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1 Introduction

In this lecture, we define the Čech Cohomology of a topological space X, and
if time permitting, the relationship between Čech and with other types of co-
homology. The content of this lecture is drawn from Chapter 2 of Bott and Lu
[BL].

2 Presheaf on a topological space

Let X be a topological space.

Definition 2.1. A presheaf F on a topological space X is a function that
assigns to each open set U of X an abelian group F(U) and to each inclusion
of open subsets iV→U : V → U a group homomorphism

F (iV→U ) : F(U) → F(V ),

called a restriction, such that

1. F (iV→V ) is the identity on F(V ), and

2. F (iW→V )F (iV→U ) = F (iW→U ) if we have the inclusions W → V → U .

Example 2.1. Let U ⊂ X be open, and denote by Ω∗(U) the space of differen-
tial forms on U . If for each inclusion of open sets iV→U : V → U we associate
the usual restriction of differential forms |V = Ω∗(iV→U ), then Ω∗ is a presheaf
on X.

Definition 2.2. F is a constant presheaf with group G if for each open set U ,
F(U) = G and for each restriction of open sets iV→U , F (iV→U ) is the identity
map on G.

Given two presheafs F and G, a homomorphism between them is defined as:
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Definition 2.3. A homomorphism f : F → G between two presheafs F and G
on a topological space X is a collection of maps fU , for U ⊂ X open, such that
the following diagram commutes

F(U) G(U)

F(V ) G(V )

fU

F(iV→U ) G(iV→U )

fV

3 Čech cohomology with values in a presheaf

Let U = {Uα}α∈I be an open cover of the topological space X and F a presheaf
on X.

For q ≥ 0, define the following direct product of abelian groups

Cq(U ,F) =
∏

α0<α1<···<αq

F(Uα0···αq ) (1)

where αj ∈ I and Uα0···αq = Uα0 ∩ · · · ∩Uαq is a non-empty intersection. Notice
that Cq(U ,F) is an abelian group with component-wise group operations.

Definition 3.1. A q-cochain is an element of Cq(U ,F) (1).

Let ω ∈ Cq(U ,F) be a q-cochain. Below, we introduce a few notations to
make the discussion going forward easy to follow.

1. We use ωα0···αq to represent the component of ω corresponding to the
intersection Uα0···αq , that is ωα0···αq ∈ F(Uα0···αq )

2. α0 · · · α̂j · · ·αq means that the index αj is omitted.

3. ωα0···α̂j ···αq |j = F
(
iUα0···αq→Uα0···α̂j ···αq

) (
ωα0···α̂j ···αq

)
.

We define δ : Cq(U ,F) → Cq+1(U ,F) which for ω ∈ Cq(U ,F) is given by

(δω)α0···αq+1
=

q+1∑
i=0

(−1)jωα0···α̂j ···αq+1
|j (2)

Proposition 3.1. The cochain

C0(U ,F)
δ−→ C1(U ,F)

δ−→ · · ·

is a cochain complex, that is δ2 = 0.
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Proof. Let ω ∈ Cq(U ,F). Then, we have that

(δ2ω)α0···αq+2 =

q+2∑
j=0

(−1)j(δω)α0···α̂j ···αq+2 |j

=

q+2∑
j=0

∑
l<j

(−1)j+l
(
ωα0···α̂l···α̂j ···αq+2

|l
)
|j

+
∑
j<l

(−1)j+l−1
(
ωα0···α̂j ···α̂l···αq+2

|l
)
|j


= 0

The last equality is true because(
ωα0···α̂j ···α̂l···αq+2 |l

)∣∣
j
=

(
ωα0···α̂l···α̂j ···αq+2 |l

)∣∣
j
.

Define for q ≥ 1 the quotient group

Ȟq(U ,F) = ker
(
δ : Cq(U ,F) → Cq+1(U ,F)

)
/Im

(
δ : Cq−1(U ,F) → Cq(U ,F)

)
(3)

where ker and Im refer to the kernel and image respectively.

Definition 3.2. Ȟ∗(U ,F), with Ȟq(U ,F) given by (3), is called the Čech co-
homology of the cover U with values in F .

Eventually, we want to get to a definition of the Čech cohomology that is
independent of the open cover. This leads us to discussing refinements.

Definition 3.3. An open cover B = {Vβ}β∈J is a refinement of U if there is a
map

ϕ : J → I

such that ∀β ∈ J , Vβ ⊂ Uϕ(β)

The refinement map ϕ induces a map

ϕ# : Cq(U ,F) → Cq(B,F)

which maps ω ∈ Cq(U ,F) to

(ϕ#ω)β0···βq = F
(
iVβ0···βq→Uϕ(β0)···ϕ(βq)

) (
ωϕ(β0)···ϕ(βq)

)
(4)

Lemma 3.1. The map ϕ# (4) is a chain map, that is it commutes with δ.
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Proof. The proof follows from the computation below. Let ω ∈ Cq(U ,F). By
definition,

(δϕ#ω)β0···βq+1
=

q+1∑
j=0

(−1)j (ϕ#ω)β0···β̂j ···βq+1

∣∣∣
j

=

q+1∑
j=0

(−1)jF
(
iVβ0···βq+1

→U
ϕ(β0)···ϕ̂(βj)···ϕ(βq)

)(
ω
ϕ(β0)···ϕ̂(βj)···ϕ(βq)

)
where the last equality follows from the definition of ϕ# (4) and the composition
formula for restrictions F(iV→U ). Similarly, we have

(ϕ#δω)β0···βq+1 = F
(
iVβ0···βq+1

→Uϕ(β0)···ϕ(βq+1)

) (
(δω)ϕ(β0)···ϕ(βq+1)

)
=

q+1∑
j=0

(−1)jF
(
iVβ0···βq+1

→U
ϕ(β0)···ϕ̂(βj)···ϕ(βq)

)(
ω
ϕ(β0)···ϕ̂(βj)···ϕ(βq)

)
where the last equality follows from the definition of δ (2) and the composition
of the restriction maps F(iV → U).

Lemma 3.1 tells us that

ϕ# : Ȟq(U ,F) → Ȟq(B,F)

is a map on the cohomology. The next lemma says that if we have another
refinement map ψ : J → I, then the induced maps ϕ# and ψ# are the same
map on the cohomology chain.

Lemma 3.2. Suppose that B = {Vβ}β∈J is a refinement of the cover U =
{Uα}α∈I with refinement maps ϕ, ψ : J → I. Then there exists a homotopy
operator K : Cq(U ,F) → Cq−1(B,F), q ≥ 1, between ϕ# and ψ#, that is

ϕ# − ψ# = δK +Kδ

Proof. Let ω ∈ Cq(U ,F) and define

(Kω)β0···βq−1
=

q−1∑
j=0

(−1)jF
(
iVβ0···βq−1

→Uϕ(β0)···ϕ(βj)ψ(βj)···ψ(βq−1)

) (
ωϕ(β0)···ϕ(βj)ψ(βj)···ψ(βq−1)

)
A computation shows that δK +Kδ = ψ# − ϕ#.

Definition 3.4. A directed set A is a non-empty set with a reflexive and tran-
sitive binary operation ≤ such that for any two pairs a, b ∈ A, there exist c ∈ A
such that a ≤ c and b ≤ c.
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Notice that the set of open covers U is a directed set with respect to the
binary operation of refinement, that is, U ≤ B means B is a refinement of U .

Definition 3.5. A directed system of group is a collection of group {Gi}I
indexed by a directed set such that for any pair a ≤ b in I there is a group
homomorphism

fab : Ga → Gb

satisfying

1. faa is the identity on Ga, and

2. fac = f bc ◦ fab for any a ≤ b ≤ c

Lemma 3.1 and 3.2 imply that the collection of groups {Ȟ∗(U ,F)}U is a
directed system of groups under binary operation of refinement. The group
homomorphisms fab in the definition (3.5) are given by ϕ# (4), which is induced
by a refinement map ϕ.

For a directed system of groups {Gi}i∈I , we can define what is called a direct
limit of a direct system. Let ⨿Gi be the disjoint union of the Gi. Define an
equivalence ∼ where for ga, gb ∈ ⨿Gi

ga ∼ gb ⇐⇒ fac (ga) = f bc (gb) (5)

for some upper bound c of a and b. With this equivalence relation, we define

Definition 3.6. The direct limit of a directed system of groups {Gi}i∈I is

lim
i∈I

Gi = ⨿Gi/ ∼ (6)

where ∼ is defined is the equivalence relation defined by (5)

We make the direct limit limi∈I Gi a group by defining

[ga] + [gb] = [fac (ga) + f bc (gb)] (7)

where [ga] is the equivalence class of ga and c some upper bound of a and b.
Now we are ready to define the Čech cohomology that is independent of the

cover U .

Definition 3.7. The Čech cohomology of a topological space X with values in
a presheaf F is defined as

Ȟ∗(X,F) = lim
U

Ȟ∗(U ,F) (8)

where Ȟ∗(U ,F) is defined in 3.2.
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4 Čech cohomology with coefficients in an abelian
group

We start by defining a sheaf. Let X be a topological space. Suppose U ⊂ X is
open and {Uα}α∈I is an open cover for U with Uα ⊂ U for all α.

Definition 4.1. A sheaf F is a presheaf on X that safisfies two additional
properties:

1. Locality: For s, t ∈ F(U),

F(iUα→U )(s) = F(iUα→U )(t) ∀α =⇒ s = t

2. Gluing: If {sα ∈ F(Uα)}α is such that F(iUα0α1→Uα0
)(sα0

) = F(iUα0α1→Uα1
)(sα1

)
on the intersections Uα0α1 = Uα0 ∩ Uα1 , then there exist s ∈ F(U) such
that F(iUα→U )(s) = sα.

Given an abelian groupA, we set FA to be the constant sheaf onX associated
toA, that is, the sheaf of locally constant functions onX with values inA. Recall
that a function f is locally constant at x ∈ X if there exist a neighborhood U
of x such that f is constant on U . f is locally constant on X if f if locally
constant at every point x ∈ X.

Definition 4.2. Ȟ∗(X;A) = Ȟ∗(X,FA) is the Čech Cohomology of X with
coefficients in an abelian group A. FA is the constant sheaf on X associated to
A and Ȟ∗(X,FA) is specified in definition 3.7.
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