CHAPTER 1

. . [C.MWC]
Manifolds with corners

This chapter contains material preliminary to, and surrounding, the notion
of a manifold with corners. The precise definition is delayed until §1.8 because
embedded submanifolds have to be discussed first, as we insist (mainly for the sake
of simplicity) on the boundary faces of a manifold with corners being embedded.
This ensures that ‘passage to the boundary’ stays within the class of manifolds with
corner but requires us to deal with the preliminary notion of a t-manifold (‘¢’ for
tied). The material is quite standard with the exception of the concept of a b-map,
introduced in §1.12. In the sequel the ‘category’ in which we usually work is that
of manifolds with corners and b-maps.

Manifolds with corners arise, as will be shown later, in various ways. Construc-
tions leading to manifolds with corners include the desingularization of singular
varieties (blow-up) and the compactification of non-compact spaces.

An example of the first type of construction is the introduction of polar coor-
dinates around the tip of a cone
(1.0.1)  C={(t,z,y) eR*t* =z* +¢* t >0}, (t,x,y) =t(l,w), |w|* = 1.

[1.1.1]

Clearly this reduces the cone to a half-cylinder

(1.0.2) B:[0,00) x S 3 (t,w) — (t,tw) € C.

1.1.2]

Such blow-up constructions will be examined in more detail in Chapter ??. They
play a very fundamental role below.

The second type of construction is exemplified by the stereographic projection
of Euclidean space onto a half-sphere. If the half-sphere, S™!, of dimension n is
embedded as the upper half (i.e. x,.1 > 0) of the unit sphere in R"™! and the
Euclidean space of dimension n is embedded as the plane x,1; = 1 then stereo-
graphic projection identifies the unit vector w = (W', w, 1) € S™! with the vector
(W' /wny1,1). The boundary of the half-sphere, which is just S*~1, can be identified
with the sphere at infinity of R™. This sort of compactification underlies many of the
model constructions below, it also occurs in scattering theory and other questions
which involve ‘boundary conditions at infinity.’

1.1. Model spaces[s'm]

Both of these examples lead to manifolds with boundary. As we shall see below
the product of two or more manifolds with boundary is a manifold with corners.
Indeed the definition of a manifold with corners below is based on the model spaces

(1.1.1) R™* = [0,00)% x R" * = {z € R 2,20, 1< i<k}

which are products of half-lines and lines. The topology on R™* is inherited from
R™. In particular a subset 2 C R™F is (relatively) open if there exists ' C R,
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open, such that
(1.1.2) Q=0 nRrVF

In place of the spaces R™* in (1.1.1) one could use compact models such as
[0, 1]¥ x T"=* where T"~* is the product of n—k circles. Being compact these models
are more typical of the spaces with which we are primarily concerned. However it
is computationally more convenient to work with the non-compact models.

Stability under products is of primary importance, enough alone to justify the
detailed study of manifolds with corners, because of the Schwartz kernel theorem
(see Chapter ??). This result is of great (if largely philosophical) significance in
that it shows that linear operators, say from smooth functions to distributions, on a
manifold with boundary can be identified with distributions, namely their Schwartz
kernels, on the product of the manifold with itself.

Before giving the definition of a manifold with corners in detail we shall discuss
the spaces of smooth functions on R™*.

1.2. Smooth functions "

If O ¢ R™* is an open subset we define
C*(Q) ={u: Q° — C; wis C*™ in Q° with all derivatives 121]

1.2.1
( ) bounded on K NQ° for all K € N}.

Here Q° = QN (R™F)°,
(1.2.2) (R™%)” = (0,00)% x R* % = {w;2; >0, 1 <i<k}. "

Even though an element u € C*°(Q) is, according to (1.2.1), a function on Q°
it follows that each derivative D“u extends to be continuous on 2. Here we use the
standard multi-index notation for derivatives
\04 8061 8an

[0 (o3
ox{" oxn™

where Ng = {0, 1,2,...}. Indeed by definition u € C*>°(£2) implies D%u € C*(Q2), so
it is enough to check that u is continuous on €2. Since all derivatives are bounded
near any point T € 0, that is where Z; = 0 for some i < k, the continuity follows
by writing

D%y = (—1i)

(), a=(a1,...,a,) € NJ

T Fo o )
u(x)_/--~/8—&...Eu(s)ds+u(x)

where € ° is near 2.
The boundedness in (1.2.1) can then be written

(1.2.3) |ullpxc = sup [Du(z)| < oo Vp, K€ Q.

la|<p

rzeK
Since there is a sequence of compact subsets of Q, {K}, exhausting Q (i.e. K €
! = K C K, for some j) these estimates can be expressed as the finiteness
of countably many of the semi-norms in (1.2.3). These semi-norms give C*(Q) a
complete locally convex topology, such matters are discussed further in Chapter ?7.
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1.3. Partitions of unity[s‘pm‘]

If Q' C R™ is open we denote by C*°(£2') the usual space of C* functions. Thus
if O C R™* is (relatively) open then
(1.3.1) C>®(Q) C C>=(N°)

[1.3.1]

in general without equality. Equality in fact occurs only when = Q°, so the
notation is consistent.

If Q,, for a € A, is an open covering of Q C R™* itself an open set, then
there is a partition of unity, {¢;}, subordinate to the covering. The functions {¢;},
¢; € C>(Q) form a partition of unity if the following three conditions hold.

(i) Each ¢; € C*°(Q) has compact support, so if O C € is the largest open set

on which ¢; vanishes then supp(¢;) = Q\ O is compact.
(ii) These supports are locally finite, so only a finite number of them meet any
given compact set in €.

(i)
(1.3.2) D giz)=1 Vazeq.

[1.3.2]

That the partition of unity be subordinate to the given covering of € is just the
extra condition that each of the supports supp(¢;) should be contained in (at least)
one of the €,.

The existence of a partition of unity subordinate to a given covering of R™*
follows from the standard case of open sets in R™ as follows. Open sets 2, C R”
can be chosen with Q, = Q) NR™¥. If Q' denotes the union of these sets it is an
open extension of € into R™. Let qS; be a partition of unity in €’ subordinate to
the €, then the restrictions ¢; = ¢; [ Q give a partition in Q subordinate to the
covering (2.

It is sometimes convenient to have a partition of unity satisfy additional con-
ditions. For example it is straightforward in the standard case to arrange for each
element to be the square of a C*> function. Clearly this construction allows such
properties to be arranged for relatively open subsets of R™* as well.

1.4. Seeley extension’

If Q C R™* is relatively open and € C R” is open and such that Q = Q' NR™*
then the restriction of any element of C*°(€') to Q is an element of C>°(2). The
converse is also true.

[1.4.1]

THEOREM 1.4.1. [Seeley extension] If Q' C R™ is open and Q = Q' NR™* then
there is a continuous linear extension map

E: CDO(Q) — COO(Q/) [1.4.2]
4y {E(f)ln _f v fecem).

This is a strengthening, in the special case of R™* as a closed subset of R", of
a general (non-linear) extension result of Whitney. The linearity, and continuity,
of E will be quite useful later. The proof will use induction over k and reduction
to the case = R™*. To begin consider the simplest case.



[C.MWC]
Page 1.4 1. MANIFOLDS WITH CORNERS

[1.4.3]

LEMMA 1.4.1. There is a continuous linear extension map

(1.4.2) E: C®([0,00)) — C=(R)."""
Proor. We start by looking at a map
(1.4.3) E(f)(z) = Z - (¢f)(a£l).[1,4.5]
1=0

Here {C}} is a sequence of real numbers and {a;} is a positive sequence with a; — 0
as [ — oco. The function ¢ is inserted to reduce the support, we shall take it to
satisfy

[1.4.6]

(1.4.4) o(x) =

{Oin |z > 2 b €Co(R)

lin |z| <1

Then, for each = > 0 only finitely many of the terms on the right are non-zero,
since x/a; — oo. Thus, without further assumptions

(1.4.5) E: C>®([0,00)) — C>=((0,00)).

We shall choose the sequences to satisfy

[1.4.7]

(1.4.6) ST |Gl <00 ¥peNTT
1=0
and
(1.4.7) S P =(-1» vpeN"
1=0

Assume for the moment that (1.4.6) and (1.4.7) hold. By differentiation of (1.4.3)

d ~ = — dp((bf) T [1.4.10]
1.4.8 —)PE = Cra; P—222 (5.
(1.48) ("B = Lo R (0
Since ¢ f is a C* function of compact support, all its derivatives are bounded. Thus

dP - drf [1.4.11]

1.4.9 su —F )| <C su x)| .
(149 S [TEEOE)|<6 Y s 5w

0<r<p
In particular this boundedness, which uses (1.4.6), shows that
(1.4.10) E:C>([0,00)) — €>°([0,00)) is continuous.

Now consider the limit

[1.4.12]

d PE — S - ﬁ
i, BU) = (3 o) ()0
where we use the fact that d"¢/dx"(0) = 0 if r > 1, in view of (1.4.4). Thus (1.4.7)
implies
d., -~ dr
(1411) LB = (-1

If we set

(1.4.12) E(f)(z) = {

[1.4.13]

(0).

f(:L‘) x>0 [paaq
Ef(—z) z<0
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then E(f)(x) and all its derivatives are continuous. The continuity of E follows
from (1.4.9).

The lemma is thereby reduced to showing the existence of sequences satisfying
(1.4.6) and (1.4.7). To do so consider the entire function

37— 1. n.41s

(1.4.13) h(z) = cos(m( 5 ).
Since, for p € N, (3 — 1)/2 is odd or even with p
(1.4.14) h(p) = (-1)» peN."*"

Now as cos w is entire the Taylor series of h as a function of 3% converges (absolutely)
everywhere, so constants C; can be defined by

(1.4.15) h(z) = icl(3l)z.[l'4'l7]
=0

Thus the choice a; = 37! gives (1.4.7). The estimates (1.4.6) follow from the
absolute convergence. O

PROOF OF THEOREM 1.4.1. First we consider the case = R™*. Clearly it
suffices to give a continuous linear extension map

(1.4.16) E;: COO(]RHJC) _ Coo(Rn,k—l) for each 1 < k < n.[1.4.18]
An element of g € C>°(R™*) can be identified with the smooth map
(1.4.17) RPLE-L 5 (T, ey Tty Tt Ly - -y ) —
91, k1, T, T) © C([0,00))

and conversely. The map FEj can then be defined by using the one-dimensional
extension map of Lemma 1.4.1 in the variable xj. That the extension is an element
of C°°(R™F) follows from the fact that linear maps are C° and that composition of
C* maps gives a C* map. Continuity also follows directly.

The general case of Q C R™F, an open subset, can be handled by the use of a
partition of unity. Thus, following the remarks in §1.3, we can choose ¢; € C2°(R™*)
having locally finite supports contained in 2 and such that

(1.4.18) S pta)=1 vaea""
Then put Z N
E(f) = Z@Ec(@f).
It is straightforward to check that thisZ :hlas all the desired properties. O
(s.d]

1.5. Diffeomorphisms

If Q; C Ry, i=1,2 are (relatively) open then a map f: Q1 — Q3 is a diffeo-
morphism if it is a homeomorphism with inverse g: 29 — 2 and the components
of f and g are in C*(91) and C*°(Q3) respectively.

[1.5.1]

LEMMA 1.5.1. If f: Q1 — Qs is a diffeomorphism from an open subset of Ry
to an open subset of R} then there are open subsets O CR™ with ; = QN R%
i =1,2, and a diffeomorphism F: Q) — Qb such that f = F|q,.
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PROOF. Choose open sets 0 C R™ such that ; = Q N R} . The extension
theorem, Theorem 1.4.1, allows the components of f and g to be extended from £2;
to QY. Thus there are C* maps f’: Q; — R", ¢': Q3 — R™ such that

(1.5.1) gof =Id onQy, ffog =1d on Qz.[1'5'2]

From this it follows that the Jacobian matrix of f’ is invertible at each point of ;.

The inverse function theorem shows f’ to be invertible in some Q] D Q;, open in

R™. This proves the lemma. O
For any I, 0 <1 <k, set

(1.5.2) OR™F = Lz € R™*; x; = 0 for exactly I of the first k indices}.

[1.5.3]

For any open subset Q C R™* set
(1.5.3) AN =0R" " NQ 0<I<k.

[1.5.5]

[1.5.4]

COROLLARY 1.5.1. If f: Q1 — Qy is a diffeomorphism of an open subset of
Ry onto an open subset of R} then
(1.5.4) f:0 «— 0 VOLI<LE.

[1.5.6]

ProoF. If F: Q) — Q) is an extension of f to a diffeomorphism of open
subsets of R", with Q; = Q) NR™* for i = 1,2 then Q; C €/ is closed. Thus F
maps the boundary of {2; onto the boundary of {25. Since diffeomorphisms preserve
the smoothness of hypersurfaces it follows that F, and hence f, must map each
0 N {z, = 0} into some Qs N {z,(,) = 0} where o is a permutation of {1,...,k}.
As the 9;Q2; are just the unions of the [-fold intersections of these hypersurfaces
they must be mapped into each other by f. O

As already noted for R™, the support of a continuous function on a topological
space is the complement of the largest open set on which the function vanishes
identically. It is denoted supp(f). If U C X is an open set in a topological space X
and u: U — C is continuous on U with compact support supp(u) € U then there
is a unique continuous function @: X — C with @ = v on U and supp(a) C U.
This ‘extension as zero’ is so natural that we generally identify u and u without
comment. We denote by C°(U), for U C R™* the subspace of C>(U) consisting
of the elements of compact support. For any K € U we can always find u € C°(U)
which is equal to 1 on K in particular C$°(U) separates points.

One useful characterization of diffeomorphisms between open subsets of R™*
and R™* is in terms of the pull-back map.

[1.5.7]

LEMMA 1.5.2. If U C R™* and U’ C R™*" are open subsets and f: U — U’
is a map then f is a diffeomorphism if and only if the pull-back map f*(¢) =
defined by = ¢ - f: U — C if ¢p: U' — C gives an isomorphism

(1.5.5) e Cé)o(U/) PN C?(U).[l.as]

PROOF. Suppose that f* is an isomorphism as in (1.5.5). Since C°(U) sepa-
rates points it follows that f must be 1-1 and onto. The components f; of f are
the pull-backs of the coordinate functions f; = f*z;. For any point p € U one can
choose ¢ € C*(U’) with compact support and ¢ = 1 near f(p). Then f*(z,¢) is C*>
and equal to f; near p. Thus all the components of f are C>°. The same argument
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applies to the inverse so f is a diffeomorphism. The converse is obvious, proving
the lemma. 0

[S.cs]
1.6. C*° structures

Let X be a Hausdorff topological space. A chart (with corners) on X is a map
(1.6.1) p: Q — RFTY

which is a homeomorphism from an open set  C X onto an open subset of R™*,
for some k. Two charts (¢;,();) are said to be compatible if either Q1 N Qs =0 or

¢2 (¢] ¢1_12 (151(91 N QQ) — (bg(Ql N QQ)

is a diffeomorphism of open subsets of R} and R} . An atlas on X is a system of
charts (¢q, ), a € A, which are compatible in pairs and which cover X :

(1.6.2) X =[]
ac€A

A C®° structure (with corners) on X is a maximal atlas, i.e. an atlas which contains
any chart compatible with each element of the atlas.

By a coordinate system in a space X, with C*> structure with corners, we shall
mean a pointed charti.e. a chart (¢,2) and a point p € X such that

(1.6.3) é(p) = 0.

This normalization is made so that the corresponding & in (1.6.1) is minimal near
p. The dimension of the C* structure (near p) is the integer n.

If X has a C* structure with corners we denote by C*°(X) the space of all
functions

[1.6.3]

u: X —C
which are such that u o ¢! is C> on ¢(Q2) C R™* for each chart (¢,U).

[1.6.4]

DEFINITION 1.6.1. A t-manifold is a pair (X,F) where X is a paracompact
Hausdorft space and F = C*(X) for some C*> structure with corners on X.

Usually X will be compact. In §1.8 below we introduce the more refined notion of
a manifold with corners.

[1.6.18]

LEMMA 1.6.1. Any t-manifold admits partitions of unity, i.e. given any open
cover Qq, a € A, of the t-manifold, X, there are countably many elements ¢; €
C°(X) such that the support of each of the ¢; is a compact subset of one of the
Qq, only finitely many of these supports have non-empty intersection and

(1.6.4) S oi=10n X
J

PROOF. Since X is paracompact we can find a countable and locally finite cover
by coordinate neighbourhoods which is subordinate to the given cover. It suffices
therefore to assume that the €2, are coordinate neighbourhoods, that A is countable
and that only finitely many of the 2, have non-empty intersection. Proceeding by
induction it can be seen that there are compact subsets K, € 0, with the property
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that the interiors of the K, still cover X. Since (2, is a coordinate neighbourhood
there exists ¢!, € C3°(Q,) which is equal to 1 on K,. The sum in

b= ¢,
acA

is locally finite, so ¢ € C>°(X) is everywhere positive. Then ¢, = ¢,/ is a partition
of unity subordinate to the given cover. O

As on R™F we can arrange that ¢; = 1/1]2 with the ¢; € C>*(X).
Using a partition of unity we can construct a total boundary defining function
on any t-manifold.

[1.10.4]
LEMMA 1.6.2. On any t-manifold there exist p € C*°(X) such that
p>0o0nX°p=0ondX and [1.10.5]

1.6.5
( ) in local coordinates at p € 0X, p=a(x)ry...xk, a(p) >0

where a is smooth.

PRroor. Take any covering of X by coordinate systems and a partition of unity
¢? subordinate to this cover. Let p, be the C*° function in each coordinate system
given as x1 ... Ty, just the product of the first £ coordinates. Then

[1.10.6]
(1.6.6) p= Z ®iPa(j)
J

satisfies all the requirements if j — a(j) associates to j a coordinate patch in
which ¢; has support. O

[1.10.7]

EXERCISE 1.6.1. Let X be a t-manifold. Suppose that Hi,...,H, are any
number of boundary hypersurfaces (see the discussion following (1.8.4).) Show
that there is a joint defining function py satisfying, in place of (1.6.5),

P
p>0on X\ UHp,p:Ooneacth and
(1.6.7) =1
in local coordinates at p € 90X, p = a(x) H zj, a(p) >0, a C*=,
JjeJ(p)

[1.10.8]

where J(p) is the subset of {1,...,k} such that z; = 0 locally near p on some H,
if and only if j € J(p). Note that the H; need not be embedded.

It is easy to see that the C* structure can be recovered from F = C*>(X). In
fact the following three properties are enough to characterize a linear space, F, of
continuous functions on a topological manifold as C*°(X) for some C* structure.
First F must separate points:

(1.6.8) Vpp € X3feFst fp)#f)

so X is Hausdorff. Secondly F should be local in the sense that
if X = U U,, with each U, open and
(169) a€cA
f: X — Cis such that 3 g, € F with f = g, on U, then f € F.

[1.6.6]

[1.6.7]
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Thirdly F must admit coordinate systems in the intrinsic sense that

(1.6.10)
for each p € X there exist functions f1,...,f, € F and k € N

such that f = (f1,..., fn): X — R™ restricts to a homeomorphism of ;4

an open neighbourhood U of p onto an open set f(U) C R™* with

{tho f; € C°(R™", supp(y) € f(U)} = {¢ € Fsupp(¢) € U}.

Of course (1.6.10) is the essential condition. The only advantage of this type of
characterization of C*° structures, as opposed to the usual covering definition given
above, is that one does not need to directly discuss the transition between coordi-
nate systems.

[1.6.5]

PROPOSITION 1.6.1. Suppose (X, F) is a pair consisting of a paracompact topo-
logical space and a space of continuous functions, F, on X and that F has the three
properties (1.6.8), (1.6.9) and (1.6.10) then there is a unique C* structure with
corners on X for which F = C*>(X).

PROOF. By assumption the neighbourhoods in (1.6.10) cover X. We shall show
that these open sets, and the restrictions to them of the maps:
=1 lu: U —R",

give an atlas for X. If (¢/,U’) is another such pair, with U=UnU"# 0, then
applying (1.6.10) twice it follows that
v=¢ ¢ V=FfU0)— V' =[(0)

is such that ¢*(C°(V')) = C° (V). By Lemma 1.5.2 this implies that ¢: V — V'
is a diffeomorphism of open sets of R™*. Thus the covering gives an atlas.

It then follows from (1.6.8) that X is Hausdorff. The C* structure with cor-
ners defined by this atlas has F = C*°(X) because of (1.6.9) and the existence of
partitions of unity subordinate to the covering by the open sets of the atlas. ]

[1.6.9]
DEFINITION 1.6.2. If X is a t-manifold and F C C°°(X) has the separation
property (1.6.8) and satisfies the following variant of (1.6.10):

(1.6.11)

For each p € X there exist functions f1,...,f, € F and k € N
such that f = (f1,..., fn): X — R™" restricts to a homeomorphism of ) 410

some neighbourhood U of p onto an open set f(U) C R™" with
{0 fi1 € CR™), supp(y) € f(U)} = {6 € C¥(X);supp(¢) € U}.
then we shall say that F generates C*°(X).

Notice that the C* structure is indeed uniquely fixed by F in this case.

[1.6.11]

EXERCISE 1.6.2. Consider the reflections
R;: R" — R",

Ri(JUh sy L1, LTy Ty 1y - - axn) = (9617 ceey Li—1y, —Lgy L1y - - - axn)~

[1.6.12]

(1.6.12)
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Let G, = {Id, Ry, ..., R} be the group generated by the first k reflections (which
commute). Set X = R™/Gy. The space

(1.6.13) F={u:R" —CjuoR;,=u, i=1,...,k}
can be identified as a space of functions on X. Show that (X, F) is a C* t-manifold.

[1.6.14]

[1.6.13]

EXERCISE 1.6.3. Consider the region
B={(x,y) €eR*% 0<y<a® x>0}
Set B = C*>°(R?)|5. Show that (B, B) is not a C*> t-manifold.

[1.6.15]

EXERCISE 1.6.4. Take X to be the set

.0. = T,Y,z S T —|—y 4+ 2% = ; y’zz 1.6.16
1.6.14 X R3: 22 L2422 =1 oyl
and let

(1.615) ‘F:COO(RS) [X.[1617]

Show that (X, F) is a t-manifold.

1.7. Submanifolds”"

One of the standard definitions of a submanifold (meaning an embedded sub-
manifold) of a manifold without boundary is a subset which can, near each of its
points, be reduced to a linear subspace in some local coordinates. We shall define
a submanifold of a t-manifold similarly by reduction to the linear case. A linear
submanifold with corners of R™* is a subset of the form

(1.7.1) G- (Rnw « {0})  RF

for some G € GL(n,R). Note that we are requiring that the left side of (1.7.1)
be contained in the right side, not taking the intersection. Here GL(n,R) is the
group of all invertible real m x n matrices. In the case of a manifold without
boundary, k = k' = 0 and the linear transformation G' can always be taken as
the identity, by appropriate choice of coordinates. However this is not the case in
general since the space R™F is not invariant under all linear transformations. This
leads to a variety of notions of a submanifold (always embedded) depending on the
intersection properties with the boundary. We start with the weakest condition:

[1.7.2]

1.7.1]

DEFINITION 1.7.3. If X is a t-manifold then a submanifold S C X is a (con-
nected) subset with the property that for each 5 € S there is a coordinate system
(¢, U) based at §, a linear transformation G € GL(n,R) and an open neighbourhood
Q' C R™ of 0 in terms of which
(1.7.2) $1U:SNU — G- (R”/”“/ X {0}) ne.

[1.7.3]

for some integers n’, k' = k/(5).

Notice that the assumption that (¢,U) is a coordinate system forces the right side
of (1.7.2) to be a subset of R™* for the appropriate local boudary codimension k.

If S is not (or is not known to be) connected then this will be explicitly noted.
The minimum value of the integer n —n’ is the codimension of S, codimx S. In fact
it follows directly that n’ can be taken independent of 3.
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Examples include the interior of any t-manifold and the subset
(1.7.3) S={zeR" a4 =0,2450 >0} CR™ (n>k+2).

We show below that any t-manifold can be embedded as a submanifold, in this
sense, of a manifold without boundary of the same dimension.

Another example, and one which is fundamental in the theory of pseudodiffer-
ential operators developed below, is the diagonal in the product of a manifold with
boundary with itself. For the case of [0,1)

A={(z,z);x€[0,1)} = A {(z,0);2 €[0,1)}
(1.7.4) (1 _1>
A= .
1 1

Thus A is a submanifold in this sense. The general case is discussed below.
[1.7.6]

1.7.4]

[1.7.5]

LEMMA 1.7.1. If S C X is a submanifold of a t-manifold then the covering of
S by the coordinate systems G - ¢ in (1.7.2) is an atlas on S, giving it the structure
of a t-manifold of dimension dim X — codimyx S.

PROOF. As a sub-basis of open sets on S we take the sets U N S for which
(1.7.2) holds. Observe that this topology must be Hausdorff, since the restriction
to S of C*(X) is a set of continuous functions separating points. The inclusion
S < X is continuous when S is given this topology (which is the weakest topology
with this property.) Hence the paracompactness of S follows from that of X. Thus
it is only necessary to check that these coordinate systems form an atlas.

Suppose (¢, U, G,Q) and (¢',U’, G', Q') are two systems as in the definition. By
the assumption that these arise from coordinate systems on X the composite map
¢'-¢~ ! is a diffeomorphism between open sets in R} and R™* Hence G'-¢/-¢p~1-G~*
must be C* on its domain G - ¢(U). Since € is necessarily the intersection of this

set with {x1,...,24 > 0, Ty—g41 = ... 2, = 0} the restriction to ' must be C*°.
Since the same argument applies to the inverse the coordinate systems are indeed
compatible. O
[1.7.7]

EXERCISE 1.7.5. Show that S in (1.7.3) is diffeomorphic to R}, ;.

The role of the linear transformation G in this definition is simply to allow
the boundary points of S to be rather unrelated to the boundary points of X. For
example it is perfectly possible for the boundary of S to lie in the interior of X. On
the other hand it is clearly the case that

(1.7.5) either SNOX C S or S C 0X.

The subset S need not be closed as a subset of X. This is reflected in the fact that
in general the restriction to S of the smooth functions on X does not give all the

C* functions on S.
[1.7.9]

[1.7.8]

LEMMA 1.7.2. For any submanifold of X, a t-manifold, restriction gives a lin-
ear map

(1.7.6) [s: C(X) — C>(8);

this is surjective if and only if S C X is closed, but in any case the range of (1.7.6)
always generates the C*° structure on S in the sense of Definition 1.6.2.

[1.7.10]
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PRrOOF. If S is closed then the topology given by the sets in (1.7.2) as a sub-
basis is the topology induced from X. The existence of an extension to C*(X)
of each element of C*°(S) then follows from the extendibility of functions with
compact support in a coordinate patch as in (1.7.2). Using the map ¢ to pull
back the extension this is equivalent to the statement that if G: R® «— R™ is an
invertible linear map such that

(177) Gil{xl 2 07 l= 1a Py, Ty = 0, 1=n— q + 1, ce ,’ﬂ} C Rn’kllj.ll]
then for any f € C2°(R~7) there exists g € C2°(R™F) such that
(1.7.8) f=go G' on Tnoqil = = Tp = 0.[1.7.12]

Using Seeley’s extension operator g can be constructed by first extending f to R™"~¢
then to f on R" =R"" 7 x R? and then setting g = fo G.

Conversely if S is not closed then there is a sequence in S with no convergent
subsequence (in S) yet which converges in X. It is easy, using a partition of unity,
to construct a C* function on S which is unbounded along this sequence. It cannot
then be the restriction to S of a C*° function on X. O

We shall also introduce more restrictive conditions on submanifolds. First we
consider the notion of a d-submanifold, the ‘d’ being for decomposable. The linear
d-submanifolds of R™* are those which are everywhere locally the image, under a
linear transformation preserving R™*, of a subset of the form
(1.7.9) L={zeR"Ma 1= =z, =0341 >0,..., 234, >0, (1.7.13]

o xk+j+1:"':xk+j+r:0}7
where [,r,7 > 0,1 < k and v + j + k < n. We think of these as ‘decomposable’
submanifolds because R™* can be written as a product of half-lines and lines with
L simultaneously a product of points, half-lines and lines. However, notice that the

half-line factors of L may be subsets of the linear factors of R™*,
[1.7.14]

DEFINITION 1.7.4. A submanifold S C X of a t-manifold is a d-submanifold if

for each p € S there are local coordinates ¢ at p, with coordinate neighbourhood
Q C X, such that

(1.7.10) QN S) =LNo(Q),

with L of the form (1.7.9). The submanifold S is said to be a p-submanifold if L
can always be taken of the form (1.7.9) with j = 0.

[1.7.15]

Notice that for a p-submanifold half-line factors can appear in S only if they
appear in X, i.e.

(1.7.11) S a p-submanifold = 95 C 0.X.

The ‘p’ is for product since a p-submanifold can always, locally, be brought to the
normal form

[1.7.16]

(1.7.12) {xk—j-i-l = =2, =0, Tpy1 = = Thyr = 0}[1'7'17]

where j + r is the codimension of the submanifold, so X and S have a common
local product decomposition. In (1.7.12) either j or r can be zero, if j = 0 then
the submanifold meets the interior of X and we call it an interior p-submanifold;
if j > 0 we call it a boundary p-submanifold. If » = 0 then the p-submanifold is a
boundary face.
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[S.mwe]

1.8. Manifolds with corners'”
Recall that for the model spaces we set
(1.8.1) OR™F = {z € R™*; 2; = 0 for exactly [ of the first k indices}.[l's'”
For a general t-manifold set
(1.8.2) 0, X = {p € X; coordinates at p map to (‘MR”’k}.[
Then X° = 0y X. More generally we shall set
(1.8.3) Ix=9x=Jo.x."""

r>1

1.8.2]

Thus 0; X consists precisely of the points in the boundary of X at which the bound-
ary has codimension ! while &' X consists of the points at which the boundary has
codimension at least {. We also use the notation

(1.8.4) 0X =0'X so X° = X\0X.

A boundary hypersurface of a t-manifold, X, is the closure of a component
of 91X; the collection of boundary hypersurfaces will be denoted M;(X). Tt is
somewhat important to note that even hypersurface boundary faces need not be
submanifolds in the sense of Definition 1.7.3. This is precisely the reason we have
carried along the otherwise unattractive notation of ‘t-manifold.” The spaces we
shall mainly be considering have embedded boundary faces.

[1.8.4]

[1.8.5]

DEFINITION 1.8.5. A manifold with corners is a Hausdorff space with a C*°
structure with corners (a t-manifold) such that each boundary hypersurface is a
submanifold in the sense of Definition 1.7.3.

If a boundary hypersurface is a submanifold in the weak sense of Definition 1.7.3
it is automatically a p-submanifold.

Obviously any point in a t-manifold has an open neighborhood which is a
manifold with corners. The only thing that can stop a t-manifold from being a
manifold with corners is that two of the local boundary hypersurfaces near some
point are in the closure of the same component of 0 X.

[1.8.9]

LEMMA 1.8.1. In a manifold with corners each of the boundary hypersurfaces
has a global defining function in the sense that there exists p € C*°(X) such that

p=0, H={p=0}

is the boundary hypersurface in question and near each point of H there are local
coordinates with p as first element.

PROOF. Let H be a boundary hypersurface. Given that it is the closure of a
component of 01 X, the assumption that H is a submanifold means that near each
of its points there is a local defining function for H and this can be taken to be x7 in
some local coordinate system. Take a covering of H by coordinate neighbourhoods
of X based at points of H, let M be the union of these neighbourhoods. Take a
covering of X \ M by coordinate neighbourhoods not meeting H; together these
give a covering of X. Let ¢;, gb;- be a partition of unity subordinate to this covering
with the ¢; supported in the first set of neighbourhoods and the (b;. in the second.
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Then if mgi) is a local defining function for H in the coordinate chart containing the
support of ¢; set

(1.8.5) p= ngi)@ n Zqﬁj.u,s.w]
i J

Certainly p € C*°(X) is non-negative. Moreover p vanishes precisely at H. It
only remains to show that near each point of H there are local coordinates with p
as first element. In fact if z; is a local defining function for H then p = ax; locally
with @ > 0 and smooth. Thus p can be used in place of x; as first coordinate. O

In general py will denote a defining function for the boundary hypersurface
H € M;(X). Sometimes the boundary hypersurfaces will be labelled Hy,...,Hy
and then the corresponding defining functions will be denoted p;, i = 1,... V.

By a boundary face of X we mean the closure, in X, of a component of 9;X
for some [, which is the codimension. Let M;(X) be the set of boundary faces of
codimension [ and set

(1.8.6) M(X) = | | My(x).
1>0

1.8.6]

Thus, for instance, X € M (X) is the sole ‘boundary face’ of codimension 0. For a
manifold with corners, these are all C>*° embedded submanifolds, in fact they are
p-submanifolds in the sense of Definition 1.7.4. Each boundary face of codimension
k is a component of (precisely) one of the intersections

1.8.7]

(1.8.7) Hy=(\Hi, I € Mi(X), #1 =k
iel
For a given I, H; is a union, possibly empty, of boundary faces.
If S C X is a p-submanifold of a manifold with corners there is a unique
boundary face B € M(X) such that
(1.8.8) S CBanddS=0BnNS&S.

[1.8.8]

This will be written B = Fa(S). In fact Fa(S) is necessarily the smallest boundary
face containing S. If S is an interior p-submanifold then Fa(S) = X. In this sense
(1.7.11) is really the distinguishing condition between d-submanifolds and p-sub-
manifolds. It has the following important consequence:

[1.8.13]

LEMMA 1.8.2. A p-submanifold of a manifold with corners is a manifold with
corners.

PRrROOF. Consider first the case of an interior p-submanifold, S C X. Near any
boundary point p € 35S C 90X, the submanifold is locally defined by the vanishing
of interior coordiantes. Thus the boundary defining functions pgy for the boundary
hypersurfaces of X through p must be independent (i.e. can be taken as part of
a coordinate system) on S. It follows that the boundary hypersurfaces of .S, which
are just the components of the intersections SN H for H € M;(X) all have defining
functions and are therefore embedded. Thus S is a manifold with corners.

For a boundary p-submanifold simply observe that S C Fa(S) is an interior
p-submanifold and Fa(S), being a boundary face of a manifold with corners, is a
manifold with corners. O
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Together with this result for p-submanifolds one of the most important prop-
erties of the class of manifolds with corners is that it is preserved under taking
products.

[1.8.12]

LEMMA 1.8.3. The direct product X X Y of two manifolds with corners is a
manifold with corners with the C* structure generated by 75 C>(X) U n5C>(Y)
where mx: X XY — X and 7y : X XY — Y are the projections.

PROOF. The products of coordinate patches from an atlas on X and an atlas
on Y clearly give coordinate patches forming an atlas on X x Y with a C*° structure
generated as stated. The boundary hypersurfaces of X xY are all of the form H xY
or X x G where H € M;(X) and G C M;(Y). Lifting a defining function from X
or Y for the appropriate boundary hypersurface gives a defining function on X xY,
so all boundary hypersurfaces are embedded and hence X x Y is a manifold with
corners. ]

1.9. Nesting and intersection” "
In the sequel we often consider nested submanifolds
(1.9.1) YiCYyC---CY, cxMeme
of strictly increasing dimension. If X is a manifold without boundary then at any
point of X all the submanifolds in (1.9.1) can be linearized simultaneously in local
coordinates. In fact for any p € X we can choose local coordinates z; based at p in
terms of which

(1.9.2) YN Q= {z; =0, i < codim(Y;;)} """
where (2 is a small coordinate neighbourhood of p. For p-submanifolds of a manifold
with corners something very similar is true provided we require each Y; to be a p-
submanifold of Y;;1, with X = Y,.; 1, rather than just a p-submanifold of X.

[MWC.na.3]

LEMMA 1.9.1. If, fori=r,...,1,Y; C Y41 are p-submanifolds, with X = Y, 11
a manifold with corners, then near any point of X there are (product) coordinates in
terms of which all the Y; through that point are given by intersections of coordinate
planes.

PROOF. We cannot quite arrange (1.9.2), in general, since the coordinates are
to be product coordinates so the first & must always define the boundary hyper-
surfaces through the point in question. In fact the lemma follows by applying the
definition of a p-submanifold inductively. Certainly if » = 1 then Y, and X have a
common product decomposition near any point of Y., which means that in appro-
priate local coordinates Y, is the intersection of coordinate planes in X. So assume
the result for r’ and consider » = r’ 4+ 1. Dropping the smallest submanifold (and
renumbering) the inductive hypothesis can be applied to give coordinates in which
all the Y; for j > 1 are the intersections of coordinate planes. Moreover any co-
ordinate change in Y5 can be extended as a product coordinate change with the
other variables unaltered to give the same result. Then applying the definition to
Y1 C Y5 as a p-submanifold proves the inductive step and hence the full result. O
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[MWC.na.11]

DEFINITION 1.9.6. A chain of p-submanifolds of a manifold with corners is a
sequence of submanifolds as in (1.9.1), satisfying the condition of Lemma 1.9.1.

[MWC.na.6)

EXERCISE 1.9.6. Write down an example which shows that, for any r > 2, the
condition that the Y; form a chain of p-submanifolds is strictly stronger than the
requirement that they form a chain under inclusion and that each Y; be a p-sub-
manifold of X.

The opposite extreme, in terms of the intersection properties of submanifolds, of
inclusion is the condition that Y7 and Y5 should meet transversally. Although this is
usually expressed differentially in the boundaryless case there is again a formulation
in terms of product decompositions. Thus Y; and Y5 meet transversally, written
Y1 M Y5, if local coordinates x; can be introduced at each point of the intersection
in terms of which

Y, = ﬂ{xj:O}andYQ: ﬂ{ggj:

(1.9.3) JE€S JES2
With Sl n SQ = @

It follows that Y1 NYs, also conventionally denoted Y; M Y, is a submanifold.

In the case of manifolds with corners we adopt the same condition, (1.9.3),
for two p-submanifolds to intersect transversally in X, where we also insist that
the coordinates be product coordinates. Then the intersection is a p-submanifold.
More generally we need to consider the transversality of chains of p-submanifolds.

[MWC.na.8)

0}[ch.naA7]

DEFINITION 1.9.7. A finite collection YU for j = 1,...,k of chains of p-sub-
manifolds of a manifold with corners X, where the jth chain is
Y'lj C Y'2(J) cC---C Y;((JJ)) C X,
are said to intersect transversally if each point p € X has a neighbourhood 2 with
a product decomposition 2 = 7 X - - x Q and there is a chain of p-submanifolds
79 of each Q; such that

(1.9.4) VI =0y xeoox Qg x 29 sy, j= 1, kST

Of course we must allow zero dimensional factors and empty chains in this definition.
The local condition in Definition 1.9.7 can be expressed as the existence of a

local coordinate system near each point in terms of which each element of each

chain is given as the intersection of coordinate hyperplanes and no one hyperplane

appears in the definition of elements of more than one chain:
195 Y/ ={z, =0,r € BE(,j)}, E(,7) C{1l,...,n},  (uwomero
o E(Lj)NE,j)=0ifj # ', E(l,j) C B, j)ifl>1.

1.10. Cotangent and tangent bundles™ "
We shall describe next the construction of the (extension) cotangent bundle of
a manifold with corners. It is again naturally a manifold with corners. For each
p € X set
0o [
(1.10.1) I(p) = {f € C*(X); f(p) = 0}

1.9.1]
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This is an ideal in C*(X). Set

(110.2) () =1(p)-1(p) = {u € C¥(X)iu= Y figs, fingi € 1)}
finite
The (extension) cotangent fibre at p is

[1.9.3]

(1.10.3) T, X = I(p)/I*(p)

It is easy to see, by reference to local coordinates and use of Taylor’s formula, that
this is a vector space of dimension equal to that of X. As a set the cotangent bundle
of X is

(1.10.4) X =] ;X
peX

If feC>®(X)and p € X then f — f(p) € I(p). Thus
(1.10.5) df(p) =[f = fP) € T, X

defines a section of T* X, that is a map

(1.10.6) df: X — T*X, wodf = Id.

[1.9.4]

[1.9.5]

[1.9.6]

Here m: T X — X is the natural projection, mapping 7; X to p. If Y is another
manifold and f € C*°(X xY) let dxf: X x Y — T*X be the family of sections
in which Y is just a space of parameters.

Using these ezact sections of T% X we define the following space of functions on
X :
(1.10.7) F={u:T*X — C; uodxf: X — Cis C® for all f € C(X x Y)}.

[1.9.8]

ProposITION 1.10.1. (T*X,F), with F defined by (1.10.7), is a C>° manifold
with corners.

1.9.7]

PROOF. We start with the case X = R™*. Then the natural coordinate system
x1, %2, ..., T, generates a global coordinate system on T*R™* :

I(p)/I*(p) 2 R™, f+— a where

[1.9.9]

(1.108) Jp)=0= f(@) =Y ailz~p)i+9, g € P(p).
i=1

Thus T*R™* = R™* x R™ = R?". Moreover the condition (1.10.7) does characterize
C>*(R2™) by taking f = Y a;z; € C°(X x R"™) with the a; parameters. Indeed then

[1.9.10]

(1.10.9) u € F = u(T1,...,Tn,a1,...,a,) € C°(R™F x R™)

In the general case suppose that p € X is any point. Let f;, ¢ = 1,...,n be
functions as in (1.6.10). Then for ¢ near p

(1.9.11]
(1.10.10) 1) =R-{fi— f1(@) .-\ fn — ful@)} + ()" "
by Taylor’s theorem. Thus if € is a sufficiently small neighbourhood of p and
(1.10.11) Fe(©2) = {u € F;u = 0 outside a compact subset of T*Q}[I'Q'H]

then F.(Q2) = ®*C°(P(2) x R™) as follows from the discussion above. Thus the
proposition follows from Proposition 1.6.1. U
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We remark that if z1,--- ,z, are local coordinates at p € X then
n
(1.10.12) df = &da;" "
i=1
give canonically dual local coordinates (x1,...,2n,&1,...,&,) in 77 1(Q) € T*X,

where € is the coordinate patch.

Similarly it is straightforward to show that the dual spaces
1.9.14]

fit together to form the (extension) tangent bundle
(1.10.14) TX = J1,x,"""
p

which is also naturally a C°>° manifold with corners. The C*° structure on T'X is,
for instance, characterized as follows. First set

g= {(b: X xY — TX;¢is asection and [1.9.16]

(1.10.15) .
X XY 3 (2,y) — é(x,y) o dx f(x,y) is C* ¥ f € C¥(X x Y)}.

Then set

(1.10.16) F={v:TX —Civ-¢: X xY —CisC®Vopeg """

[1.9.18]

EXERCISE 1.10.7. Check that, with F defined as in (1.10.15) and (1.10.16),
(TX,F) is always a manifold with corners.

If X and Y are C*° manifolds with corners then a map F': X — Y is C* if
the pull-back operator,

1.10.1]

(1.10.17) F*(f): X — C, defined by F*(f) = fo F,'
for f: Y — C, maps C* functions to C*° functions:
(1.10.18) F*:C®(Y) — c>(x)." "7

Of course if F(p) = ¢ for a C* map F: X — Y then F*I(q) C I(p). Thus
F*:TyY — Ty X, where for any f € C*°(Y') we always have F*df (q) = d(F* f)(p)-
Dually the differential of F is Fi: T,X — T,Y, defined by a(F,v) = F*a(v) if

veT,X and a € T]Y.

For a t-manifold we shall often write the space C>°(X;TX) of all smooth sec-
tions of TX as Vg(X); the space of smooth extension vector fields. Each element
of Vg(X) acts on C*°(X), essentially by definition:

(1.10.19)

Vi C®(X) — C(X), Vi) = (V(p),df(p)), V € Vi(X), f € C(X)
Here (,) is the pairing between 7, X and T, X. Moreover this action shows that
Vg (X) is a Lie algebra with

(1.10.20) [V, W1f(p) = (VW = WV)[f(p) V f € C*(X)

[1.9.25]

[1.9.26]

In the sequel we study a variety of Lie subalgebras of Vg (X) which we often denote
by Vg (X) with # distinguishing the particular algebra. For manifolds without
boundary there are no ‘universal’ proper subalgebras of the type discussed below,
so Vg (X) will generally be written simply V(X) in that case.
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1.11. Vector bundles" "

Having defined the tangent and cotangent bundles we shall briefly recall the
general notion of a vector bundle over a manifold with corners. A wvector bundle
over X is a triple (Y, 7, G) where Y is a C* manifold with corners, 7: ¥ — X is
a surjective C*° map with surjective differential at each point and G C C*(Y) is a
linear subspace and 7*C*°(X)-module with the following properties:

(L.11.1) G | 7~ !(p) has dimension dimY —dimX Vpe X,"""
(1.11.2) G | 7 !(p) induces a linear structure on 7 *(p) 1€ .20

o m'(p) = (g fﬁ_l(P»* as manifolds
and finally

1.9.21]

(1.11.3) GUT*C™(X) generates C*°(Y) in the sense of Definition 1.6.2.

[1.9.22]

LeEmMA 1.11.1. If (Y, 7,G) is a vector bundle then

[1.9.23]

A1, ={ue ;u s linear on eac re of ™
(1.11.4) G=/{ C®(Y);u is li h fibre of 7}
and each p € X has a neighbourhood ) with a diffeomorphism
(1.11.5) F: QxR p 1)

such that F(p,-) € Iso(R%; 7w 1(p)).

Proor. By (1.11.3), G is contained in the space of fibre-linear smooth func-
tions. Conversely if p € X and O, € Y}, is the origin of the fibre, Y, above p then
by (1.11.2) there are elements & € G, for I = 1,...,k = dimY — n = ¢, which
restrict to Y, to give a basis of linear functions on the fibres. The surjectivity of
the differential of 7 and (1.11.3) show that there are elements f; € C>(X), for
j=1,...,n=dimX, giving coordinates in some neighbourhood €2 of p, such that
any u € C*°(Y') can be written locally uniquely in the form a(f1,..., fn, &1y, &k)
where @ is C*°. If u is linear on the fibres then @ must be linear in the last k
variables. Since G is a C°°(X)-module this proves (1.11.4). Moreover the map

(1.11.6) G: Q) 3 (z,y) — (z,€(z,y)) € Q x RY

is an isomorphism the inverse of which gives a map (1.11.5). U

1.Vb.5]

A smooth map (1.11.5), linear on the fibres, is just a local trivialization of the
bundle.

[1.9.24]

EXERCISE 1.11.8. Discuss the relation between different local trivializations of
a vector bundle and hence check that this definition is consistent with your favourite
definition of a vector bundle over a manifold without boundary.

Generally m and G are taken as obvious and the vector bundle is identified with
its ‘total space’ Y; the fibre m~!(p) is, as above, often denoted Y,. A vector bundle
map F:Y’ — Y between two vector bundles Y over X and Y’ over X’ is a C*®
map such that, for some f: X' — X, F: Y] — Yj(,) is a linear map for each
p € X'. Often X = X’ and the map f is the identity.

Without going into irrelevant detail concerning categories and functors we recall
that any smooth functor on the category of vector spaces allows us to construct new
vector bundles from old. A functor, with [ covariant indices and ¢ contravariant
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indices, on the category of finite-dimensional vector spaces assigns to any [ + ¢
vector spaces V;, W; where ¢ = 1,...,l and j = 1,...,q a vector space U =
®(WV1,...,Vi;ws, ..., W,) and similarly assigns morphisms, so if S; € Iso(V;; V) and
T; € Iso(Wj; W) are linear isomorphism then ®(S1,...,S; 11, ..., 1) € Iso(U,U’)
is determined where U’ = ®(V{,...,V/;Wj,...,W). Furthermore a naturality
property under composition is also demanded, namely if S| € Iso(V{;V{") and
T] € Iso(W{",W{) then

O(S) 081,80, ..., ST, ..., Ty)
= @(51,32,...,Sl;Tl,...,Tq)o@(51,52,...,SI;T1,...,Tq)[l_Vb_l]
®(S1,52,...,5;T o Ty, ..., T,)
=®(S1,52,...,5;T1,...,Ty) o ®(S1,S2,...,5;Th,...,T,)

(1.11.7)

and similarly in the other arguments. Such a functor is said to be smooth if ®
defines smooth maps and the composition maps in (1.11.7) are smooth (jointly in
all variables).

The cases of particular interest in differential geometry and differential analysis
are the functors:

1. Dual of W : W*

Exterior sum (or product) of Vi and V5 : Vi & V3
Tensor product of V; and Vo : V3 ® V,

Exterior powers of V : A'V

Symmetric powers of V : Sym'(V)
Homomorphism space of V to W : hom(V; W)

7. Density spaces of V : |[V|*, a € R,

O Uk WD

where in each case V denotes a covariant and W a contravariant space. Since it is
perhaps the least familiar we shall discuss the density bundles as an example.

If V is a finite-dimensional vector space (say over R) with dual space V* consider
the maps which are totally antisymmetric in d = dim V' factors of V* and absolutely
homogeneous of degree o € R :

1.Vb.6]

(1.11.8)  w: /\dv* N0 — R, v(rp) = [r|*v(p), r e R\O, p € /\dV* \ o

Since /\dV* has dimension one, these form a one-dimensional vector space, which
we denote |V|*. If v; € V for i = 1,...,d is a basis and v} is the dual basis of
V* then v is fixed by the value of v(vi A--- Av)) € R.If S € Iso(V,V’) is an
isomorphism onto a second vector space then the Sv; give a basis and the induced
transformation S € Iso(|V|*,|V’|%) is fixed by

(1.11.9) (S0)((Sv1)*, ..., (Sva)*) = v(vf, ..., 03). "

IV =V = R? so that |V|C¥ and |V/|a are identified and S € ISO(Rd;Rd) is an
invertible matrix then Sv = |detS|*v which shows that the density functor is
smooth.

[1.Vb.2]

EXERCISE 1.11.9. Check that the other functors listed above are smooth.

[1.Vb.3]
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ProrosiTioN 1.11.1. If @ is a smooth functor of vector spaces and V;, W; are
smooth vector bundles over a manifold with corners X then

(I)p(‘/la VW Wq) = @((Vl)pa s (W)p§ (Wl)pa ) (Wq)p)

VW) =@(V4,...,V;Wh,...,W,) = |_| Q,(Vi,..., Vs Wh,..., W)
peX

has a natural structure as a C°° wvector bundle over X.

PrOOF. Let U(p) = 2(Vi(p), ..., Vi(p); Wi(p), ..., W,(p)) be the fibres over p.
Each point p € X has an open neighbourhood 2 on which all the bundles V;, W;
have trivializations as in (1.11.5), F; for the V; and G, for the W;. Thus F}(p’) =
F;(p")F~1(p) € Iso(V;(p), Vi(p')) is an isomorphism depending smoothly on p’ € Q
and similarly for G’(p') = G;—1(p)G;(p") € Iso(W;(p'); W;(p)). The functor pro-
vides an isomorphism ®(Fy(p'),..., Fj/(p"); G1(p), ..., G (")) Iso(U(p), U(p’)) for
p’ € Q which, by assumption, depends smoothly on p’. This gives a local trivializa-
tion of the bundle U over €, let G be the space of functions on

U=1]Uw
peX

which are linear on the fibres and smooth on the product Q x U(p) when pulled
back under any such local trivialization. The smoothness of the functor implies
that this gives U the structure of a C* vector bundle. O

[S.bm]

1.12. b-maps

A general C*° map has no relation to the boundaries of the manifolds with
corners it maps. A useful condition to impose, corresponding to (1.7.5), is

(1.12.1) either F~1(0Y) C 0X or F71(0Y) = X

[1.10.9]

In fact we impose a differential version of (1.12.1) in defining the fundamental
notion of a b-map.

[1.10.10]

DEFINITION 1.12.8. Suppose X and Y are C* manifolds with corners and pg,
for H € M;(X), and pg,, for G € M;(Y'), are complete sets of defining functions for
the boundary hypersurfaces of X and Y respectively. Then a C*° map F: X — Y
is said to be a b-map if for each G € M7 (Y)

either F*pi; =0 or

(1.12.2) Fpg=ac ] g™, 0<agec™(X).
HeM,;(X)

[1.10.11]

If the first case in (1.12.2) does not occur for any G so F™*py, is not identically zero,
then F' is said to be an interior b-map, otherwise it is a boundary b-map.

To see that an interior b-map satisfies the first condition in (1.12.1) consider a
general boundary point p € 9Y. Thus p € G for some G € M (Y) so pi(p) = 0.
Then F(z) = p implies F*pi;(x) = 0; by (1.12.2) this implies py(z) = 0 for some
H € M;(X) so x € 0X. On the other hand if F' is a boundary b-map then the first
case in (1.12.2) occurs for some G € M;(Y). In this case

(1.12.3) F(X)CG, GeM(Y)

1.10.101]
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so the second condition in (1.12.1) holds. Repeating this reduction it follows that
there is a unique boundary face B € M (Y') such that F(X) C Band F: X — B
is an interior b-map.

We call the exponents e(H,G) in (1.12.2) the boundary exponents of F, they
are necessarily non-negative integers, since F' is assumed to be C*°. We shall see
below that b-maps have important analytic properties.

A diffeomorphism between manifolds with corners is always a b-map, as can be
seen from Corollary 1.5.1. A projection 7x: X x Y — X, wx(z,y) = x is always
a b-map as is any C* map from a manifold with boundary into a manifold without
boundary. On the other hand a C°° map from a manifold without boundary onto
a manifold with corners with range meeting the boundary cannot be an interior
b-map, since it cannot even satisfy (1.12.1). For example the map

(1.12.4) RSz a2 €0,00) """
is not a b-map.
[1.10.13]

LEMMA 1.12.1. The composition of two b-maps is a b-map.

Proor. This follows directly by inserting (1.12.2) for the first map into the
analogous identity for the second. O

[1.10.24]

EXERCISE 1.12.10. Show that the boundary exponents of b-maps f: X — Y
and g: Y — Z satisfy the following matrix composition law
(1.125)  egop(K,G)= > e4(K,H)es(H,G), K € My(Z), G € My(X)
HeM;(Y)

[1.10.25]

Clearly we also have:

[1.10.14]

ProrosITION 1.12.1. For a d-submanifold S C X of a manifold with corners
the inclusion tg: S — X is a b-map.

PrOOF. The definition of a d-submanifold is given in Definition 1.7.4. It is only
necessary to check (1.12.2) locally near each point of S, for the inclusion map. Since
(1.12.2) is clearly coordinate invariant we only have to observe that the inclusions
for the local models in (1.7.9) are always b-maps. O

For example the natural embedding of a boundary face is always a boundary
b-map. We then add to our list of types of submanifolds:

[1.10.19]

DEFINITION 1.12.9. A submanifold S of a manifold with corners X is a b-sub-
manifold if the inclusion map is a b-map.
Then Proposition 1.12.1 takes the form:
S a p-submanifold = S a d-submanifold — (1.10.15]

(1.12.6) S a b-submanifold = S a submanifold.

These four classes of submanifolds are in general distinct. Thus in R3 the linear
subspace {3 = 1 + 22} is a submanifold but not a b-submanifold. On the other
hand
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[1.10.16]
LEMMA 1.12.2. The diagonal A C X? is always a b-submanifold.

PRrROOF. If xq,...,x, are local coordinates in X near a boundary point of
codimension k then taking the same coordinates in both factors, but denoted z; in
the second,

[1.10.17]

(1.12.7) A={x;=x},i=1...,n}.

Thus we can take x;,7 = 1,...,n as coordinates and then the defining relation
(1.12.2) of a b-map becomes

(1.12.8) ) =, @) =y, i=1,. kT

for the inclusion. O

If 0X # (it is easy to see that A C X? is not at p-submanifold (nor is it a
d-submanifold).

[1.10.20]

LEMMA 1.12.3. If Y C X is a b-submanifold of a manifold with corners then
at each point of Y local (product) coordinates x;, y; i =1,...k, j=1,...,1, can be
introduced in terms of which Y takes the local form:

r;=0, 1< < kl) Ar(x) =0,1<r< k_//’ [1.10.21]

1.12.9
( ) y; =0, 1 <5<, y; 20, 11 <7<y + 1o,

where k' + k" < k and the A, are independent linear forms in " = (Xg/41,...,Tp)
which take on values with both signs on [O,oo)k”_k/. Conversely any submanifold
everywhere locally of the form (1.12.9) is a b-submanifold. The condition lo =0 at
all point of Y is equivalent to 0Y C 0X.

The assumption that the A, take values with both signs means that the number,
k', of single variable x; is maximal.

As a consequence of this local normal form b-submanifolds have reasonable
restriction properties:

[1.10.22]

LEMMA 1.12.4. IfY is a b-submanifold of a manifold with corners X then for
any boundary face, B € M(X), Y N B is a b-submanifold of B and

(1.12.10) T,Y NT,B=T,(YNB)Vpe BN y 1022

1.13. Integration of vector fields ™ "

One of the most fundamental of analytic tools is the integration of vector fields,
i.e. the solution of ordinary differential equations. We shall not delve into the basic
constructions, but recall the following result for manifolds without boundary.

[MW C.io.1]

ProrosITION 1.13.1. If X is a manifold without boundary and V € V(X) is a
real vector field then for any compact subset K C X there exists € > 0 and a smooth
map
(1.13.1) (—€,¢) x K3 (t,p) — exp(tV)(p) € X

[MWC.io.2]
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with exp(0)(p) = p and such that for each fized p the curve t — exp(tV') is the
unique integral curve of V' through p in the sense that

d [MW C.io0.3]

(1.13.2) (exp(tV)), (E) =V

It is often important to note that solution map exp(tV') depends smoothly on
parameters in V' as well as in X. This can be deduced from the result as stated
by adding the parameter space, S, as part of the base and lifting V to S x X
to act trivially on S. Integrating this vector field shows that the solution depends
smoothly on the parameters.

The defining condition (1.13.2) can be written in terms of the pull-back of
smooth functions as

[MW C.io.4]

(1.13.3) %(exp(tV))*f =exp(tV)* (Vf).

It follows that if V.f > 0 on {f = 0} then for ¢t > 0 the integral curves of V starting
in the region {f > 0} C X stay in this region. We can use this to integrate the
appropriate vector fields on a manifold with corners.

[MW C.io0.5)

DEFINITION 1.13.10. On a t-manifold a vector field V' € Vg(X) is said to be
inward-pointing if V'f > 0 on 90X for every function f € C*(X) with f > 0 and
f=0o0n0X.

[MW C.io.6]

CoROLLARY 1.13.1. If X is a t-manifold and V € Vg(X) is a real inward-
pointing vector field then for any compact subset K C X there exists € > 0 and a
smooth map
(1.13.4) [0,€) x K 3 (t,p) — exp(tV)(p) € X

[MWC.io0.22]

with exp(0)(p) = p and such that for each fized p the curve t — exp(tV') is the
unique integral curve of V' through p in the sense that

d [MWC.i0.23]

(1.13.5) (exp(tV), (E) =V.

PROOF. The uniqueness, and hence coordinate invariance, of the integral curves
means that it is enough to construct exp(tV') in coordinate patches, i.e. it suffices
to consider the case X = Q C R™F is open. A section of Vg(Q) can always be
extended to an element of V(Q') for some ' C R™ open with Q = Q' N R™k,
Since V is assumed to be inward pointing it follows that the integral curves stay in
Q= {xy...2, > 0} as t increases. This proves the local, and hence the semi-global,
result. O

One simple application of these results is the existence of semi-global product
decompositions near boundary faces:

[1.8.11]

LEMMA 1.13.1. A boundary face, F € M;(X), of codimension | in a compact
manifold with corners has a neighbourhood diffeomorphic to [0,1)! x F.

PRroOF. Consider first the case of a boundary hypersurface H € M;(X). The
exitence of a defining function pgy allows us to choose a vector field with is tangent
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to the other boundary hypersurfaces but is inward-pointing vector across H :
(1.13.6) Vpu >00n H, Vpg =0on G, GeM(X), G#H"

Indeed each point of H has a coordinate neighbourhood with in which H is locally
defined by z1 = 0. If ¢, is a partition of unity for H subordinate to such a coordinate
covering and V, = 90/0z; in the coordinate patch then V = ) ¢,V, satifies
(1.13.6). Integration of V starting from H gives an isomorphism of the desired
type:

(1.13.7) exp(tdV): [0,1) x H — X

for § > 0 sufficiently small.
The general case then follows by induction, since F' € M;(X) is, for | > 1,
always a boundary face of some G € M;_;(X). O

[MWC.iof.28]

S.emb]

1.14. Embedding[

1.15. Doubling[s'dwb]

It is sometimes convenient to embed a manifold with corners, or even a t-

manifold, X, as a submanifold of a manifold without boundary, X, with X compact

if X is compact. One of the difficulties with doing this is the possible existence of
non-embedded boundary components.

[1.11.1]

PROPOSITION 1.15.1. Any t-manifold, X, can be embedded as a d-submanifold
of a manifold without boundary, X. If X is compact then X can be taken compact.
Any diffeomorphism of X can be extended to a diffeomorphism of a neighbourhood
of X in X.

ProoF. Using Lemma 1.6.2 we can take a total boundary defining function
and set

(1.15.1) Ye={peX; plp) > ¢}

for € > 0 small enough. This is a submanifold with boundary, since from (1.12.8)
it follows that dp # 0 on U \ 90X for some neighbourhood U of dX in X. Choose a
strictly inward pointing C*> vector field on X, i.e. V such that
Vri(p) >0, j<k

whenever the x; are coordinates at p € dX. This is certainly possible locally since
0/0x1 + 0/0xg + - -+ + 0/0my, is strictly inward-pointing in R™*. Then V can be
taken as a sum over a partition of unity subordinate to a coordinate cover of the
boundary

(1152) V:Z¢j‘/j[1.11.15]
J

1.11.2]

where the V; are local choices.
Assuming, for simplicity, that X is compact, integration along V' gives a C*
map

(1.15.3) exp(tV): X — X (t > 0 small)’
which is a diffeomorphism onto its range,
(1.15.4) exp(tV)X c xo.""

1.11.3]
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Given € small enough, exp(tV)X C Y. This embeds X as a submanifold in the
interior of Y.

Since the extension part of the proposition is straightforward, the proof is
completed by the next result. O

[1.11.16]

EXERCISE 1.15.11. Carry through the proof in the non-compact case.

[1.11.5]
ProOPOSITION 1.15.2. If X is a manifold with boundary then the double of X
(1.15.5) 2X = (XU X) /ox" "

can be given a C™ structure, as a manifold without boundary, such that both the
inclusions
(1.15.6) X — 2X'

1.11.7]

are diffeomorphisms onto their range, embedding X as a d-submanifold, and such
that the natural reflection I: 2X — 2X, is a diffeomorphism.

PROOF. The existence of a total boundary defining function p, as discussed in
Lemma 1.6.2, shows that some neighbourhood of 9.X,
(1.15.7) p 1([0,€)) 20X x [0,¢), ¢ >0 small enough.

[1.11.8]

This means that X can be covered by coordinate patches of two types, those in
the first class not meeting X and those in the second class being consistent with
(1.15.7), i.e. the coordinate patches are products under (1.15.7), p = z; is the
first coordinate and the other (boundary) coordinates are constant along the fibres
of (1.15.7). Then a complete covering of 2X is given by using the first class of
coordinate patches twice, once for each half, and reversing the sign of x; in the
second class of coordinates, on the second half X, so that each pair or coordinate
patches combine to give one coordinate patch consistent with the decomposition

(1.15.8) pH([0,€) U p~t([0,€))/0X = OX x (—e¢,¢).
Clearly this gives a C* structure with the desired properties. O

[1.11.9]

Although we have already noted that the usual functorial constructions apply to
vector bundles over manifolds with corners (or indeed t-manifolds) an alternative
approach is to use this extension result to define all the usual form bundles by
restriction from an extension to a manifold without boundary. Thus

(1.15.9) TX =TxX, ete.

1.11.10]

The naturality of this definition follows from the extendibility of a diffeomorphism
to a neighbourhood of X in X i.e. invariance under diffeomorphisms and indepen-
dence of the extension. We also note that the local form of Theorem 1.4.1 gives a
similar Seeley extension map, a continuous linear map

(1.15.10) E:C®(X) — C®(X), E(f);x = fV fecex)."

For manifolds with corners there is a more direct construction leading to an
embedding as in Proposition 1.15.1. Namely, the doubling construction in Propo-
sition 1.15.2 can be carried out across any embedded boundary hypersurface of
a t-manifold, and for a manifold with corners this gives a sequence of manifolds



1.16. THE B-TANGENT BUNDLE Page 1.27

with corners, each embedded as an open set in the next, with one less boundary
hypersurface at each step.

If X is a manifold with corners and A C M; X is a set of boundary hypersurfaces
we shall denote by 24X a manifold, usually with corners, obtained by successive
doubling across the faces in A. Up to diffeomorphism, trivial on X — 24X, it is
independent of the order in which the doubling takes place.

[1.11.13]

LEMMA 1.15.1. If S C X s a p-submanifold of a t-manifold then for any ex-
tension X of X there is an embedded submanifold S C X without boundary which
restricts to S :

1.11.14]

(1.15.11) XnS=s

PROOF. In the case of an interior p-submanifold we can choose the strictly
inward-pointing vector field in the retraction construction of Proposition 1.15.1 to
be tangent to S, since this can clearly be arranged locally near each point of the
boundary. Then S provides its own extension. If S is a boundary p-submanifold
let B be the smallest boundary face containing S. If X is doubled across all the
boundary hypersurfaces containing B, (i.e. containing S) but not across the others
then S becomes an interior p-submanifold. Now the interior case can be followed
again with the inward-pointing vector field chosen to be tangent both to S and to
all the hypersurfaces across which the manifold has been doubled. O

1.16. The b-tangent bundle

For a manifold with corners, X, we have denoted the space of all smooth vector
fields Vg (X). As already noted this is a Lie algebra with respect to the standard
commutator bracket. In general elements of Vg(X) are not well-behaved on a
manifold with corners. Integration of V' € Vg(X) does not generally give a dif-
feomorphism of X, since V' can be inward (or outward) pointing at the boundary.
Consider instead the smaller space

V(X)) ={V € Vg(X);V is tangent to all boundary components}

1.16.1
( ) ={V € Vp(X);Vpr = agpu, ag € C*(X), ¥V H € M1(X)}

where, as always, the pgy are defining functions for the boundary hypersurfaces of
X.

LEMMA 1.16.1. In local coordinates at p € Ox X, V € V(X)) is of the form

k
(1.16.2) V=Y a;j(z)z;D; + Y _a;(x)D;, a; € C*.
j=1 >k

PRrROOF. Writing

V=Y bi(x)D;+ Y aj(x)D;
J= i>k

it follows from the second part of (1.16.1) that, for j < k, b; = 0 on x; = 0 hence
b; = x;a; for some smooth a;. O

=
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COROLLARY 1.16.1. There is a C* vector bundle over X, denoted *TX, with
fibre at p € X given by

(1.16.3) "T,X = Vo(X) /(Z(p) - Ve(X))
where Z(p) C C°(X) is the subspace of functions vanishing at p.

PrOOF. From (1.16.2) the elements x;D;, i < k, D;, j > k give a basis for
Vy(X) locally. The definition (1.16.3) of the fibre simply picks out the coefficients
of the basis elements at the point as linear coordinates in prX . To show that *T'X
is C* it suffices to show that the coefficients in (1.16.2) transform via a C*° matrix
under coordinate transformation.

Let ¢ be the coordinate transformation so x; = ¢;(z) are the new coordinates.
By assumption the first k£ coordinates in each system define, locally, the boundary

hypersurfaces. By relabelling the z; we can arrange that x; and 24, i = 1,...,k
define the same boundary hypersurface. Thus
(1.16.4) z; = ¢i(z) = miu(x), i=1,...k, a;(x) > 0.

The Jacobian matrix of the transformation is
Jij(x) = 0;0;(x)
and the matrix transforming the coefficients of (1.16.2) is therefore just
S5 0i(x) 0] <k

1.16.5 v Jij(x) =
(1165) =N L tie) 0> kg <k
0,0, (x) ij > k.
From (1.16.4) it follows that the entries of this matrix are C*°. O

The space Vi(X) is the simplest, and the most fundamental, example of the
general structure that we shall consider below. One rather particular aspect is its
naturality. It is fair to say that V,(X), and *T X, are ‘as good as’ Vg(X) and TX,
depending on the context. One way to see the naturality of V,(X) is to note:

PROPOSITION 1.16.1. On a compact manifold with corners integration of a real
vector field in Vy(X) defines a 1-parameter family of diffeomorphisms of X and
conversely, i.e. Vy(X) is the space of infinitesimal diffeomorphisms of X.

PRrOOF. Certainly any element V' € V,(X) is inward pointing, so if X is com-
pact Corollary 1.13.1 shows that integration of such a vector field gives a one-
parameter family of diffeomorphisms, exp(tV'), at least for ¢ > 0 and small. How-
ever —V is also inward pointing and the construction can be iterated to conclude
that exp(tV) is a diffeomorphism for all ¢. Conversely exp(tV'), defined for some ex-
tension of X only preserves X, and so defines a diffeomorphism exp(tV') for |¢| small
if both V' and —V are inward pointing. Clearly this implies that V € V,(X). O

We call °T'X the ‘compressed’ or ‘b’ tangent bundle of X. Naturally there is
a close relationship between the ordinary, or extension, tangent bundle and the
compressed bundle:

LEMMA 1.16.2. There is a natural C* vector bundle map
(1.16.6) ep: 'TX — TX,
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determined by the condition that
(1.16.7) eV(X) = C®(X;°TX);
ey 18 of rank n — 1 over 9; X.

Abusing notation somewhat, by suppressing the map ey, we can write Vp(X) =
C®(X;'TX).

PROOF. Since Vy(X) C Vg(X) the map (1.16.6) is obtained by sending v €
T, X to V(p) if V € Vy(X) is a section of *TX with value (in *TX) v at p. In local
coordinates at p € 9, X it is clear that

(1.16.8) 2 Di+— 0 Dj—D; §>1, i<l
Thus the map has rank n — [. ]

For each € X we denote the null space of ej: *T, X — T, X by N, Fa(x)
where Fa(z) is the boundary face containing x in its interior. These b-normal spaces
form important natural subbundles of *TrX for each boundary face F. If p € 0, X
is a boundary point at which X has a corner of codimension k then the k elements

(1.16.9) 230y, €N, X CPT,X i =1,...,k

are well defined, except that they may be interchanged by relabelling. From the
local coordinate form, (1.16.5), of the bundle transformations we find:

LEMMA 1.16.3. Quer the interior of each F € Mp(X) the b-normal spaces,
N, F, form a bundle which is the sum of k naturally trivial 1-dimensional subbundles
spanned in local coordinates by the vector fields (1.16.9); this subbundle extends
smoothly to a trivial bundle "N F C *TrX over the whole of the boundary face F.

When a general boundary face, F), is given as a component of an intersec-
tion of boundary hypersurfaces as in (1.8.7) we get the decomposition described in
Lemma 1.16.3 in the form

(1.16.10) 'NF =) NrH.
Hel

Since the elements of V},(X) are tangent to all the boundary faces there are well-
defined restriction maps

(1.16.11) V(X)) — V(F) VFeMX)
which define projections *Tr X — *TF.

LEMMA 1.16.4. For any manifold with corners, X, and any F € M(X) there
is a short exact sequence of vector bundles

(1.16.12) 0= "NF —TpX —"TF — 0.

PROOF. Suppose F € M;(X) and p € F N9k X, so k > I. Local coordinates
near p can be chosen so that F' = {z; =0,i =1,...,1}. In the local basis of V}(X)
given by (1.16.2) the elements x;D; for ¢ = 1,...,l span prF and the remaining
elements z;D; for i =1+ 1,...,k and D; for j > k span prF. This shows the
exactness of the sequence (1.16.12). O
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The dual map to (1.16.6) has the same rank properties and we use the same
notation:

(1.16.13) ep: T*X — 'T*X.
The space of smooth 1-forms, in the usual sense, C*°(X;T*X) is thus a subspace
of C*°(X;°T*X). By duality from (1.16.3) we find:

LEMMA 1.16.5. For any manifold with corners C*°(X;*T*X) is spanned over
C>®(X) by C®(X;T*X) and the logarithmic differentials, dp;/p;, of defining func-
tions for the boundary hypersurfaces.

The dual short exact sequence to (1.16.12)
(1.16.14) 0= 'T*F —"TEX — 'N*F — 0
embeds the b-cotangent bundle of the boundary face as a subbundle of the re-
striction to the face of the b-cotangent bundle of the manifold. This is in marked
contrast to the behaviour of the ordinary tangent and cotangent bundles where
there are short exact sequences
(1.16.15) 0—TF—TxF — NF —0and
(1.16.16) 0 — NF—>TpX —TF—0
in which the tangent bundle of the boundary face is embedded as a subbundle
of the restriction to the tangent bundle to the manifold, whereas the cotangent

bundle to the boundary face is naturally a quotient (by the conormal bundle) of
the restriction of the cotangent bundle of the manifold.

1.17. The b-differential

Consider again the definition of a b-map given in §1.12. If F': X — Y is an
interior b-map then the definition (1.12.2) shows that the logarithmic derivatives
of boundary defining functions can be pulled back under it. This translates to the
existence of a b-differential.

LEMMA 1.17.1. For any interior b-map F: X — Y the differential and its
transpose

(1.17.1) Fo: ToX — Tpe)Y, F*': Ty — 1; X
extend by continuity from x € X° to define the b-differentials
PR T Y — T X

1.17.2 VaoelX.
( ) PF T X — PTp)Y
For any interior b-map

(1.17.3) 'Fo "Ny X — "Np) Y VazeX

is given in terms of the basis of logaritmic differentials of defining functions by the
matriz of boundary exponent in (1.12.3).

PROOF. The maps (1.17.2) are transposes of each other. To define *F™* we use
the fact that, near p € 9, X, *T*Y is spanned by

dy!
(1.17.4) B dy;, i=1,..k j=k+1,...n

/0
7
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for C*° functions y; with p/ the (local) boundary defining functions. By the defini-
tion of a b-map, (1.12.2),

dp’ > dF*p.  da; o dpy
1.17.5 F* L) = L= + e(t,1)—.
( ) ( Pi Fepp o ai l; ) pI

Clearly this shows that ® F* is well-defined in (1.17.2) by continuity from the interior.
Since the b-differential is defined by continuity from the ordinary differential
in the interior the diagram

€b

(1.17.6) b, X T. X

o

"Tr@)Y —=TrwY

surely commutes. This shows that ®F, maps the null space of ey, in *T, X, into the
null space of e, in bTF(I), i.e. proves (1.17.3). O

For any b-map there is always a minimal boundary face of the image space,
F € M(Y) such that f(X) C F. The map f: X — F' is then an interior b-map.
Notice that F' = Fa(f(x)) for any point « in the interior of X. By the b-differential
of a boundary, i.e. non-interior, b-map we shall mean the b-differential of this
related interior b-map.

We shall classify b-maps according to the behaviour of their b-differentials. An
important class of maps below are the blow-down maps. These will not be defined
precisely for the moment but they are b-maps f: X — Y which are isomorphisms
from the interior of X to an open dense subset of Y and which are such that the
set of elements of V,(X) which are f-related to elements of V;,(Y') span V(X)) over
C*>(X). For the moment we shall concentrate more on the maps with surjective
b-differentials.

1.18. b-submersions and b-fibrations

Let X be a compact manifold with corners. A smooth surjective map ¢: X —
Y onto a manifold with corners Y is a fibration if to each y € Y there corresponds
a compact manifold with corners F, and a neighbourhood €2, of y in Y, such that
there is a diffeomorphism

(1.18.1) ¢~ Q) = Q x Fywith ¢(77(y,2)) =y

meaning that, locally in Y, X can be reduced to a product so that ¢ is projection
onto the first factor. Provided Y is connected, the fibre F, = ¢~!(y) is diffeo-
morphic to a fixed manifold F. We shall generally write such a fibration in the
form

(1.18.2) F—X
l

Y

to indicate that F' is the model fibre. The fibres of a fibration are always p-
submanifolds, in the sense of Definition 1.7.4.
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If ¢: X — Y is a fibration consider the space, Vy(X), of all C* vector fields on
X which are tangent to each of the fibres of ¢. These are, in any local trivialization
(1.18.1), just vector fields on F}, depending smoothly on y as a parameter. That is,
if we let *TX C TX denote the subbundle of fibre-tangents,

(1.18.3) Vy =C®(X;°TX), °TX = ¢*TY.

The notion of a fibration, whilst familiar, is too restrictive for our purposes.
Rather we shall work with the two successively weaker notions of a b-fibration and
a b-submersion. If X and Y are manifolds without boundary then any submersion,
ie. C*® map ¢: X — Y with differential ¢.: T, X — Ty,)Y surjective at each
point, is a fibration if both X and Y are compact (see Proposition 1.18.1 below.)
We consider the weaker notion:

DEFINITION 1.18.11. A b-submersion between manifolds with corners is an in-
terior b-map ¢: X — Y with *F,, in (1.17.2), surjective for each z € X.

It is immediately clear that a fibration of manifolds with boundary is indeed a
b-submersion. However, even if both X and Y are compact, the converse statement
is not correct. Consider for example

(1.18.4) ¥ [0,00) x [-1,1] — [0, 00), (r,7) = %r(l + 7).

This is a b-submersion, but is not a fibration. Of course the spaces are not compact,
but the ‘non-fibration’ difficulty occurs in a compact set. In the constructions below
we shall encounter many examples of b-fibrations which are not fibrations.

EXERCISE 1.18.12. Check that the map in (1.18.4) has the properties of a blow-
down map as listed at the end of §1.17.

EXERCISE 1.18.13. By modifying (1.18.4), or starting from scratch, find an
example of a b-submersion between compact manifolds with corners which is not a
fibration.

ProrosITION 1.18.1. If ¢: X — Y is a b-submersion with Y a manifold
without boundary and the leaves of ¢ are compact then ¢ is a fibration.

ProoFr. Consider a point ¥ € Y. Since Y has no boundary, bT;Y =1,Y.
Directly from (1.17.3) this shows that at each point x € ¢~1(y) N B, where B €
M. X, the b-differential annihilates ®N,B. Thus the ordinary differential must be
surjective even when restricted to 7, B. From this, and standard arguments using
the implicit function theorem, it follows that ¢~1(y) is a p-submanifold of X (i.e.
any subset of the boundary defining functions are independent on ¢~1(7) at any
point where they all vanish), that X is locally a product with ¢~1(7) and that ¢ is
locally the projection off ¢~1(%). O

Notice that the condition that ¢ be a b-map is important here, since without
it the conclusion need not hold. See Figure 4.

An immediate consequence of Proposition 1.18.1 is that any b-submersion of
compact manifolds with corners is a fibration over the interior of its range. The
structure is not quite so restricted at the boundary and in various circumstances
we need an extra condition; namely the notion of b-normality.

DEFINITION 1.18.12. An interior b-map between manifolds with corners is said
to be b-normal if at each point the b-differential is surjective as a map between the
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b-normal spaces in (1.17.3). A b-fibration ¢: X — Y between manifolds with
corners is a surjective b-map which is both b-normal and a b-submersion.

To see that the condition of b-normality is not automatic consider the map
X =[0,1] x [0,27] > (1,0) —

1.18.5
( ) (rcos@,rsinf) €Y = {(z,y) € R%2* +y* < 1,2 > 0,y > 0}.

Clearly this is a b-map and is easily seen to be a b-submersion but not a b-fibration.

ProroSITION 1.18.2. A b-submersion, ¢: X — Y, between manifolds with
corners is a b-fibration if and only if the boundary exponents are limited by the
condition

(1.18.6) for each H € M,(X), e(H,G) # 0 for at most one G € M;(Y).

Under a b-fibration the inverse image of any boundary face of Y is a finite union
of boundary faces of X, restricted to each one of which ¢ gives a b-fibration. The
fibre ¢~1(p) above each point p € Y is a finite union of p-submanifolds of X.

PrOOF. If (1.18.6) holds for a b-submersion then at each € X such that
d(z) € OxX the PF*(dp!/p.) are independent when restricted to *N,X. Thus the
differential in (1.17.3) must be injective and the map must be a b-fibration. Con-
versely if (1.18.6) does not hold then (1.17.3) cannot always be surjective, even
though °F, might be.

For an interior b-map the inverse image of a boundary face is a union of bound-
ary faces, as follows from (1.12.2)

(1.18.7) ¢ '(B')=|JB:

Still for a general b-map the restriction
(1.18.8) ¢: B, — B’

is always a b-map. However even if ¢ is a b-submersion it does not follow that
(1.18.8) is a b-submersion. Notice that for any boundary face

(1.18.9) 'T,B ="T,X/'N,B.

If ¢ is a b-fibration then this and the surjectivity of (1.17.3) together show that
the b-differential of the restricted map, (1.18.8), must be surjective. The condition
(1.18.6) clearly survives restriction. The last part of the proposition now follows,
since any p € Y lies in the interior of some boundary face. O

For any point p of the domain of a b-fibration local coordinates xz; can be
introduced at p and local coordinates z} at f(p) in terms of which

(1.18.10) prai =T, i<W, fa) = zjpwn
J
where the e(i, j) are the boundary exponents of f and k, &’ are the local boundary
codimensions at p and f(p).
The four distinct types of maps between compact C* manifolds with corner

discussed above mirror the four types of submanifolds discussed in Chapter 1, see
Definition 1.12.1 and (1.12.6). Thus

(1.18.11) fibration == b-fibration == b-submersion == b-map.
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The b-cotangent bundle also gives another interpretation of the transversality
condition for an interior p-submanifold. Namely under the natural bundle map
T*X — T*X the normal bundle to a p-submanifold, Y, is mapped to a subbundle
of T} X this is the b-conormal bundle to Y :

(1.18.12) N*Y C Ty X

The normal bundle to Y, N,Y = T, X/T,Y can also be identified with *T, X /T, Y,
i.e. is spanned by the classes of vectors tangent to dX. This is the basis of our
proof of the existence of a normal fibration in §77.
1.19. Quasi-homogeneity[s'MWC'QM
If Y C X is a p-submanifold of a manifold with corners the conormal bundle,
N*Y, toY in X counsists of the differentials of elements of Z(Y"), the ideal of smooth
functions on X vanishing at all points of Y. From the local coordinate form it is
clear that N*Y gives the short exact sequence

(1.19.1) 0—I(Y)? — I(Y) 2% ¢=(v; N*Y) — 0, e

and thus its sections are just elements of the quotient Z(Y)/Z(Y)?, the elements
of which are the first-order germs of functions vanishing on Y. Recall that Z(Y")?
is, for any positive integer ¢, the ideal in C*°(X) consisting of the finite sums of
g-fold products of functions vanishing on Y. The higher order quotients can also be
identified in terms of the conormal bundle:

[MWC.Qh.2]
LEMMA 1.19.1. For any q € N
(1.19.2) 0— Z(YV) — Z(Y)? — C®(Y;SU(N*Y)) — 0

[MWC.Qh.3]

is a short exact sequence where S1(N*Y') is the totally symmetric part of the q-fold
tensor product of N*Y.

PRrROOF. This follows locally by the use of Taylor series and can be globalized
using a partition of unity or the uniqueness of the local construction. O

We need to consider below more general structures of this type where some
of the functions vanishing on Y are given different weights. Thus in a decreasing
sequence
(1.19.3) IV)=FOY) > > FOY)c FOD(¥) 5 ..., ge N

MWC.Qh.4]

the elements are to be interpreted as the spaces of functions on X vanishing at least
to order g on Y. For this to be reasonable we impose various conditions.

Initially suppose that Y is a submanifold of a manifold without boundary. We
demand that all the spaces in (1.19.3) be C*° modules and all elements vanish on
Y, in the usual sense:

(1.19.4) C>(X)  FO(X) = FO(X)CZ(Y), VqeN.

MW C.Qh.5)

Since we want these to represent orders of vanishing we also require the multiplica-
tive property

(1.19.5) Fay). Fl)y) c }—(q+q/)(Y).

[MWC.Qh.T)
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In view of this and (1.19.4) it is convenient to extend the definition down to ¢ =0
by defining
(1.19.6) FO@y) = ¢>(x). M
We shall require a partial converse to (1.19.5) in that for any ¢ the sequence
0 — Flth(y) + Z FM(Y).--.. FMa(Y)
(1.19.7) mit A me=q
L F@(y) I e (y;S,) — 0

[MWC.Qh.9]

should be exact for a subbundle S, C N*Y. Furthermore we demand that for some
integer [

(1.19.8) I(Y)ett o Flathyyy g M eene

The smallest integer [ for which (1.19.8) holds is the largest local homogeneity.

[MWC.Qh.10]

DEeFINITION 1.19.13. If Y C X is a submanifold of a manifold without bound-
ary a quasi-homogeneity structure at Y is a sequence of ideals in C*°(X) as in
(1.19.3) — (1.19.8).

The condition (1.19.8) means in particular that S, = {0} for ¢ > [, and [ is the
smallest integer with this property. Then (1.19.7) implies that the (9 (Y) are, for
q > 1, the spans of the products of the F®) (Y) for t < | with appropriate multi-
plicities. Thus all the information in a quasi-homogeneity structure is contained in
the first [ ideals.

The ‘trivial’ structure where

(1.19.9) FO(y) =7(y)a™" e
is also called the ‘radial’ quasi-homogeneity structure. The subbundles in (1.19.7)
are decreasing with ¢ so give a bundle filtration of N*Y :
(1.19.10) N*Y =858 D28 = {0}
Thus the existence of non-radial quasi-homogeneous structure is a non-trivial topo-
logical restriction on the manifold Y.

Any quasi-homogeneous structure is given locally by coordinate functions.

[MWC.Qh.13]

PROPOSITION 1.19.1. If F*)(Y) is a quasi-homogeneous structure for the sub-
manifold Y C X (assumed connected) of a manifold without boundary then there
is a multi-index k and at any point p € Y there are local coordinates x1,...,%, in
terms of which

(1.19.11) ].‘(fl)(y) Nez(Q) = Z xaCSQ(Q)[MWO.Q;L.M]
Kro>q
where ) is the coordinate neighbourhood.

PRrOOF. Consider the decreasing sequence of integers ¢(1),...,q(r) giving the
values of ¢ for which S; # S¢41 and let m(j) for j = 1,...,r be the change in
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dimension, i.e. m(j) is the dimension of Sy(;)/Sy(j+1). Near a given point p € YV’
we can choose successive functions x; € C*°(X) with the property that

z; € FUOif i < M(j) = > m(j) = dim Sy
(1.19.12) P
(dzs)py span Sy(;) near p for i < M(j).

)[MWC.Qh.ls]

These functions x; have independent differentials at p so can be extended to a
coordinate system. In terms of these coordinates (1.19.11) holds with

K:(Q(l)v"'7Q(1)aQ(2)7'"’“-aQ(T)vOa-"O)a

where each ¢(j) is repeated m(j) times. O

A quasi-homogeneous structure does involve more than a filtration (1.19.10)
but any such filtration corresponds to a quasi-homogeneous structure, as is shown
in §77

For an interior p-submanifold of a manifold with corners the definition of a
quasi-homgeneity structure can be applied unchanged. However to extend this
notion to boundary p-submanifolds we shall add extra conditions so that (1.19.11)
holds with the coordinates being product coordinates. Consider the decomposition
of the conormal bundle of Fa(Y") given by its representation (1.8.7) as a component
of the intersection of some set of the boundary hypersurfaces:

(1.19.13) N*Fa(Y) = @ NEH[MWC.Qh.zo]
HeHu(B)
where Hu(Y') = Hu(Fa(Y)) C M;(X) consists of the boundary hypersurfaces con-

taining Y. We shall demand that the bundles S, have a decomposition related to
this, namely that there is an integer v(H) € N for each H € Hu(Y') such that

S,NNyFa(Y)= @ NyHVq
(1.19.14) ~(H)<q
and py € FOUD v H € Hu(Y).

[MWC.Qh.21]

[MWC.Qh.17]

DEFINITION 1.19.14. If Y C X is a p-submanifold of a manifold with corners
then a quasi-homogeneity structure at Y is a sequence of ideals in C*°(X) as in
(1.19.3) — (1.19.8) such that (1.19.14) holds for some integers v(H) € N for each
H € Hu(Y).

Our convention that the first k coordinates be local boundary defining functions
means that the multiindex & in (1.19.11) may have to be reordered, but apart from
that Proposition 1.19.1 continues to hold:

[MWC.Qh.18]

PROPOSITION 1.19.2. If F*)(Y) is a quasi-homogeneous structure at a p-sub-
manifold Y C X of a manifold with corners then there is a multi-index k and at
any point p € Y there are local coordinates x1,...,x, in terms of which

(1.19.15) FOX)NCE@ = > 2°C(Q)

k(p)-a>q

[MWC.Qh.1014]

where  is the coordinate neighbourhood and k(p) is a reordering of k.



1.20. PARABOLIC QUASI-HOMOGENEITY Page 1.37

PrOOF. The proof of Proposition 1.19.1 can be followed closely, with the max-
imum number of boundary defining functions always chosen as local coordinates,
using (1.19.14). O

As an example of a quasi-homogeneity structure of geometric origin consider
the singular curve in the plane
(1.19.16) C ={(z,y) € R%y* = 2}

[MWC.Qh.26]

This is a ‘cusp’ and is a stable curve in the sense of singularity theory (see [?]).
Naturally it suggests the quasi-homogeneity structure in which z is given weight 3
and y is given weight 2. Thus with Y = {0}, F(@(Y) consists of those C> functions
on R? which have all terms in their Taylor series at 0 of weight at least ¢. It is
of interest to note that this definition is independent of the coordinates in which
C takes the standard form (1.19.16). Such quasi-homogeneity structures are used
extensively in [?], [?].

[MWC.Qh.27]

EXERCISE 1.19.14. Recall an important result of Arnol’d [?] which in this par-
ticular case shows that given any real-valued smooth function Y € C*(R?) with
dY and dz independent at 0 there is a choice of X € C*°(R?) such that X and YV
give local coordinates based at 0 with respect to which C' = {Y? = X?}. Using this
show that the quasi-homogeneity structure at {0} defined above is independent of
the choice of coordinates in which (1.19.16) holds.

The notion of a quasi-homogeneity structure at a submanifold is clearly a re-
finement of the C*° structure of the underlying manifold. In Chapter ?? it is shown
how a quasi-homogeneity structure defines a new manifold, in which X is blown-up
along Y.

1.20. Parabolic quasi-homogeneity

The simplest type of quasi-homogeneity structure after the ‘radial’ structure
occurs when some of the functions defining the submanifold have parabolic homo-
geneity, but no higher. Since this case occurs quite often (see for example [?]) we
discuss it a little more here. For a parabolic structure there are just two different
bundles in (1.19.10), namely S; = N*Y and Sz, which we denote simply as S. Thus
S C N*Y is a subbundle with the decomposition property (1.19.14) becoming in
this case:

(1.20.1) SNNyB= P NyH
HePCHu(Y)

[MWC.Qh.22]

Given such a bundle consider
(1.20.2) FOY) = {ucZ(Y); (du)jy € C®(Y;S)} + Z(Y)
(1203) ]_‘(J) _ Z f’(ml)7 j > 3[MWC’.Qh,zS]

myi+-4m;>j

9 IMWC.Qh.24]

where (1.20.3) is an inductive definition.

[MWC.Qh.25]

PROPOSITION 1.20.1. The definition (1.20.3) and (1.20.2) fizes a 1-1 corre-
spondence between the parabolic quasi-homogeneity structures on a p-submanifold
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Y of a manifold with corners and the subbundles of the conormal bundle S C N*Y
satisfying the decomposition condition (1.20.1).

ProOF. The existence of a parabolic quasi-homogeneity structure with a given
bundle, S, as in (1.20.1) arising as So in (1.19.7) follows from Proposition 1.19.2. Tt
suffices therefore to show that the F(@(Y) are determined by S. Since F()(Y) =
Z(Y) and the F@ for ¢ > 3 are determined by FM(Y) and F?)(Y) it is only
necessary to note the characterization
(1.20.4) FOY) = {u € Z(Y); (du)y € C(Y;8)}

which follows from (1.19.7). O

MWC.Qh.31]



