CHAPTER 8

Elliptic boundary problems

Summary

Elliptic boundary problems are discussed, especially for operators of Dirac type.
We start with a discussion of manifolds with boundary, including functions spaces
and distributions. This leads to the ‘jumps formula’ for the relationship of the
action of a differential operator to the operation of cutting off at the boundary;
this is really Green’s formula. The idea behind Calderon’s approach to boundary
problems is introduced in the restricted context of a dividing hypersurface in a
manifold without boundary. This includes the fundamental result on the boundary
behaviour of a pseudodifferential operator with a rational symbol. These ideas are
then extended to the case of an operator of Dirac type on a compact manifold
with boundary with the use of left and right parametrices to define the Calderon
projector. General boundary problems defined by pseudodifferential projections are
discussed by reference to the ‘Calderon realization’ of the operator. Local boundary
conditions, and the corresponding ellipticity conditions, are then discussed and the
special case of Hodge theory on a compact manifold with boundary is analysed in
detail for absolute and relative boundary conditions.

Introduction

Elliptic boundary problems arise from the fact that elliptic differential operators
on compact manifolds with boundary have infinite dimensional null spaces. The
main task we carry out below is the parameterization of this null space, in terms of
boundary values, of an elliptic differential operator on a manifold with boundary.
For simplicity of presentation the discussion of elliptic boundary problems here will
be largely confined to the case of first order systems of differential operators of
Dirac type. This has the virtue that the principal results can be readily stated.

Status as of 4 August, 1998

Read through Section 8.1-Section 8.2: It is pretty terse in places! Several vital
sections are still missing.

8.1. Manifolds with boundary

Smooth manifolds with boundary can be defined in very much the same was as
manifolds without boundary. Thus we start with a paracompact Hausdorff space
X and assume that it is covered by ‘appropriate’ coordinate patches with corre-
sponding transition maps. In this case the ‘model space’ is R™! = [0,00) x R* 71,
a Euclidean half-space of fixed dimension, n. As usual it is more convenient to use
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180 8. ELLIPTIC BOUNDARY PROBLEMS

as models all open subsets of R™!; of course this means relatively open, not open
as subsets of R”. Thus we allow any

O=0"NR™, O cR" open,

as local models.

By a smooth map between open sets in this sense we mean a map with a smooth
extension. Thus if O; for ¢ = 1,2 are open in R™! then smoothness of a map F'
means that

(8.1) F:0; — 0y, 30, CR", i=1,2, open and F : O} — O}
which is C* with O; = O, NR™! and F = F’|0;.

It is important to note that the smoothness condition is much stronger than
just smoothness of F' on O N (0,00) x R"~1.

By a diffeomorphism between such open sets we mean an invertible smooth
map with a smooth inverse. Various ways of restating the condition that a map be
a diffeomorphism are discussed below.

With this notion of local model we define a coordinate system (in the sense of
manifolds with boundary) as a homeomorphism of open sets

X>o>U-20cR™, 0,U open.

Thus &' is assumed to exist and both ® and ®~! are assumed to be continuous.
The compatibility of two such coordinate systems (Uy, ®1,01) and (Us, o, 02) is
the requirement that either Uy NUs = ¢ or if U; N Us # ¢ then

(1)1’2 =dy0 (I);l : @1((]1 N Uz) — CI)2(U1 N UZ)

is a diffeomorphism in the sense described above. Notice that both ®;(U; N Us)
and ®5(U; N Uz) are open in R™!. The inverse ®; o is defined analogously.

A C* manifold with boundary can then be formally defined as a paracompact
Hausdorff topological space which has a maximal covering by mutually compatible
coordinate systems.

An alternative definition, i.e.
characterization, of a manifold with boundary is that there exists a C°° manifold
X without boundary and a function f € C>°(X) such that df # 0 on {f =0} € X
and

X:{pGX;f(p)ZO},

with coordinate systems obtained by restriction from X. The doubling construction
described below shows that this is in fact an equivalent notion.

8.2. Smooth functions

As in the boundaryless case, the space of functions on a compact manifold
with boundary is the primary object of interest. There are two basic approaches to
defining local smoothness, the one intrinsic and the other extrinsic, in the style of
the two definitions of a manifold with boundary above. Thus if O C R™! is open
we can simply set

C*0)={u:0 - C;FaeC>0),
O' CR"open, O=0"NR™ , u=ilo} .
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Here the open set in the definition might depend on u. The derivatives of u €
C*(0') are bounded on all compact subsets, K € 0. Thus

(8.2) sup |D%u| < oo, O0°=0nN((0,00) x R" ™).
KNO°

The second approach is to use (8.2) as a definition, i.e.

to set

(8.3) C*(0) ={u:0° - C;(82) holds V K € O and all a} .

In particular this implies the continuity of u € C*°(O) up to any point p € O N
({0} x R"~1), the boundary of O as a manifold with boundary.

As the notation here asserts, these two approaches are equivalent. This follows
(as does much more) from a result of Seeley:

PROPOSITION 8.1. If C*°(O) is defined by (8.3) and O’ C R™ is open with
O = O' NR™! then there is a linear extension map

E : C>*(0) —C>(0"), FEulor=u

which is continuous in the sense that for each K' € O, compact, there is some
K € O such that for each «

sup |D“Eu| < Cy, k- sup |D%u| .
K’ KNnO

The existence of such an extension map shows that the definition of a diffeo-
morphism of open sets O, Oz, given above, is equivalent to the condition that
the map be invertible and that it, and its inverse, have components which are in
C>°(01) and C*(03) respectively.

Given the local definition of smoothness, the global definition should be evident.
Namely, if X is a C* manifold with boundary then

C®(X)={u: X — C;(®")*(uly) € C*(0) V coordinate systems} .

This is also equivalent to demanding that local regularity, i.e.
the regularity of (®71)*(u|p), hold for any one covering by admissible coordinate
systems.

As is the case of manifolds without boundary, C*°(X) admits partitions of unity.
In fact the proof of Lemma 6.3 applies verbatim; see also Problem 6.3.

The topology of C*°(X) is given by the supremum norms of the derivatives in
local coordinates. Thus a seminorm

sup ‘Da(@_l)*(uw)’

KeO
arises for each compact subset of each coordinate patch. In fact there is a countable
set of norms giving the same topology. If X is compact, C>°(X) is a Fréchet space,
if it is not compact it is an inductive limit of Fréchet spaces (an LF space).

The boundary of X, dX, is the union of the ®~1(O N ({0} x R™™1)) over
coordinate systems. It is a manifold without boundary. It is compact if X is
compact. Furthermore, 0X has a global defining function p € C*(X); that is
p>0,0X ={p=0} and dp # 0 at 9X. Moreover if X is compact then any such
boundary defining function can be extended to a product decomposition of X near
0X:

(8.4) 3IC D OX,openin X e€> 0 and a diffeomorphism ¢ : C ~ [0,¢€), x 0X.
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If 0X is not compact this is still possible for an appropriate choice of p. For an
outline of proofs see Problem 8.1.

LEMMA 8.1. If X is a manifold with compact boundary then for any boundary
defining function p € C*°(X) there exists € > 0 and a diffeomorphism (8.4).

PROBLEM 8.1.

The existence of such a product decomposition near the boundary (which might
have several components) allows the doubling construction mentioned above to be
carried through. Namely, let

(8.5) X =(XUX)/0X
be the disjoint union of two copies of X with boundary points identified. Then
consider

(8.6) C®(X) = {(u1,us) € C®°(X) ®C>®(X);

(™) (wile) = flp,) s (0 1) (u2le) = f(=p,-),
fec=((~1,1) x 9X)} .

This is a C* structure on X such that X < X, as the first term in (8.5), is an
embedding as a submanifold with boundary, so

C®(X) =C>(X)|x.
In view of this possibility of extending X to X, we shall not pause to discuss
all the usual ‘natural’ constructions of tensor bundles, density bundles, bundles of
differential operators, etc. They can simply be realized by restriction from X. In

practice it is probably preferable to use intrinsic definitions.
The definition of C*°(X) implies that there is a well-defined restriction map

C®(X) 3 ur— u|px € C*(0X).

It is always surjective. Indeed the existence of a product decomposition shows that
any smooth function on 0X can be extended locally to be independent of the chosen
normal variable, and then cut off near the boundary.

There are important points to observe in the description of functions near
the boundary. We may think of C*°(X) C C*(X°) as a subspace of the smooth
functions on the interior of X which describes the ‘completion’ (compactification if
X is compact!) of the interior to a manifold with boundary. It is in this sense that
the action of a differential operator P € Diff""(X)

P:C®(X) - C>®(X)
should be understood. Thus P is just a differential operator on the interior of X
with ‘coefficients smooth up to the boundary.’

Once this action is understood, there is an obvious definition of the space of
C* functions which vanish to all orders at the boundary,

C®(X) = {u € C®(X); Pulpx =0V P € Diff*(X)} .

Having chosen a product decomposition near the boundary, Taylor’s theorem gives
us an isomorphism

€ (X) /€ (X) = D C(0X) - [dplax]"

k>0
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8.3. Distributions

It is somewhat confusing that there are three (though really only two) spaces of
distributions immediately apparent on a compact manifold with boundary. Under-
standing the relationship between them is important to the approach to boundary
problems used here.

The coarsest (as it is a little dangerous to say largest) space is C~°(X?°),
the dual of C°(X°; ), just the space of distributions on the interior of X. The
elements of C~°°(X°) may have unconstrained growth, and unconstrained order of
singularity, approaching the boundary. They are not of much practical value here
and appear for conceptual reasons.

Probably the most natural space of distributions to consider is the dual of
C*>®(X; Q) since this is arguably the direct analogue of the boundaryless case. We
shall denote this space

(8.7) C™(X) = (C®(X;9))

and call it the space of supported distributions. The ‘dot’ is supposed to indicate
this support property, which we proceed to describe.

If X is any compact extension of X (for example the double) then, as already
noted, the restriction map C>°(X;Q) — C*®(X;Q) is continuous and surjective.
Thus, by duality, we get an injective ‘extension’ map

(8.8) C(X) > ur i€ C™(X), dlp) = u(g|x).
We shall regard this injection as an identification C~°°(X) < C~>°(X); its range

is easily characterized.

PROPOSITION 8.2. The range of the map (8.8) is the subspace consisting of
those @ € C~°°(X) with suppa C X.

~ The proof is given below. This proposition is the justification for calling
C~°(X) the space of supported distributions; the dot is support to indicate that
this is the subspace of the ‘same’ space for X, i.e.

C~*°(X), of elements with support in X.

This notation is consistent with C>°(X) C C*(X) being the subspace (by
extension as zero) of elements with support in X. The same observation applies to
sections of any vector bundle, so

C®(X;Q) C C®(X;Q)
is a well-defined closed subspace. We set
(8.9) CT(X) = (C*(X;9Q)

and call this the space of extendible distributions on X. The inclusion map for the
test functions gives by duality a restriction map:

(8.10) Rx :C™°°(X) — C~°(X),
Rxu(p) = u(p) V ¢ € CP(X;0Q) — C®(X;Q).

We write, at least sometimes, Rx for the map since it has a large null space so
should not be regarded as an identification. In fact

(8.11) Nul(Rx) = {v € C™(X);supp(v) N X° = q[)} =C®(X\X°),
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is just the space of distributions supported ‘on the other side of the boundary’. The
primary justification for calling C~>°(X) the space of extendible distributions is:

PROPOSITION 8.3. If X is a compact manifold with boundary, then the space
C(X°; Q) is dense in C°(X;Q) and hence the restriction map

(8.12) C®(X) — C~=(X°)

is injective, whereas the restriction map from (8.10), Rx : C~®(X) — C~°(X),
18 surjective.

PRrROOF. If V is a real vector field on X which is inward-pointing across the
boundary then
exp(sV): X — X

is a diffeomorphism with F(X) C X° for s > 0. Furthermore if ¢ € C>°(X) then
F*p — ¢ in C®°(X) as s — 0. The support property shows that F*¢ € C°(X°)
if s < 0and ¢ € C*°(X). This shows the density of C>°(X°) in C°>°(X). Since
all topologies are uniform convergence of all derivatives in open sets. The same
argument applies to densities. The injectivity of (8.12) follows by duality.

On the other hand the surjectivity of (8.10) follows directly from the Hahn-
Banach theorem. (]

PROOF OF PROPOSITION 8.2. For 4 € C~°°(X) the condition that suppa C X
is just
(8.13) i(p) =0V p e C® C (X\X;0) CC®(X;Q).

Certainly (8.13) holds if u € C~°(X) since ¢|x = 0. Conversely, if (8.13)

holds, then by continuity and the density of.CSO(X\X; Q) in C>(X\X°; ), what
follows from Proposition 8.3, @ vanishes on C*(X\X?°). O

It is sometimes useful to consider topologies on the spaces of distributions
C™*°(X) and C~*°(X). For example we may consider the weak topology. This is
given by all the seminorms u +— ||(u, ¢)||, where ¢ is a test function.

LEMMA 8.2. With respect to the weak topology, the subspace C°(X°) is dense
in both C~*°(X) and C~*°(X).

8.4. Boundary Terms

To examine the precise relationship between the supported and extendible dis-
tributions consider the space of ‘boundary terms’.

(8.14) G (X) = {u € C~°(X) ; supp(u) C aX} .

Here the support may be computed with respect to any extension, or intrinsically
on X. We may also define a map ‘cutting off” at the boundary:

(8.15) C®(X) 3 ur u. € CT°(X), uc(p) = /pr Voel®X;Q).
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ProprosITION 8.4. If X s a compact manifold with boundary then there is a
commutative diagram

(8.16) ¢ (X
C=(X

e

0—>CpX(X) —=C°(X) —=C>(X) —=0

)
)

with the horizontal sequence exact.

PROOF. The commutativity of the triangle follows directly from the definitions.
The exactness of the horizontal sequence follows from the density of C°(X°; Q) in
C®(X;Q). Indeed, this shows that v € C5§°(X) maps to 0 in C~*°(X) since
v(p) =0V ¢ € C(X°; Q). Similarly, if u € C~°°(X) maps to zero in C~°(X)
then u(p) = 0 for all ¢ € C°(X°; ), so supp(u) N X° = (. O

Note that both maps in (8.16) from C*°(X) into supported and extendible
distributions are injective. We regard the map into C~°°(X) as an identification.
In particular this is consistent with the action of differential operators. Thus P €
Diff"(X) acts on C*°(X) and then the smoothness of the coefficients of P amount
to the fact that it preserves C*°(X), as a subspace. The formal adjoint P* with
respect to the sesquilinear pairing for some smooth positive density, v

(8.17) (0, ) = /X GIv Y o, € C°(X)

acts on C°(X):
(8:18) (P*,9) = (pPy) V¢ € C¥(X), 9 € C¥(X), P":C¥(X) — C=(X).
However, P* € Diff™(X) is fixed by its action over X°. Thus we do have

(8.19) (Pro.4) = (p. PY) ¥ peC™(X), 9 eC™(X).

We define the action of P by duality. In view of the possibility of confusion,
we denote P the action on C~°°(X) and by P the action on C*(X).
(8.20)
(Pu, ) = (u, P*p) YuelC ®(X),pelC®X), P:C"(X)— C >(X)

(Pu, ) = (u, P*¢) YueC ®X),pecCX), P:C"®(X)— C®(X).
It is of fundamental importance that (8.19) does not hold for all 9 € C*(X).

This failure is reflected in Green’s formula for the boundary terms, which appears
below as the ‘Jump formula’. This is a distributional formula for the difference

(8.21) Pu. — (Pu). € 3, u € C®(X) P € Diff"(X).

Recall that a product decomposition of C C X near 90X is fixed by an inward
pointing vector field V. Let 2 € C*(X) be a corresponding boundary defining
function, with Vo = 0 near 0X, with yy : C — 0X the projection onto the
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boundary from the product neighborhood C. Then Taylor’s formula for v € C*(X)
becomes

1
(8.22) un Do (VEiulas)at
T

It has the property that a finite sum
N

1 *
UN = QU — SDZ EXV(V]CUBX)JG]c
k=0

where ¢ = 1 near 0X, supp ¢ C C, satisfies

(8.23) P(uyn)e = (Puy)., P € Diff"(X), m < N.
Since (1 — p)u € C*°(X) also satisfies this identity, the difference in (8.21) can (of
course) only depend on the VFu|gx for k < m, in fact only for k& < m.

Consider the Heaviside function 1. € C~*°(X), detained by cutting off the
identity function of the boundary. We define distributions
(8.24) 6 (z) =vitl, ey, >0.
Thus, 69 (z) = §(x) is a ‘Dirac delta function’ at the boundary. Clearly supp §(z) C
0X, so the same is true of 6U)(z) for every j. If ¢» € C*°(0X) we define
(8.25) -89 (2) = p(X79) - 8V (2) € G0 (X).
This, by the support property of §¢), is independent of the cut off ¢ used to define
it.

PROPOSITION 8.5. For each P € Dift™(X) there are differential operators on
the boundary P;; € Diff """ 771(9X), i + j <m, i,5 > 0, such that
(8.26) Pue— (Pu)e = > (P (Vilox) - 69 (x), ¥ u € C*(X),

0,J

and Pyyp—1 =1 ™o (P, dz) € C*(0X).

PROOF. In the local product neighborhood C,
(8.27) p= Y pv'

0<i<m

where P, is a differential operator of the order at most m —1, on X be depending on
x as a parameter. Thus the basic cases we need to analyze arise from the application
of V' to powers of x :

(8.28) ! (Vj'*'l(ycp)c - (Vj+1xp)c)

I+p<y.

{ 0 l+p>j

1(7—pn)! (G—p=1)
e GV

Taking the Taylor sense of the P,
P~y o' Py
and applying P to (8.22) gives

(8.29) Puc— (Pu)e= Y (=1)"(Pr(VFuloe)) 64779 (a).
r+k<l
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This is of the form (8.26). The only term with I — 1 —r — k = m — 1 arises from
Il —m, k=r=0so is the operator P,, at x = 0. This is just i"™o (P, dx). O

8.5. Sobolev spaces

As with C* functions we may define the standard (extendible) Sobolev spaces
by restriction or intrinsically. Thus, if X is an extension of a compact manifold
with boundary, X, the we can define

(8.30) H™(X)=H"X)|X, VmeR,H"(X) C C>®(X).

That this is independent of the choice of X follows from the standard properties
of the Sobolev spaces, particularly their localizability and invariance under diffeo-
morphisms. The norm in H™(X) can be taken to be

(8.31) 1t/ :inf{HﬂHHm(;();ﬂeHm(f(), u:ﬂx}.

A more intrinsic defintion of these spaces is discussed in the problems.
There are also supported Sobolev spaces,

(8.32) H™(X) = {u € H™(X);supp(u) C X} C 672 (X).
Sobolev space of sections of any vector bundle can be defined similarly.

PROPOSITION 8.6. For any m € R and any compact manifold with boundary
X, H™(X) is the dual of H-™(X;Q) with respect to the continuous extension of
the densely defined bilinear pairing

(u,v) :/Xuv, u € C(X), UECOO(X;Q).

Both H™(X) and H™(X) are C®(X)-modules and for any vector bundle over
X, H™(X;E) = H™X) ®c(x) C¥(X; E) and H™(X;E) = H™(X) ®c~(x)
C*(X;E).

Essentially from the definition of the Sobolev spaces, any P € Diff k(X B, Eo)
defines a continuous linear map

(8.33) P:H™(X;E)) — H™ (X, Ey).
We write the dual (to P* of course) action
(8.34) P:H™X;E)) — H" *(X; E,).

These actions on Sobolev spaces are consistent with the corresponding actions on
distributions. Thus

C™®(X;E) = UHm , C®(X;E) = ﬂHm

UHm , C®(X;FE) = ﬂHm
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8.6. Dividing hypersurfaces

As already noted, the point of view we adopt for boundary problems is that
they provide a parametrization of the space of solutions of a differential opera-
tor on a space with boundary. In order to clearly indicate the method pioneered
by Calderon, we shall initially consider the restrictive context of an operator of
Dirac type on a compact manifold without boundary with an embedded separating
hypersurface.

Thus, suppose initially that D is an elliptic first order differential operator act-
ing between sections of two (complex) vector bundles Vi and V; over a compact
manifold without boundary, M. Suppose further that H C M is a dividing hyper-
surface. That is, H is an embedded hypersuface with oriented (i.e. trivial) normal
bundle and that M = M, U M_ where My are compact manifolds with boundary
which intersect in their common boundary, H. The convention here is that M, is
on the positive side of H with respect to the orientation.

In fact we shall make a further analytic assumption, that

(8.35) D :C*(M;Vy) — C*™(M;V3) is an isomorphism.

As we already know, D is always Fredholm, so this implies the topological condi-
tion that the index vanish. However we only assume (8.35) to simplify the initial
discussion.

Our objective is to study the space of solutions on M. Thus consider the map

(8.36) {u€C®(My;Vi); Du=0in M2} 25 C®(H; Vi), buu = won, -

The idea is to use the boundary values to parameterize the solutions and we can
see immediately that this is possible.

LEMMA 8.3. The assumption (8.35) imples that map by in (8.36) is injective.

ProoF. Consider the form of D in local coordinates near a point of H. Let the
coordinates be x,¥y1,...,Yn_1 Where z is a local defining function for H and assume
that the coordinate patch is so small that V; and V5 are trivial over it. Then

n—1

D=AyD,+ Y A;D, + A

j=1
where the A; and A’ are local smooth bundle maps from Vi to Va. In fact the
ellipticity of D implies that each of the A;’s is invertible. Thus the equation can
be written locally

n—1

Dyu=Bu, B=-Y A;'D, —A;'A'.

j=1
The differential operator B is tangent to H. By assumption u vanishes when re-
stricted to H so it follows that D,u also vanishes at H. Differentiating the equation
with respect to x, it follows that all derivatives of w vanish at H. This in turn
implies that the global section of Vi over M

~ fu in M,
u =
0 inM_

is smooth and satisfies D@ = 0. Then assumption (8.35) implies that @ = 0, so
u =0 in M, and by is injective. g
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In the proof of this Lemma we have used the strong assumption (8.35). As
we show below, if it is assumed instead that D is of Dirac type then the Lemma
remains true without assuming (8.35). Now we can state the basic result in this
setting.

THEOREM 8.1. If M = My U M_ is a compact manifold without boundary
with separating hypersurface H as described above and D € Diffl(M;Vl, Vo) is a
generalized Dirac operator then there is an element g € WO(H; V), V = Vi|H,
satisfying 12, = I and such that

(8.37) by :{u € C®(M4;V1); Du=0} — HC>®(H; V)
is an isomorphism. The projection Ilc can be chosen so that
(8.38) b : {u € C®(M_;V1); Du=0} — (Id—II¢)C™(H; V)

then Il¢ is uniquely determined and is called the Calderon projection.

This result remains true for a general elliptic operator of first order if (8.35)
is assumed, and even in a slightly weakened form without (8.35). Appropriate
modifications to the proofs below are consigned to problems.

For first order operators the jump formula discussed above takes the following
form.

LEMMA 8.4. Let D be an elliptic differential operator of first order on M, acting
between vector bundles Vi and V. If u € C*°(M; V1) satisfies Du = 0 in M$ then

(8.39) Du, = %al(D)(da:)(bHu) L 5(x) € C2(M: V).

Since the same result is true for M_, with an obvious change of sign, D defines
a linear operator

(8.40) D:{ue L' (M;Vi);uy =ulMy € C®(My; Vi), Duy =0in M3} —
1
EU(D)(do:)(bHu_,_ —bpu_)-d(z) € C*(H; Vo) - §(x).
To define the Calderon projection we shall use the ‘inverse’ of this result.

PROPOSITION 8.7. If D € Diff'(M; Vi, Va) is elliptic and satisfies (8.35) then
(8.40) s an isomorphism, with inverse Ip, and

1
(8.41) lev =by (IDio(D)(dx)v . 5(x)) , v €C®(H; W),
+
satisfies the conditions of Theorem 8.1.

PROOF. Observe that the map (8.40) is injective, since its null space consists
of solutions of Du = 0 globally on M; such a solution must be smooth by elliptic
regularity and hence must vanish by the assumed invertibility of D. Thus the main
task is to show that D in (8.40) is surjective.

Since D is elliptic and, by assumption, an isomorphism on C* sections over
M it is also an isomorphism on distributional sections. Thus the inverse of (8.40)
must be given by D~!. To prove the surjectivity it is enough to show that

(8.42) DY w-§(x))| My € C®(My; Vi) YV w € C°(H; Va).

There can be no singular terms supported on H since w-§(x) € H~(M;V3) implies
that u = D~ 1(w - 6(z)) € L*(M; V).
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Now, recalling that D~! € W=1(M; Vs, V), certainly u is C*° away from H.
At any point of H outside the support of w, w is also smooth. Since we may
decompose w using a partition of unity, it suffices to suppose that w has support in
a small coordinate patch, over which both V; and V5 are trivial and to show that
u is smooth ‘up to H from both sides’ in the local coordinate patch. Discarding
smoothing terms from D~! we may therefore replace D~! by any local parametrix
Q for D and work in local coordinates and with components:
(8.43)

Qij(w;(y) - 6(x)) = (2m) ™" / @V g, (2, € myw(y')8(x")da! dy' dEdn.

For a general pseudodifferential operator, even of order —1, the result we are seeking
is not true. We must use special properties of the symbol of @, that is D~!.

8.7. Rational symbols

LEMMA 8.5. The left-reduced symbol of any local parametriz for a generalized
Dirac operator has an expansion of the form
(8.44)

4i(2,¢) = > 9(2,Q) " piju(z,¢) with piji a polynomial of degree 31 — 2 in ;
=1

here g(z,C) is the metric in local coordinates; each of the terms in (8.44) is therefore
a symbol of order —I.

PRrROOF. This follows by an inductive arument, of a now familiar type. First,
the assumption that D is a generalized Dirac operator means that its symbol
o1(D)(z,¢) has inverse g(z,() to1(D)*(z,(); this is the princiapl symbol of Q.
Using Leibniz’ formula one concludes that for any polynomial r; of degree j

aCi (9(27 C)_QH_lrj (27 C)) = g(z, C>_2ZT;+1(27 C)
where ;41 has degree (at most) j+ 1. Using this result repeatedly, and proceeding
by induction, we may suppose that ¢ = ;. + ¢/, where ¢; has an expansion up
to order k, and so may be taken to be such a sum, and g, is of order at most
—k — 1. The composition formula for left-reduced symbols then shows that

o1(D)gy 41 = g *qr1 mod STFL

where g41 is a polynomial of degree at most 3k. Inverting o1 (D)({) as at the initial
step then shows that ¢;/,, is of the desired form, g % Yrpyq with 711 of degree
3k 4+ 1 =3(k+1)— 2, modulo terms of lower order. This completes the proof of
the lemma. ]

With this form for the symbol of @ we proceed to the proof of Proposition 8.7.
That is, we consider (8.43). Since we only need to consider each term, we shall
drop the indicies. A term of low order in the amplitude ¢ gives an operator with
kernel in CV~?. Such a kernel gives an operator

C®(H;Va) — CN=4(M; V1)

with kernel in CV~¢. The result we want will therefore follow if we show that each
term in the expansion of the symbol ¢ gives an operator as in (8.42).
To be more precise, we can assume that the amplitude ¢ is of the form

qg=(1-¢)gq
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where ¢’ is a polynomial of degree 3l — 2 and ¢ = ¢(§,n) is a function of compact
support which is identically one near the origin. The cutoff function is to remove
the singularity at ¢ = (§,7) = 0. Using continuity in the symbol topology the
integrals in 2’ and y’ can be carried out. By assumption w € C°(R"~1), so the
resulting integral is absolutely convergent in n. If [ > 1 it is absolutely convergent
in £ as well, so becomes

Qw(y) - 6(x)) = (QW)fn/emgﬂy'"q(x,y,&n)w(n)dfdn

In |£] > 1 the amplitude is a rational function of &, decaying quadratically as
& — oo. If we assume that > 0 then the exponential factor is bounded in the half
plane &¢ > 0. This means that the limit as R — oo over the integral in € > 0
over the semicircle || = R tends to zero, and does so with uniform rapid decrease
in 1. Cauchy’s theorem shows that, for R > 1 the real integral in £ can be replaced
by the contour integral over v(R), which is, forR >> |n| given by the real interval
[ R, R] together with the semicircle of radius R in the upper half plane. If || > 1
the integrand is meromorphic in the upper half plane with a possible pole at the
singular point g(x,y,&,n) = 0; this is at the point £ = ir%(x, y,m) where r(x,y,n)
is a positive-definite quadratic form in n. Again applying Cauchy’s theorem

Qu(y)d(z) = (2m) "+ / e Ut (o g i)

where ¢’ is a symbol of order —k + 1 in 7.

The product em’% (@91 ¢/ (2,1, 1) is uniformly a symbol of order —k+1in z > 1,
with = derivatives of order p being uniformly symbols of order —k + 1+ p. It follows
from the properties of pseudodifferential operators that Q(w - §(z)) is a smooth
function in « > 0 with all derivatives locally uniformly bounded as x | 0.

8.8. Proofs of Proposition 8.7 and Theorem 8.1

This completes the proof of (8.42), since a similar argument applies in = < 0,
with contour deformation into the lower half plane. Thus we have shown that
(8.40) is an isomorphism which is the first half of the statement of Proposition
(8.7). Furthermore we see that the limiting value from above is a pseudodifferential
operator on H :

(8.45) Qow = 11?01 D Hw - 6(x)), Qo € VO(H; Vo, 11).

This in turn implies that I, defined by (8.41) is an element of WO(H; V7), since it
is Qo o +o(D)(dx).
Next we check that IIx is a projection, i.e.

that 112, = Ilo. If w = Hew, v € C°(H; V1), then w = byu, u = Ipto(D)(dzx)v|p,
so u € C®(My;Vy) satisfies Du = 0 in M?. In particular, by (8.39), Pu. =
101(D)(dz)w - §(z), which means that w = Ilcw so IIZ, = . This also shows
that the range of Il¢ is precisely the range of by as stated in (8.37). The same
argument shows that this choice of the projection gives (8.38). O

8.9. Inverses

Still for the case of a generalized Dirac operator on a compact manifold with
dividing hypersurface, consider what we have shown. The operator D defines a
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map in (8.39) with inverse
(8.46) Ip:{veC*(H;V);llcv=v} — {ueC®(My;V1); Du=0in My}

This operator is the ‘Poisson’ operator for the canonical boundary condition given
by the Calderon operator, that is u = Ipv is the unique solution of

(8.47) Du=0in M4, ueC®(M4; V1), lebgu = v.

We could discuss the regularity properties of Ip but we shall postpone this until
after we have treated the ‘one-sided’ case of a genuine boundary problem.

As well as I'p we have a natural right inverse for the operator D as a map from
C>®(M4; Vi) to C=°(M_;Va). Namely

LEMMA 8.6. If f € C°(My;Va) then u = D~ (fo)|nm, € C°(My; Vi) and the
map Rp : f —— u is a right inverse for D, i.e.
DoRp =1d.

PrOOF. Certainly D(D~!(fe) = fe, so u = D' (f)|m, € CT°(My;Vh) sat-
ifies Du = f in the sense of extendible distributions. Since f € C>°(My;Vs) we
can solve the problem Du = f in the sense of Taylor series at H, with the con-
stant term freely prescibable. Using Borel’s lemma, let v’ € C*° (M, ; V) have the
appropriate Taylor series, with byu’ = 0.. Then D(ul) — f. = g € C®(M +, V3).
Thus v = D~ tg € C>(M; V7). Since D(u' — u") = f., the uniqueness of solutions
implies that u = (u' —u”)|ar, € C®(My; V7). O

Of course Rp cannot be a two-sided inverse to D since it has a large null space,
described by Ip.

PROBLEM 8.2. Show that, for D as in Theorem 8.1 if f € C*(M,;V,) and v €
C°°(H; V1) there exists a unique u € C*° (M ; V3) such that Du = f in C*° (M, ; V3)
and byu = IIcw.

8.10. Smoothing operators

The properties of smoothing operators on a compact manifold with boundary
are essentially the same as in the boundaryless case. Rather than simply point to
the earlier discussion we briefly repeat it here, but in an abstract setting.

Let H be a separable Hilbert space. In the present case this would be L?(X)
or L?*(X; E) for some vector bundle over X, or some space H™(X; E) of Sobolev
sections. Let B = B(H) be the algebra of bounded operators on H and K = K(H)
the ideal of compact operators. Where necessary the norm on B will be written
|| lls; K is a closed subspace of B which is the closure of the ideal F = F(H) of
finite rank bounded operators.

We will consider a subspace J = J(H) C B with a stronger topology. Thus we
suppose that J is a Fréchet algebra. That is, it is a Fréchet space with countably
many norms || ||x such that for each k there exists k' and C}, with

(8.48) |AB|r < CillAlle || Bller ¥V A,BeJT.

In particular of course we are supposing that J is a subalgebra (but not an ideal)
in B. To make it a topological *-subalgebra we suppose that

(8.49) [Alls < CllAlx VAT, x: T — J.
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In fact we may suppose that £ = 0 by renumbering the norms. The third condition
we impose on J implies that it is a subalgebra of K, namely we insist that
(8.50) FNJ is dense in J,
in the Fréchet topology. Finally, we demand, in place of the ideal property, that J
be a bi-ideal in B (also called a ‘corner’) that is,
(8.51) A, Ay e J,BeB= A1BA; € 7,
Vkd k/ such that HAIBAQHIC S CHA1||]€/ HB||B||A2||]€’ .
PROPOSITION 8.8. The space of operators with smooth kernels acting on sec-

tions of a vector bundle over a compact manifold satisfies (8.48)—(8.52) with H =
H™(X; E) for any vector bundle E.

PROOF. The smoothing operators on sections of a bundle E can be written as
integral operators

(8.52) Au(z) = /EA(gc, y)u(y), A(z,y) € C°(X? Hom(FE) ® Qg) .

Thus J = C>(X?;Hom(E) ® Qg) and we make this identification topological. The
norms are the C*¥ norms. If Py, ..., pxem) is a basis, on C*°(X?2), for the differential
operators of order m on Hom(FE) ® €y, then we may take

(8.53) [Allm = sup [|P; Al Lo
J

for some inner products on the bundles. In fact Hom(F) = 7} E @ . E* from it
which follows easily that this is a basis P; = P ® P; r decomposing as products.
From this (8.48) follows easily since

(8.54) [AB|l;m = sup [[(PiA) - (P.rB)lloc||AB|| L~ < C||All Lo || B| L~
J

by the compactnes of X. From this (8.53) follows with k = 0.

The density (8.50) is the density of the finite tensor product C*(X; E) ® C*
(X;E*®Qyp) in C*°(X? Hom(E) ® Q). This follows from the boundaryless case
by doubling (or directly). Similarly the bi-ideal condition (8.52) can be seen from
the regularity of the kernel. A more satisfying argument using distribution theory
follows from the next result.

([l

PROPOSITION 8.9. An operator A : C'°°(X;E).—> C~>(X; F) is a smoothing

operator if and only if it extends by continuity to C~°°(X; E) and then has range
inC®(X; F) — C~>(X; F).
PrOOF. If A has the stated mapping property then compose with a Seeley

extension operator, then FA = A is a continuous linear map

A:C(X;E) - C®(X;F),
for an extension of F to F over the double X. Localizing in the domain to trivialize
E and testing with a moving delta function we recover the kernel of A as

A(x,y) = A- 5, € C®(X; F).
Thus it follows that A € C*°(X x X;Hom(E,F) ® Q). The converse is more

obvious.

O
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Returning to the general case of a bi-ideal as in (8.48)—(8.52) we may consider
the invertibility of Id+A, A € J.

ProrosITION 8.10. If A € J, satisfying (8.48)—(8.52), then Id+A has a gen-
eralized inverse of the form Id+B, B € J, with

AB=Id—ng, BA=Id—-n, e INF
both finite rank self-adjoint projections.

PROOF. Suppose first that A € J and ||A||g < 1. Then Id +A is invertible in
B with inverse Id + B € B,

(8.55) B=) (-1)/47.

Jj=1
Not only does this Neumann series converge in B but also in J since for each k
(8.56) 147l < Cill Allw 147 sll Aller < Cill Al 5 > 2.

Thus B € J, since by assumption J is complete (being a Fréchet space). In this
case Id +B € B is the unique two-sided inverse.

For general A € J we use the assumed approximability in (8.50). Then A =
A+ A" when A € FNJ and ||A”||g < C||A”||x < 1 by appropriate choice. It
follows that Id +B" = (Id +A”)~! is the inverse for Id +A” and hence a parameterix
for Id 4 A:

(8.57) (Id+B")(Id+A4) = Id+A +B"'A
(Id+A)Id+B") = Id+A +A'B"
with both ‘error’ terms in F N J. O

8.11. Left and right parametrices

Suppose that H; and Hs are Hilbert spaces and A : H; — Hs is a bounded
linear operator between them. Let J3 C B(H;1) and J2 C B(Hz) be bi-ideals as in
the previous section. A left parametrix for A, modulo Ji, is a bounded linear map
Br, : Ho — 'H; such that

(8.58) BroA=1d+Jy, Jp € Ji.

Similarly a right parametrix for A, modulo /3 is a bounded linear map Bg : Ho —
‘H; such that

(8.59) AoBgr =1d+Jg, Jg € Jo.

ProproOSITION 8.11. If a bounded linear operator A : Hy — Ha has a left
parametriz By, modulo a bi-ideal Jy, satisfying (8.48)—(8.52), then A has closed
range, null space of finite dimension and there is a generalized left inverse, differing
from the original left parametriz by a term in Jy, such that

(860) BLOAZId—TI'L7 m, € 1 NF,

with 7y, the self-adjoint projection onto the null space of A.
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ProOF. Applying Proposition 8.10, Id +.J; has a generalized inverse Id +.J,
J € J, such that (Id+J)(Id+Jr) = (Id—=%), 7}, € J1 N F. Replacing By, by
By = (Id+J)By, gives a new left parametrix with error term 7 € J3 N F. The
null space of A is contained in the null space of B} o A and hence in the range
of Fp; thus it is finite dimensional. Furthermore the self-dajoint projection 7y,
onto the null space is a subprojection of 77, so is also an element of J; N F.
The range of A is closed since it has finite codimension in Ran(A(Id —=)) and
if f,, € Ran(A(Id —7p)) = Auy, u, = (Id—np)u,, converges to f € Ha, then
u, = By f, converges to u € Hy with A(Id —7p)u = f. O

PrROPOSITION 8.12. If a bounded linear operator A : H1 — Ha has a right
parametriz Br modulo a bi-ideal Ja2, satisfying (8.48)—(8.52), then it has closed
range of finite codimension and there is a generalized Tight inverse, differing from
the original right parametriz by a term in Ja, such that

(861) AoBgr=Id—7g, tg € JoNF,
with Id —mwg the self-adjoint projection onto the range space of A.

PRrROOF. The operator Id +Jg has, by Proposition 8.10, a generalized inverse
Id+J with J € Ji. Thus B, = Bro (Id+J) is a right parametrix with error term
Id -7, 7z € J1 N F being a self-adjoint projection. Thus the range of A contains
the range of Id —7; and is therefore closed with a finite-dimensional complement.
Furthemore the self-adjoint projection onto the range of A is of the form Id —7g
where g is a subprojection of 7, so also in J3 N F. O

The two cases, of an operator with a right or a left parametrix are sometimes
combined in the term ‘semi-Fredholm.” Thus an operator A : H; — Hs is semi-
Fredholm if it has closed range and either the null space or the orthocomplement
to the range is finite dimensional. The existence of a right or left parametrix,
modulo the ideal of compact operators, is a necessary and sufficient condition for
an operator to be semi-Fredholm.

8.12. Right inverse

In treating the ‘general’ case of an elliptic operator on compact manifold
with boundary we shall start by constructing an analogue of the right inverse in
Lemma 8.6. So now we assume that D € Diff' (X;V;, V) is an operator of Dirac
type on a compact manifold with boundary.

To construct a right inverse for D we follow the procedure in the boundaryless
case. That is we use the construction of a pseudodifferential parametrix. In order
to make this possible we need to extend M and D ‘across the boundary.” This
is certainly possible for X, since we may double it to a compact manifold without
boundary, 2X. Then there is not obstruction to extending D ‘a little way’ across the
boundary. We shall denote by M an open extension of X (of the same dimension)
so X C M is a compact subset and by D an extension of Dirac type to M.

The extension of D to D, being elliptic, has a parametrix Q. Consider the map

(8.62) Q' L*(X;Va) — HYX; V1), Q'f = Qfe|X

where f. is the extension of f to be zero outside X. Then Q' is a right parametrix,
DQ' = Id+E where E is an operator on L?(X;Vs) with smooth kernel on X2.
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Following Proposition 8.12, D has a generalized right inverse Q" = Q'(Id +E') up
to finite rank smoothing and

(8.63) D: HY(X; V) «— L*(X;Va)
has closed range with a finite dimensional complement in C*°(X; V5).

PROPOSITION 8.13. The map (8.63) maps C>(X; Va) to C=(X; V1), it is sur-
jective if and only if the only solution of D*u = 0, u € C*(X;Va) is the trivial
solution.

PROOF. The regularity statement, that Q'C>°(X;V) C C*°(X;V;) follows as
in the proof of Lemma 8.6. Thus Q" maps C*(X;V;) to C*(X; V) if and only
if any paramatrix Q' does so. Given f € C*®(X;V3) we may solve Du/ = f in
Taylor series at the boundary, with v’ € C*(X;V;) satisfying byu’ = 0. Then
D(u). — f € C®(X; Va) so it follows that Q'(f.)|x € C®(X;V)).

Certainly any solution of D*u = 0 with u € C*°(X;Vs) is orthogonal to the
range of (8.63) so the condition is necessary. So, suppose that (8.63) is not surjec-
tive. Let f € L?(X;V3) be in the orthocomplement to the range. Then Green’s
formula gives the pairing with any smooth section

(Dv, f)x = (Dv, fe) g = (0,D"fe) ¢ = 0.
This means that D*f. = 0 in X, that is as a supported distribution. Thus, f €

C™(X; Vy) satisfies D*f = 0. O
As noted above we will proceed under the assumption that D* f has no such
non-trivial solutions in C*°(X; V3). This condition is discussed in the next section.

THEOREM 8.2. If unique continuation holds for D* then D has a right inverse
(8.64) Q:C¥(X : Vo) —C>®(X; V1), DQ =1d

where Q = Q' + E, Q'f = Qf|X where Q is a parametriz for an extension of D
across the boundary and E is a smoothing operator on X.

PROOF. As just noted, unique continuation for D* implies that D in (8.63)
is surjective. Since the parametrix maps C*°(X;V2) to C*(X;Vi), D must be
surjective as a map from C*(X;V7) to C®°(X;V;). The parametrix modulo finite
rank operators can therefore be corrected to a right inverse for D by the addition
of a smoothing operator of finite rank. O

8.13. Boundary map

The map b from C>*(X;E) to C*(0X; E) is well defined, and hence is well
defined on the space of smooth solutions of D. We wish to show that it has closed
range. To do so we shall extend the defintion to the space of square-integrable
solutions. For any s € R set

(8.65) N?(D) ={ue H*(X; E); Du=0}.

Of course the equation Du = 0 is to hold in the sense of extendible distributions,
which just means in the interior of X. Thus A'*°(D) is the space of solutions of D
smooth up to the boundary.
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LEMMA 8.7. If u € N°(D) then
(8.66) Du, =v-68(z), ve H 2(0X; E)

defines an injective bounded map b : N°(D) — H~2 (0X; E) by b(u) = io(D)(dx)v
which is an extension of b : N°°(D) — C*>°(0X; E) defined by restriction to the
boundary.

ProoOF. Certainly Du, C CgOX (X; E) has support in the boundary, so is a sum
of products in any product decomposition of X near 0X,

D(u,) = Zvj 26U ().

Since D is a first order operator and u. € LQ(X' ; E), for any local extension,
Du, € H7'(X; E). Localizing so that F is trivial and the localized v; have compact
supports this means that

(8.67) 1+ 02 + €72 55 (n)€? € L2(R™).

If v; # 0 for some j > 0 this is not true even in some region |n| < C. Thus v; =0
for j > 0 and (8.66) must hold. Furthermore integration in £ gives

/R(H 2 +1€P) Hdg = c(1+ [n[*) "2, ¢ >0, so
(8.68)
| s mP) o P <o

Thus v € H~2(8X; E) and b is well defined. The jumps formula shows it to
be an extension of b. The injectivity of b follows from the assumed uniqueness of
solutions to Du =0 in X. (]

Notice that (8.68) is actually reversible. That is if v € H~2(8X;E) then
v-6(z) € H~1(X; E). This is the basis of the construction of a left parametrix for
b, which then shows its range to be closed.

LEMMA 8.8. The boundary map b in Lemma 8.7 has a continuous left paramet-
riz Ip : H=2(0X; E) — N°(D), Ip o b = Id+G, where G has smooth kernel on
X x 90X, and the range of b is therefore a closed subspace of Hfé(aX; E).

PROOF. The parametrix TD/ is given directly by the parametrix Q for D, and
extension to X. Applying @ to (8.66) gives

— — -1
(8.69) u=Ipv+ Ru, Ip=RxoQo go'(D)(dx)

with R having smooth kernel. Since Ip, is bounded from H~2 (0X; E) to L*(X;E)
and R is smoothing it follows from Proposition 8.11 that the range of b is closed. [

8.14. Calderon projector

Having shown that the range of b in Lemma 8.7 is closed in H_%((“)X; E) we
now deduce that there is a pseudodifferential projection onto it. The discussion
above of the boundary values of the Q(w - d(x)) is local, and so applies just as well
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in the present more general case. Since this is just the definition of the map j; in
Lemma 8.8, we conclude directly that

(8.70) Py = l)i(I?IAD/v, v E€C®(0XE)
defines P € VY (0X; E).

LEMMA 8.9. If P is defined by (8.70) then P? — P € U=>°(0X; E) and there
exist A, B € W=>°(0X; E) such that P —1d = A on Ran(b) and Ran(P + B) C
Ran(b).

PRrROOF. That P? — P € U~°(9X; E) follows, as above, from the fact that Q
is a two-sided parametrix on distributions supported in X. Similarly we may use
the right inverse of D to construct B. If v € H —2 (0X; E) then by construction,

DIpv = R'v
where R’ has a smooth kernel on X x 9X. Applying the right inverse @ it follows
that v’ = Ipv—(QoR')v € N?(D), where Qo R’ also has smooth kernel on X x 9.X.
Thus b(u') = (P + B)v € Ran(b) where B has kernel arising from the restriction of
the kernel of Ao R to 90X x X, s0o B € U~°(0X; E). O

Now we may apply Proposition 6.11 with F = Ran(b) and s = —2 to show the
existence of a Calderon projector.

PROPOSITION 8.14. If D is a generalized Dirac operator on X then there is an
element Il € UO(9X; E) such that 12, = Il¢, Ran(Il¢) = Ran(b) on H—2(8X; E),
IIc — P € U~°(0X; E) where P is defined by (8.70) and Ran(Ilo) = Ran(b) on
C®(0X; E).

PRrROOF. The existence of psuedodifferential projection, I, differing from P
by a smoothing operator and with range Ran(l;) is a direct consequence of the
application of Proposition 6.11. It follows that Ran(b) N C>(8X; E) is dense in
Ran(b) in the topology of H~2 (X E). Furthermore, if follows that if v € Ran(b)N
C®(0X; E) then u € N°(D) such that bu = v is actually in C*(X; E), i.e.
it is in (D). Thus the range of b is just Ran(b) N C>®(8X; E) so Ran(b) is the
range of Il acting on C*°(0X; E). O

In particular b is just the continuous extension of b from N (D) to N(D), of
which it is a dense subset. Thus we no longer distinguish between these two maps
and set b = b.

8.15. Poisson operator
8.16. Unique continuation
8.17. Boundary regularity
8.18. Pseudodifferential boundary conditions

The discussion above shows that for any operator of Dirac type the ‘Calderon
realization’ of D,

1
(8.71) D¢ : {u€ H*(X; Ey);Tlebu = 0} — H* 1(X; Ey), s > 3
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is an isomorphism.

We may replace the Calderon projector in (8.71) by a more general projection
I1, acting on C*°(0X, V1), and consider the map
(8.72) Dy {u € C°(X; Vh); by = 0} — C*°(X; V).

In general this map will not be particularly well-behaved. We will be interested in
the case that IT € ¥°(0X;V;) is a pseudodifferential projection. Then a condition
for the map D to be Fredholm can be given purely in terms of the relationship
between IT and the (any) Calderon projector Ilc.

THEOREM 8.3. If D € Diff'(X; E1, E,) is of Dirac type and Pi € ¥°(0X; E)
is a projection then the map
(8.73) Dy : {u € C®(X; E1); M(uspx) = 0} =2 C®(X; Es)
is Fredholm if and only if
(8.74) IToIle : Ran(Ilg) NC*°(0Vy) — Ran(II) NC*°(OE,) is Fredholm
and then the index of Dy is equal to the relative index of Ile and 11, that is the
index of (8.74).

Below we give a symbolic condition equivalent which implies the Fredholm con-
dition. If enough regularity conditions are imposed on the generalized inverse to
(8.71) then this symbolic is also necessary.

PROOF. The null space of Dy is easily analysed. Indeed Du = 0 implies that
u € N, so the null space is isomorphic to its image under the boundary map:

{u e N;IIbu = 0} -, {vel;Tv=0}.
Since C is the range of Il¢ this gives the isomorphism
(8.75) Nul(Dr) ~ Nul (IT o Il¢ : C — Ran(II)).

In particular, the null space is finite dimensional if and only if the null space of
II o II¢ is finite dimensional.
Similarly, consider the range of Dy. We construct a map

(8.76) 7:C®(0X; V1) — C®(X; V,)/ Ran(Dy).

Indeed each v € C*(0X; V) is the boundary value of some u € C®(X : V), let
7(v) be he class of DU. This is well-defined since any other extension «’ is such
that b(u —u') =0, so D(u —u’) € Ran(Dyp). Furthermore, 7 is surjective, since D¢
is surjective. Consider the null space of 7. This certainly contains the null space of
II. Thus consider the quotient map

7 : Ran(II) — C*°(X : V2)/ Ran(Dn),
which is still surjective. Then 7(v) = 0 if and only if there exists v’ € C such that
II(v — v") = 0. That is, 7(v) = 0 if and only if II(v) = Il o Ilc. This shows that the
finer quotient map
(8.77) 7’ Ran(IT)/ Ran(IT o Tl¢) «+— C*°(X;V2)/ Ran(Dy)

is an isomorphism. This shows that the range is closed and of finite codimension if
II o II¢ is Fredholm.
The converse follows by reversing these arguments. (I



200 8. ELLIPTIC BOUNDARY PROBLEMS

8.19. Gluing

Returning to the case of a compact manifold without boundary, M, with a
dividing hypersurface H we can now give a gluing result for the index.

THEOREM 8.4. If D € Diffl(M;El,Eg) 1s of Dirac type and M = My N Ms is
the union of two manifolds with boundary intersecting in their common boundary
OM; NOMy = H then

(878) Ind(D) = Ind(HLc, Id —H27c) = Ind(Hgﬂ, Id _Hl,C)
where I, ¢, ¢ = 1,2, are the Calderon projections for D acting over M.
8.20. Local boundary conditions
8.21. Absolute and relative Hodge cohomology

8.22. Transmission condition



