
and set

N-1
(A.2) Ao= ] 4, ci €No, 1<i<N-1.
i=1
Also let W, € WIW (M) with o(W,, ;) = |7|™2!, and let
Aa,m,l = Wm,lAa~
The justification for treating Ay separately is:

Lemma A.3. (See [7, Corollary 6.4].) Suppose M is a test module (see |7,
Definition 6.1]), and Ay is a generator with principal symbol an an elliptic
multiple of 1. Suppose u € C~° satisfies u = 0 and u is coisotropic of
order k — 1 on O relative to Hyl(M) Then for O' C O, u is coisotropic
of order k on O’ relative to HI"' (M) if for each multiindez o, with |o| = k,
ay = 0, there exists Q. € \IIS’O(M), elliptic on O’ such that QuAamu €
L?(M).

Proof. By Lemma 4.5 we only need to show that under our hypotheses,
for a with ay # 0, there exists Qo € Wo(M) elliptic on O’ such that
QaAamit € L?(M). But such Aqm, is of the form QnAgm Anu with
ﬁj = forj # N, By = an—1,and Ay = W_; 2004+ B, with B € \IJS’O(M),
W_19 € Uz "*(M). By the hypotheses, Ju = 0 while for any Q. € o’ (M)
with WF.(Qa) C O, QaAgmBu € L?(M) since u is coisotropic of order
k — 1 on O relative to H™ (M) and QaApgm B € AL, O

Thus, below «, 8 will stand for reduced multiindices, with ay = 0, By = 0.
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Lemma A.4. (Special case of [7, Lemma 6.5] adopted to the present setting.)
Suppose ) € \I/g’O(M), and let Cy and Cj; be given by (4.7), resp. (4.5).
Then, assuming (4.5), and using the notation of (A.2), we have

(A.3)
Z i[AZ,m,lQ*QAa,m,bD]
la|=k
= Z A i1 20-1Q 7 CopQAg mi1/21-1
lee],|Bl=k
+ Z ( Z,m+1/2,171Q*Ea,m+1/2,l—1+E;,m+1/2,l—1QAa,m—i-l/Q,l—l)
|a|=k
+ Y ALilQT QO Ag i,
|a|=k
where

Eami = Wi Ba, Ba € A1+ A Ay, WF(Eq) € WF(Q),
and for all o, (3,
(A.4) Cip € WEOM), 0(Clp)l i = —(m + 1)éSag,
with & denoting the Kronecker delta function.

Remark A.5. The first term on the right hand side of (A.3) is the principal
term in terms of A order; both A, ,,,; and Ag,,; have A order k. Moreover,
(A.4) states that it has non-negative principal symbol near OF. The terms
involving F, ,,; have A order k — 1, or include a factor of Ay, so they can
be treated as error terms. On the other hand, one does need to arrange that
i[Q*Q, ] is positive, as discussed below.

Proof. The commutator with [ distributes over the factors in Ay, =
Wi A . A, Using (4.5) for each individual commutator i[A;, O],
(4.7) for Wy, ;, and rearranging the factors (with error, i.e. commutator,
terms arising from rearrangement included in one of the Eg ,,; terms as M
is a Lie algebra) gives the conclusion. See [7, Proof of Lemma 6.5] for a
more leisurely discussion. O

We now consider the operators from Lemma A.4 C" = (Clj), |a| =k =
|G|, as a matrix of operators, or rather as an operator on a trivial vector
bundle with fiber Rkl over a neighborhood of F, where |My| denotes the
number of elements of the set My, of multiindices o with |a| = k. Let ¢/ =
a(C")|gz-

Then ¢ = o(C')|,z is positive or negative definite with the sign of
a(Co)|yz- The same is therefore true microlocally near OF. For the sake
of definiteness, suppose that o(Cp),z > 0. Then there exist a neighborhood
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Oy of OF, depending on |a| = k, and B € W2O(M), G € ¥ "(M), with
o(B) > 0 on Oy such that

(A5) Qe UM (M), WF(Q) C Oy = Q°C'Q =Q*(B*'B+G)Q.
With Oy, as above, we assume that WF,'(Q) C Oy,

i[Q*Q,0) =) _B;B;+ G+ F, where

(A.6) N ) i
Bj € UX27Y0), F e ¥12(0), G € ¥972(0).

In the actual application to solutions u of the wave equation, stated below,
F will be such that u is a priori regular on WFe’(F), namely it is coisotropic
of the order that we wish to propagate.

In fact, due to the two step nature of the proof below, we also need another
microlocalizer Q' € \I’g’O(M ) satisfying analogous assumptions with Bj, etc.,
replaced by B;, etc.,

(A7) (@)Q.0)=> (B)'Bj+G + F,

with properties analogous to (A.6), except that WF,'(Q') C O, etc., where
O}, is contained in the elliptic set of Q.

Proposition A.6. (Cf. [8, Appendix|; modified version of [7, Proposi-
tion 6.7].) Suppose that f < 0 on Og, u is coisotropic of order k — 1 on
Oy relative to HI' (M), m > 1+ %, WF, (Ou) N O = 0 and that there
exist Q, Q' € WIY(Oy) that satisfies (A.6)-(A.7) with u coisotropic of order
k on a neighborhood of WF'(F) U WF. (') relative to HY"'(M). Then u
is coisotropic of order k on O" relative to HQ”(M) where O" is the elliptic

set of Q.

The same conclusion holds z'fé >0 on O and m <+ %

Proof. For the reader’s convenience, we sketch the argument. We first prove
a weaker statement, namely that u is coisotropic of order k on O’ relative
to H;n_l/g’l(M) where O’ is the elliptic set of Q. Then we strengthen the
result to complete the proof of the proposition.

First consider u coisotropic of order k on Oy, relative to He" ’Z(M ). Set

-1
r:m—lands:—l—fT.
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Let Au' = (QAqr41/2,5-1U)|a|=k> Tegarded as a column vector of length
| My|. Now consider

(A8) D (W i[A},.Q" QAnys, Ou) = | BAY|* + (Au', GA')+
|a|=k
Z (<QAa,T+1/2,s—1ul7Ea,r+1/2,s—1ul> + (Ea,r+1/2,s—1u/7 QAa,r+1/2,s—1ul>>
|a|=k
+ Z (HBAa,r,suluz + <Ao¢,r,su/7 FAa,r,sul> + <Aa,r,sU/7 G'Aa,'r,sul>> .
la|=k

Dropping the term involving B and applying the Cauchy-Schwarz inequality
to the terms with E, /2 s_1, we have for any € > 0,

1BAWI <37 (1145 Q QA s, Tl + el A
+e! Z HEa,r+1/2,sflu/H2 + [(Ad, GAU')|

(0%
+ 3 (KAarst!s FAart)] + [(Aap st GAast)]).
|a|=k
Choosing € > 0 small enough, the second term on the right can be absorbed
in the left hand side (since B is strictly positive), and we get

(A.9)
1 - * *
S BAWIP <Y [ i[A7 Q" QA s, O]

+ e B i jas1td P + (A, GAU)|
(7

+ Z |<Aa,r,su,a éAa,T,su/H + Z |<Aa,r,sul’FAa,r,su/>’
laf=Fk laf=k
Now, all but the first and last terms on the right hand side are bounded by
the square of a coisotropic order k — 1 norm of v/ relative to HZ"'(M).

For the E, ;41/9 -1 term this is immediate, for r +1/2 =m —1/2 < m,
s—1=-l- %7 and Ea,r+1/2,s—1 = Wr+1/2,s—1Eou E, € -Ak_la and as
the pairing is relative to the Riemannian density |dg|, while the weighting of
HQLZ(M) is relative to a smooth non-degenerate b-density, ||Ey ,41/2,s—1%/|
being bounded by a coisotropic order k — 1 norm of u relative to He" ’l(M )
requires that m — (r+1/2) > 0, I + % + s > 0 (and these are 1/2, resp. 0).

For the G and G terms, this can be seen by factoring out some A; from
Aari1/2,5-1 = Wip1/26-14a, e writing it as Ay 117251 = Agri1/2,5-14;
with |8| = |a| =1 = k — 1, and regarding A; simply as an operator in
w(M). As G € U (M), the claimed boundedness requires 2m — (—1 +
24+2(r+1/2))>0,2l+ (f+1)+2(s—1) > 0, and both are in fact 0. For



PROPAGATION ON EDGE MANIFOLDS 71

G € U2 %(M), the claimed boundedness requires (now we have factors of
Agrs) 2m —(0+2+2r) > 0and 21+ (f + 1) + (-2 + 2s) > 0, and again
both of these are 0.

The first term on the right hand side vanishes if Cu’ = 0, while the last
term is bounded by the square of a coisotropic order k norm of u' relative
to HI"'(M) in a neighborhood of WF,/(F).

We apply this with ' replaced by us = (1 + /D)~ 'u where now u is
coisotropic of order k — 1 relative to Hg" ! and still solves Ou = 0. Then
letting § — 0, using the strong convergence of (1 + §|D;|)~! to the identity,
and the assumption that u is coisotropic of order k relative to He' ’l(M )
in a neighborhood of WF,/(F), shows that BAu € L?(M), hence that u

is coisotropic of order k relative to He' - 2’l(M ) on the elliptic set of B,
finishing the proof of the first part.
For the second part, we carry through the same argument, but replacing
Q by Q', B by B, etc., and taking
1 -1
r=m-g, $= 5
The claim is that all but the first and last terms on the right hand side
of (A.9) (with the changes just mentioned) are bounded by the square of
either a coisotropic norm of order k — 1 of u’ relative to He" ’Z(M ) (namely,
the F, ,11/2,s—1 term) or a coisotropic norm of order k of u’ relative to

Hgnfl/Q’l(M) (the G and G’ terms).

For the E, 41 /2,5—1 term, as above, the claimed boundedness requires
m—(r+1/2)>0,1+ % -+ s > 0, and now these both vanish.

For the G and G’ terms the conclusion is also immediate, without factoring
out an A; this time. Indeed, as G € V¥, LO(M), the claimed boundedness
requires 2(m—1/2)—(—1+2(r+1/2)) > 0, 2[4+(f+1)+2(s—1) > 0, and both
are in fact 0. For G € \Ilg’_Q(M ), the claimed boundedness requires (now we
have factors of Ay 5) 2(m—1/2)—(042r) > 0 and 2/+(f+1)+(—2+2s) > 0,
and again both of these are 0.

The regularization argument as above proves that u is coisotropic of order
k relative to He" ’l(M ) on the elliptic set of B, finishing the proof of the
proposition. O
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