18.199 Lecture on Cech Cohomology

Alain Kangabire
March 14, 2024

1 Introduction

In this lecture, we define the Cech Cohomology of a topological space X, and
if time permitting, the relationship between Cech and with other types of co-
homology. The content of this lecture is drawn from Chapter 2 of Bott and Lu
[BL].

2 Presheaf on a topological space

Let X be a topological space.

Definition 2.1. A presheaf F on a topological space X is a function that
assigns to each open set U of X an abelian group F(U) and to each inclusion
of open subsets iy y : V — U a group homomorphism

Fivsu) s FU) = F(V),
called a restriction, such that
1. F(iv—yv) is the identity on F(V'), and
2. Fliwsv)F (ivosu) = F (iw—uv) if we have the inclusions W — V — U.
Example 2.1. Let U C X be open, and denote by Q*(U) the space of differen-
tial forms on U. If for each inclusion of open sets iy _,y : V' — U we associate

the usual restriction of differential forms | = Q*(iy_y), then Q* is a presheaf
on X.

Definition 2.2. F is a constant presheaf with group G if for each open set U,
F(U) = G and for each restriction of open sets iy, F (iyv—p) is the identity
map on G.

Given two presheafs F and G, a homomorphism between them is defined as:



Definition 2.3. A homomorphism f : F — G between two presheafs F and G
on a topological space X is a collection of maps fy, for U C X open, such that
the following diagram commutes

FU) L2 g
f(iv—w)l lg(iv—w)
Fv) L gv)

3 Cech cohomology with values in a presheaf

Let U = {U, }aer be an open cover of the topological space X and F a presheaf
on X.
For ¢ > 0, define the following direct product of abelian groups

Cq([/[,f-') = H }—(Uoéomaq) (1)

ap<an < <ay

where a; € I and Uy,y...a, = Uy, N+ -- MUy, is a non-empty intersection. Notice
that C9(U, F) is an abelian group with component-wise group operations.

Definition 3.1. A g-cochain is an element of C(U, F) (1).

Let w € C4(U,F) be a g-cochain. Below, we introduce a few notations to
make the discussion going forward easy to follow.

1. We use wqy...a, to represent the component of w corresponding to the
intersection Uy,...q,, that is wag...a, € F(Uag---a,)

2. ag--- G - oy means that the index a; is omitted.

3' wao---d]‘-uaq |j = f (iUQU...aq%UQO...dj...aq) (wao---d]‘-“aq)~

We define § : C1(U, F) — C1T1 (U, F) which for w € C9(U, F) is given by
q+1

(6w)a0-"0¢q+1 = Z(_l)jwaomﬁj“'aq+1 |j (2)
i=0

Proposition 3.1. The cochain
U, F) S u,F) S -

is a cochain complex, that is 6% = 0.



Proof. Let w € C1(U,F). Then, we have that

q+2 )
(52w)ao~-vaq+2 = Z(_l)J (6w)a0"'dj"'aq+2 J

j=0
q+2

= Z Z(_l)jH (wao-“dl“'dj'“aq+2|l) ‘j

7=0 I<j
i
+ Z(*l)j+ 1 (waOA..d_j...dl...aq_*_Q|l) |j
i<l
=0

The last equality is true because

(wao---&j-"dz---anrz |l> ‘j = (wao--~dz---lij-~~aq+2 |l) ’j .

Define for ¢ > 1 the quotient group

HY U, F) =ker (6 : CIU,F) = C (U, F)) /Im (§ : CT (U, F) = CU U, F))
(3)
where ker and Im refer to the kernel and image respectively.

Definition 3.2. H*(U, F), with HI(U, F) given by (3), is called the Cech co-
homology of the cover U with values in F.

Eventually, we want to get to a definition of the Cech cohomology that is
independent of the open cover. This leads us to discussing refinements.

Definition 3.3. An open cover B = {V3} ¢ is a refinement of U if there is a
map
p:J =1

such that V3 € J, Vg C Uy

The refinement map ¢ induces a map
% CUU, F) — CU(B,F)
which maps w € CY(U, F) to
((ﬁ#w)gomﬁq =F (iVBmﬂq—>U¢(5o>-~¢(ﬂq>) (w¢(50)"'¢(ﬁq)) (4)

Lemma 3.1. The map ¢* (4) is a chain map, that is it commutes with §.



Proof. The proof follows from the computation below. Let w € C?(U,F). By
definition,

q+1

(5¢#w)50"‘5q+1 = Z(_l)j (¢#w)ﬁ0"'/éj"'6q+l j
j=0
q+1

_ 1) ; ——
B Zo( pF (ZVBO““%H_>U¢(/ao)---@---¢<ﬁq)> (w¢(ﬁo)-~~¢(6j)~-¢(ﬁq))
j=

where the last equality follows from the definition of ¢# (4) and the composition
formula for restrictions F(iy ). Similarly, we have

(¢#5W)50...ﬁq+1 =F (iVBO'~'Bq+1_>U¢(50)""/’(5q+1)) ((6w)¢(60)¢(5q+1))
q+1

— _1\J ; —
o Z(:)( 1) ]:(Zvﬁo‘“ﬁﬁl_)Ud)(ﬁo)"'@msb(ﬁq)) <w¢(ﬂo)-~~¢(ﬁj)~-¢(ﬁq))
J:
where the last equality follows from the definition of § (2) and the composition
of the restriction maps F(iV — U). O
Lemma 3.1 tells us that
o* - HIU, F) — HI(B, F)

is a map on the cohomology. The next lemma says that if we have another
refinement map ¢ : J — I, then the induced maps ¢# and ¢# are the same
map on the cohomology chain.

Lemma 3.2. Suppose that B = {Vz}ges is a refinement of the cover U =
{Uas}acr with refinement maps ¢,7p : J — I. Then there exists a homotopy
operator K : CY U, F) — C1=Y(B, F), ¢ > 1, between ¢ and ¥, that is

% —p* = K + K9

Proof. Let w € C4(U,F) and define

(Kw)gy-,-1 =
qg—1
Z(_l)]f (i‘/ﬁo'«»ﬂqq—>U¢(Bo>---¢(ﬁj)w<ﬂj>---w<ﬁq,1>) (w¢(:30)"'¢(ﬁj)d’(ﬁj)""‘p(ﬁqfl))
j=0

A computation shows that 6K + K& = ¢# — ¢#. O

Definition 3.4. A directed set A is a non-empty set with a reflexive and tran-
sitive binary operation < such that for any two pairs a,b € A, there exist ¢ € A
such that ¢ < cand b < c.



Notice that the set of open covers U is a directed set with respect to the
binary operation of refinement, that is, &/ < B means B is a refinement of U.

Definition 3.5. A directed system of group is a collection of group {G;}s
indexed by a directed set such that for any pair a < b in I there is a group
homomorphism

G — Gy

satisfying

1. f2 is the identity on G, and

2. fg:ffofg forany a <b<c

Lemma 3.1 and 3.2 imply that the collection of groups {H*(U,F)}y is a
directed system of groups under binary operation of refinement. The group
homomorphisms f{ in the definition (3.5) are given by ¢# (4), which is induced
by a refinement map ¢.

For a directed system of groups {G; }icr, we can define what is called a direct

limit of a direct system. Let IIG; be the disjoint union of the G;. Define an
equivalence ~ where for g, g, € 1lIG;

ga~ 9o == [E(9a) = fo(9) (5)
for some upper bound c of @ and b. With this equivalence relation, we define

Definition 3.6. The direct limit of a directed system of groups {G;}icr is
lim G; = T1G;/ ~ (6)

where ~ is defined is the equivalence relation defined by (5)

We make the direct limit lim;c; G; a group by defining

(9] + 98] = [£2(90) + f2(g0)] (7)

where [g,] is the equivalence class of go and ¢ some upper bound of a and b.
Now we are ready to define the Cech cohomology that is independent of the
cover U.

Definition 3.7. The Cech cohomology of a topological space X with values in
a presheaf F is defined as

H*(X,F) = lin H*(U, F) (8)

where H* (U, F) is defined in 3.2.



4 Cech cohomology with coefficients in an abelian
group

We start by defining a sheaf. Let X be a topological space. Suppose U C X is
open and {U, }aer is an open cover for U with U, C U for all a.

Definition 4.1. A sheaf F is a presheaf on X that safisfies two additional
properties:

1. Locality: For s,t € F(U),

./_'.(Z‘Ua_ﬂ])(s) :f(’l:Ua_ﬂ])(t) Va = s=1t

2. Gluing: If {sq € F(Ua)}a issuch that F(iv, ., —+Ua,)(Sag) = F(iUaya, —Ua, )(Sa1)
on the intersections Upya, = Uay N Uy, , then there exist s € F(U) such
that F(iv,—v)(s) = Sa-

Given an abelian group A, we set F4 to be the constant sheaf on X associated
to A, that is, the sheaf of locally constant functions on X with values in A. Recall
that a function f is locally constant at © € X if there exist a neighborhood U
of z such that f is constant on U. f is locally constant on X if f if locally
constant at every point x € X.

Definition 4.2. H*(X;A) = H*(X,F4) is the Cech Cohomology of X with
coefﬁciqnts in an abelian group A. F4 is the constant sheaf on X associated to
A and H*(X, F4) is specified in definition 3.7.
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