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Introduction

These notes are for the graduate analysis courses (18.155 and 18.156)
at MIT. They are based on various earlier similar courses. In giving
the lectures I usually cut many corners!

To thank:- Austin Frakt, Philip Dorrell, Jacob Bernstein....



CHAPTER 1

Measure and Integration

A rather quick review of measure and integration.

1. Continuous functions

A the beginning I want to remind you of things I think you already
know and then go on to show the direction the course will be taking.
Let me first try to set the context.

One basic notion I assume you are reasonably familiar with is that
of a metric space ([6] p.9). This consists of a set, X, and a distance
function

d: X x X =X?>—10,00),
satisfying the following three axioms:
i)d(z,y) =0< x =y, (and d(z,y) > 0)
(1.1) it) d(z,y) =d(y,x) V o,y € X
itt) d(z,y) < d(z,z) +d(z,y) Vx,y,z € X.
The basic theory of metric spaces deals with properties of subsets
(open, closed, compact, connected), sequences (convergent, Cauchy)

and maps (continuous) and the relationship between these notions.
Let me just remind you of one such result.

PROPOSITION 1.1. A map f : X — Y between metric spaces is
continuous if and only if one of the three following equivalent conditions
holds

(1) f74O) C X is open ¥V O CY open.
(2) f7HC) C X is closedV C CY closed.
(3) limy, oo f(zn) = f(z) in Y ifx, - x in X.

The basic example of a metric space is Euclidean space. Real n-
dimensional Euclidean space, R", is the set of ordered n-tuples of real
numbers

r=(x1,...,2,) ER", z; €eR, j=1,...,n.
7



8 1. MEASURE AND INTEGRATION

It is also the basic example of a vector (or linear) space with the oper-
ations
:C_'_y: (x1+y17x2+y27"'7xn+yn)
cx = (cxy,...,cxy).

The metric is usually taken to be given by the Euclidean metric
o = (af + -+ ap) 2= (Y a2,
j=1

in the sense that
d(z,y) = v —y| .
Let us abstract this immediately to the notion of a normed vector
space, or normed space. This is a vector space V' (over R or C) equipped
with a norm, which is to say a function

[+ V' —[0,00)
satisfying
i) [[v]] =0 <= v =0,
(1.2) it) [[ev]| = lel[Jo]] ¥ ¢ € K,
iii) [[o + w] < o]l + [l

This means that (V,d), d(v,w) = ||[v — w|| is a vector space; I am also
using K to denote either R or C as is appropriate.

The case of a finite dimensional normed space is not very interesting
because, apart from the dimension, they are all “the same”. We shall

say (in general) that two norms || e ||; and || e ||z on V are equivalent
of there exists C' > 0 such that

1
5||U||1 <ol < vl VveV.

PROPOSITION 1.2. Any two norms on a finite dimensional vector
space are equivalent.

So, we are mainly interested in the infinite dimensional case. I will
start the course, in a slightly unorthodox manner, by concentrating on
one such normed space (really one class). Let X be a metric space.
The case of a continuous function, f : X — R (or C) is a special case
of Proposition 1.1 above. We then define

C(X)=A{f:X =R, f bounded and continuous} .

In fact the same notation is generally used for the space of complex-
valued functions. If we want to distinguish between these two possi-
bilities we can use the more pedantic notation C'(X;R) and C(X;C).
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Now, the ‘obvious’ norm on this linear space is the supremum (or ‘uni-
form’) norm

[fllsc = sup | f(z)] -
zeX

Here X is an arbitrary metric space. For the moment X is sup-
posed to be a “physical” space, something like R". Corresponding to
the finite-dimensionality of R” we often assume (or demand) that X
is locally compact. This just means that every point has a compact
neighborhood, i.e., is in the interior of a compact set. Whether locally
compact or not we can consider

(1.3) Co(X) = {f €C(X);Ve>03a K e Xs.t.sup|f(z)] < e} .
¢ K
Here the notation K € X means ‘K is a compact subset of X".

If V is a normed linear space we are particularly interested in the
continuous linear functionals on V. Here ‘functional’ just means func-
tion but V' is allowed to be ‘large’ (not like R™) so ‘functional’ is used
for historical reasons.

ProOPOSITION 1.3. The following are equivalent conditions on a
linear functional u:V — R on a normed space V.

(1) w is continuous.
(2) w is continuous at 0.

(3) {u(f) e R; f eV, |Ifll <1} is bounded.
(4) 3C st |u(H)| <C|fI|V feV.

PROOF. (1) = (2) by definition. Then (2) implies that u~*(—1,1)
is a neighborhood of 0 € V, so for some € > 0, u({f € V|| f|| < €}) C
(—1,1). By linearity of u, u({f € V;||f|| <1}) C (=2, 1) is bounded,
s0 (2) = (3). Then (3) implies that

u(A)<CV feVfl<1
for some C. Again using linearity of u, if f # 0,

()] < |1 fllu (ﬁ) < iy,

giving (4). Finally, assuming (4),
u(f) —ulg)| = [u(f —g)| < C|If — 4|
shows that u is continuous at any point g € V. 0

In view of this identification, continuous linear functionals are often
said to be bounded. One of the important ideas that we shall exploit
later is that of ‘duality’. In particular this suggests that it is a good
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idea to examine the totality of bounded linear functionals on V. The
dual space is

V' =V*={u:V — K, linear and bounded} .
This is also a normed linear space where the linear operations are

(u+ 0)(f) = u(f) + v(1)
. () = clutpy) T EY

The natural norm on V' is

[ull = sup [u(f)]
HS!

This is just the ‘best constant’ in the boundedness estimate,
Jull = inf {C; [u(A) < C|IfIIV fC V.

One of the basic questions I wish to pursue in the first part of the
course is: What is the dual of Cy(X) for a locally compact metric space
X7 The answer is given by Riesz’ representation theorem, in terms of
(Borel) measures.

Let me give you a vague picture of ‘regularity of functions’ which
is what this course is about, even though I have not introduced most
of these spaces yet. Smooth functions (and small spaces) are towards
the top. Duality flips up and down and as we shall see L?, the space
of Lebesgue square-integrable functions, is generally ‘in the middle’.
What I will discuss first is the right side of the diagramme, where we
have the space of continuous functions on R™ which vanish at infinity
and its dual space, Mg, (R™), the space of finite Borel measures. There
are many other spaces that you may encounter, here I only include test
functions, Schwartz functions, Sobolev spaces and their duals; k is a
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general positive integer.

(15 S(®)

HERY)  C(RY) = Co(R")

/
LZ(E&b)\
H (R") &Mﬁn(w)

S'(R™).

I have set the goal of understanding the dual space Mg,(R") of
Co(X), where X is a locally compact metric space. This will force me
to go through the elements of measure theory and Lebesgue integration.
It does require a little forcing!

The basic case of interest is R™. Then an obvious example of a
continuous linear functional on Cy(R"™) is given by Riemann integration,
for instance over the unit cube [0, 1]

)= [ f)de.
[0,1]"
In some sense we must show that all continuous linear functionals
on Co(X) are given by integration. However, we have to interpret
integration somewhat widely since there are also evaluation functionals.
If z € X consider the Dirac delta

0-(f) = f(2).

This is also called a point mass of z. So we need a theory of measure
and integration wide enough to include both of these cases.

One special feature of Cy(X), compared to general normed spaces,
is that there is a notion of positivity for its elements. Thus f > 0 just
means f(x) >0V z e X.

LEMMA 1.4. Each f € Co(X) can be decomposed uniquely as the
difference of its positive and negative parts

(1.6) f=Fe—T- J €C(X), felz) < [f(x)] V2 eX.
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ProoOF. Simply define
_ ) @) it £f(z) 20
fi(x)‘{ 0 if +£f(z)<0

for the same sign throughout. Then (3.8) holds. Observe that f. is
continuous at each y € X since, with U an appropriate neighborhood

of y, in each case
fly) >0= f(z) >0forz e U= f,=finU
fy) <0= f(z)<O0forz e U= fL=0inU
flyy=0= given ¢>03Us.t. |[f(z)]<einU

= |fi(x)| <einU.
Thus f_ = f— f, € Co(X), since both f, and f_ vanish at infinity. O

We can similarly split elements of the dual space into positive and
negative parts although it is a little bit more delicate. We say that
u € (Co(X)) is positive if
(1.7) u(f) >0V 0< fecly(X).

For a general (real) u € (Co(X))" and for each 0 < f € Co(X) set

(1.8)  uy(f) = supfulg); g € Co(X), 0 <g(x) < fz) Ve X},
This is certainly finite since u(g) < C|[glloc < C|[f[lco. Moreover, if
0 < ¢ € R then uy(cf) = cuy(f) by inspection. Suppose 0 < f; €
Co(X) for ¢ = 1,2. Then given ¢ > 0 there exist g; € Co(X) with
0 < gi(z) < fi(z) and
<u(g;) te.
It follows that 0 < g(x) < 1(m) + fa(x) if g = g1 + g2 sO
+u

ur(fi1 4 f2) = ulg) = ulgr) + u(g2) 2 us (f1) + us(f2) — 2¢.
Thus
ur(f1+ fo) = ui(fr) + us(fa).

Conversely, if 0 < g(z) < fi(z) + fo(z) set gi(z) = min(g, f1)
Co(X) and go = g — g1 Then 0 < g; < f; and uy(f1) + us(fo)
u(g1) + u(g2) = u(g). Taking the supremum over g, u,(fi + fo)
uy(f1) + us(f2), so we find

(1.9) ur(fi+ fo) = uir(f1) +ui(fa)

Having shown this effective linearity on the positive functions we
can obtain a linear functional by setting

(1.10) ur(f) =us(f4) —us(f2) V f € Co(X).

IANTV m
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Note that (1.9) shows that u, (f) = us(f1) — us(fs) for any decom-
posiiton of f = f1 — fo with f; € Co(X), both positive. [Since f1+ f_ =
Jot+ [ soui (1) + ui(f-) = ui (f2) + ui(f+).] Moreover,

Jug ()] < max(uy (f1), u(f-)) < [lull [ f]l
= [l < flull-
The functional
U =Uup —u
is also positive, since uy (f) > u(f) for all 0 < f € Co(x). Thus we
have proved

LEMMA 1.5. Any element u € (Co(X))" can be decomposed,
U=u; —uU_
into the difference of positive elements with
e s Tl <

The idea behind the definition of u, is that w itself is, more or
less, “integration against a function” (even though we do not know
how to interpret this yet). In defining uy from u we are effectively
throwing away the negative part of that ‘function.” The next step is
to show that a positive functional corresponds to a ‘measure’ meaning
a function measuring the size of sets. To define this we really want to
evaluate u on the characteristic function of a set

(z) = 1 ifxek
XEW) =0 ifx ¢ E.
The problem is that yg is not continuous. Instead we use an idea

similar to (15.9).
If 0 <wué€ (C(X)) and U C X is open, set!

(1.11) u(U) =sup{u(f); 0 < f(z) <1, f € Co(X), supp(f) € U} .
Here the support of f, supp(f), is the closure of the set of points where
f(z) # 0. Thus supp(f) is always closed, in (15.4) we only admit f if
its support is a compact subset of U. The reason for this is that, only
then do we ‘really know’ that f € Co(X).

Suppose we try to measure general sets in this way. We can do this
by defining

(1.12) p(E) =inf{u(U); U D E, U open} .
Already with g it may happen that u(U) = oo, so we think of
(1.13) p e P(X) — [0, 00]

1Sce [6] starting p.42 or [1] starting p.206.
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as defined on the power set of X and taking values in the extended
positive real numbers.

DEFINITION 1.6. A positive extended function, p*, defined on the
power set of X is called an outer measure if u*(0) = 0, p*(A) < p*(B)
whenever A C B and

(1.14) M*(U Aj) < ZM(AJ‘) vV {412, cPX).

LEMMA 1.7. Ifu is a positive continuous linear functional on Co(X)
then p*, defined by (15.4), (15.12) is an outer measure.

To prove this we need to find enough continuous functions. I have
relegated the proof of the following result to Problem 2.

LEMMA 1.8. Suppose U;, i =1,..., N is ,a finite collection of open
sets in a locally compact metric space and K & Uf\il U; is a compact
subset, then there exist continuous functions f; € C'(X) with 0 < f; <
1, supp(fi) € U; and

(1.15) ZfZ =1 in a neighborhood of K .

PrROOF OF LEMMA 15.8. We have to prove (15.6). Suppose first
that the A; are open, then so is A = (J,4;,. If f € C(X) and
supp(f) € A then supp(f) is covered by a finite union of the A;s.
Applying Lemma 15.7 we can find f;’s, all but a finite number iden-
tically zero, so supp(fi) € A; and >, fi = 1 in a neighborhood of

supp( f).
Since f = ). fif we conclude that

u(f) =Y ulfif) = p'(A) <D (A)

7

since 0 < f;f <1 and supp(f;f) € A;.
Thus (15.6) holds when the A; are open. In the general case if
A; C B; with the B; open then, from the definition,

pw(JA) < (B) <D w(By).
Taking the infimum over the B; gives (15.6) in general. O

2. Measures and o-algebras

An outer measure such as p* is a rather crude object since, even
if the A; are disjoint, there is generally strict inequality in (15.6). It
turns out to be unreasonable to expect equality in (15.6), for disjoint
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unions, for a function defined on all subsets of X. We therefore restrict
attention to smaller collections of subsets.

DEFINITION 2.1. A collection of subsets M of a set X is a o-algebra
if
(1) ¢, X e M
(2) EeM= E°=X\FeM
3) {B} 2, c M= U2 EieM.

For a general outer measure p* we define the notion of p*-measurability
of a set.

DEFINITION 2.2. A set E C X is pu*-measurable (for an outer mea-
sure p* on X ) if

(2.1) pH(A) = (ANE)+ i (ANEYY V AC X.

PROPOSITION 2.3. The collection of p*-measurable sets for any
outer measure is a o-algebra.

PROOF. Suppose E is y*-measurable, then E¢ is p*-measurable by
the symmetry of (3.9).
Suppose A, E and F' are any three sets. Then

AN(EUF)=(ANENF)UANENFY ) UANENF)
AN(EUF)Y =ANE“NF°.
From the subadditivity of u*
p(AN(EUFR))+p (AN (EUF)°)
<p(ANENF)+p (ANEUFY)
+u (ANENF)+ (AN EY N FO).

Now, if £ and F are p*-measurable then applying the definition twice,
for any A,

p(A)=p (ANENF)+ (AN ENFY)
+u(ANENF)+ (AN EY N FY)
> (AN(EUF))+p (AN (EUF)°).

The reverse inequality follows from the subadditivity of u*, so EU F
is also p*-measurable.

If {E;};2, is a sequence of disjoint p*-measurable sets, set F,, =
Ui, Bi and F = J;Z, E;. Then for any A,

p(ANE) =p(ANF,NE,)+p(ANE,NEY)
=p(ANE,) +u (AN F,_q).
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Iterating this shows that
“(ANE,) Z (AN E;)

From the p*-measurability of F), and the subadditivity of u*,
p(A) = (AN F,) + p* (AN FY)
> W(ANE) +p (AnFY),

j=1

Taking the limit as n — oo and using subadditivity,
(2.2) 2: (AN E;) + pu* (AN F°)

> (AN F) 4 1 (AN FO) > 4(4)

proves that inequalities are equalities, so F' is also pu*-measurable.
In general, for any countable union of p*-measurable sets,

J4,=U4.

j=1 j=1

j—1 -1 c
A=A\ JAi=4;n (UAZ)

=1 =1

is p*-measurable since the gj are disjoint. 0

A measure (sometimes called a positive measure) is an extended
function defined on the elements of a o-algebra M:

M — 0,00
such that
(2.3) p(0) = 0 and

A = A
24 A(VEN R

The elements of M with measure zero, i.e., E € M, u(F) = 0, are
supposed to be ‘ignorable’. The measure p is said to be complete if

(2.5) EFEcXand3dFeM,u(F)=0,ECF=EecM.
See Problem 4.
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The first part of the following important result due to Caratheodory
was shown above.

THEOREM 2.4. If p* is an outer measure on X then the collection
of u*-measurable subsets of X is a o-algebra and p* restricted to M is
a complete measure.

ProoOF. We have already shown that the collection of y*-measurable
subsets of X is a o-algebra. To see the second part, observe that taking
A= Fin (3.11) gives

WF) =Y i (B it F = | B

and the E; are disjoint elements of M. This is (3.3).

Similarly if ¢*(E) = 0 and F C E then p*(F) = 0. Thus it is
enough to show that for any subset £ C X, p*(E) = 0 implies £ € M.
For any A C X, using the fact that u*(ANE) = 0, and the ‘increasing’
property of u*

WH(A) < 1 (AN E) + (AN EC)
= (AN EY) < p*(A)
shows that these must always be equalities, so £ € M (i.e., is u*-
measurable). 0

Going back to our primary concern, recall that we constructed the
outer measure p* from 0 < u € (Cy(X))’ using (15.4) and (15.12). For
the measure whose existence follows from Caratheodory’s theorem to
be much use we need

PROPOSITION 2.5. If 0 < u € (Co(X)), for X a locally compact
metric space, then each open subset of X is p*-measurable for the outer
measure defined by (15.4) and (15.12) and p in (15.4) is its measure.

PROOF. Let U C X be open. We only need to prove (3.9) for all
A C X with p*(A) < 00.2

Suppose first that A C X is open and p*(A) < co. Then ANU
is open, so given € > 0 there exists f € C(X) supp(f) € ANU with
0<f<1land

W(ANT) = w(AND) < ulf) +e.
Now, A\ supp(f) is also open, so we can find g € C(X),0 < g <
1, supp(g) € A\ supp(f) with
p(A\supp(f)) = p(A\supp(f)) < ulg) + €.

2Why?
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Since
A\supp(f) DANUC, 0< f+g<1,supp(f+g) €A,
p(A) = u(f +g) = u(f) +u(g)
> p (ANU) +p*(ANU) — 2¢
> pr(A) — 2e
using subadditivity of u*. Letting € | 0 we conclude that
pH(A) S P (ANU) + (AN TS) < pt(A) = p(A).

This gives (3.9) when A is open.
In general, if F C X and p*(E) < oo then given € > 0 there exists
A C X open with p*(E) > p*(A) — e. Thus,

pH(E) > g (ANU) + p*(ANUY) —e
> (ENU)+p (ENUY) —e

> u'(E) —e.
This shows that (3.9) always holds, so U is p*-measurable if it is open.
We have already observed that p(U) = p*(U) if U is open. O

Thus we have shown that the o-algebra given by Caratheodory’s
theorem contains all open sets. You showed in Problem 3 that the
intersection of any collection of o-algebras on a given set is a o-algebra.
Since P(X) is always a o-algebra it follows that for any collection
E C P(X) there is always a smallest o-algebra containing £, namely

./\/lg:ﬂ{/\/l D E; M is a g-algebra , M C P(X)} .

The elements of the smallest o-algebra containing the open sets are
called ‘Borel sets’. A measure defined on the o-algebra of all Borel sets
is called a Borel measure. This we have shown:

PROPOSITION 2.6. The measure defined by (15.4), (15.12) from
0<wue (C(X)) by Caratheodory’s theorem is a Borel measure.

PRrROOF. This is what Proposition 3.14 says! See how easy proofs
are. U

We can even continue in the same vein. A Borel measure is said to
be outer reqular on E C X if

(2.6) p(E)=inf{u(U); U D E, U open} .

Thus the measure constructed in Proposition 3.14 is outer regular on
all Borel sets! A Borel measure is inner reqular on E if

(2.7) u(E) =sup{u(K); K C E, K compact} .
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Here we need to know that compact sets are Borel measurable. This
is Problem 5.

DEFINITION 2.7. A Radon measure (on a metric space) is a Borel
measure which is outer reqular on all Borel sets, inner reqular on open
sets and finite on compact sets.

PROPOSITION 2.8. The measure defined by (15.4), (15.12) from
0 <wu e (Co(X)) using Caratheodory’s theorem is a Radon measure.

PROOF. Suppose K C X is compact. Let yx be the charac-
teristic function of K, xx = 1 on K, xx = 0 on K¢ Suppose
f € Co(X), supp(f) € X and f = xx. Set

U={zeX; f(x) >1—¢}

where € > 0 is small. Thus U, is open, by the continuity of f and
contains K. Moreover, we can choose g € C'(X), supp(g) € U, 0 <
g <1 with g = 1 near® K. Thus, ¢ < (1 —¢)~!f and hence

p(EK) < ulg) = (1—€)"u(f).
Letting € | 0, and using the measurability of K,

(K) < ul(f)
= w(K) =inf{u(f); f € C(X), supp(f) € X , f > xx} -

In particular this implies that u(K) < oo if K € X, but is also proves
(3.17). O

Let me now review a little of what we have done. We used the
positive functional u to define an outer measure p*, hence a measure
1 and then checked the properties of the latter.

This is a pretty nice scheme; getting ahead of myself a little, let me
suggest that we try it on something else.

Let us say that @ C R" is ‘rectangular’ if it is a product of finite
intervals (open, closed or half-open)

(2.8) Q= H(or[ai, b;lor) a; < b;

we all agree on its standard volume:

n

(2.9) v(Q) = (b — a;) € [0,00).

=1

3Meaning in a neighborhood of K.
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Clearly if we have two such sets, Q1 C @, then v(Q;) < v(Q2). Let
us try to define an outer measure on subsets of R” by

o

(2.10) v*(A) = inf {Z v(Q;); AC D Q;, Q; rectangular} :

i=1 i=1

We want to show that (3.22) does define an outer measure. This is
pretty easy; certainly v(()) = 0. Similarly if {A;};°, are (disjoint) sets
and {Q;;},~, is a covering of A; by open rectangles then all the Q;;
together cover A = [, A; and

v (A) < ZZU(QU)
= v*(A) < ZU*(AZ).

So we have an outer measure. We also want
LEMMA 2.9. If Q is rectangular then v*(Q) = v(Q).

Assuming this, the measure defined from v* using Caratheodory’s
theorem is called Lebesgue measure.

PROPOSITION 2.10. Lebesgue measure is a Borel measure.
To prove this we just need to show that (open) rectangular sets are
v*-measurable.
3. Measureability of functions

Suppose that M is a o-algebra on a set X* and A is a o-algebra on
another set Y. A map f : X — Y is said to be measurable with respect
to these given o-algebras on X and Y if

(3.1) fTHUE)e MV EEN.

Notice how similar this is to one of the characterizations of continuity
for maps between metric spaces in terms of open sets. Indeed this
analogy yields a useful result.

LEMMA 3.1. If G C N generates N, in the sense that
(3.2) N = ﬂ{/\/";/\/’ D G, N' a o-algebra}
then f: X — Y is measurable iff f~1(A) € M for all A € G.

4Then X, or if you want to be pedantic (X, M), is often said to be a measure
space or even a measurable space.
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PRroOOF. The main point to note here is that f~! as a map on power
sets, is very well behaved for any map. That is if f : X — Y then
[ P(Y) = P(X) satisfies:

JHES) = (f7H(E)

(3.3) J=1 =1
7 (ﬂ Ej) = ﬂ FHE)

o) =9, fF1(Y)=X.
Putting these things together one sees that if M is any o-algebra on
X then

(3.4) f{M)={ECY;f"(E)eM}

is always a o-algebra on Y.

In particular if f~1(A) € M for all A € G C N then f,(M) is a o-
algebra containing G, hence containing A/ by the generating condition.
Thus f~'(E) € M for all E € N so f is measurable. O

PROPOSITION 3.2. Any continuous map f : X — Y between metric
spaces is measurable with respect to the Borel o-algebras on X and'Y.

PROOF. The continuity of f shows that f~*(F) C X is open if E C
Y is open. By definition, the open sets generate the Borel o-algebra
on Y so the preceeding Lemma shows that f is Borel measurable i.e.,

fHBY)) € B(X).
O

We are mainly interested in functions on X. If M is a o-algebra
on X then f : X — R is measurable if it is measurable with respect
to the Borel o-algebra on R and M on X. More generally, for an
extended function f : X — [—o00,00] we take as the ‘Borel” o-algebra
in [—00, o0] the smallest o-algebra containing all open subsets of R and
all sets (a,o00] and [—o0,b); in fact it is generated by the sets (a, co].
(See Problem 6.)

Our main task is to define the integral of a measurable function: we
start with simple functions. Observe that the characteristic function

of a set
1 zeFkE
XE=10 z¢E
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is measurable if and only if £ € M. More generally a simple function,

N
(35) f= Z a;XEg;, @; € R
i=1

is measurable if the E; are measurable. The presentation, (3.5), of a
simple function is not unique. We can make it so, getting the minimal
presentation, by insisting that all the a; are non-zero and

E,={zelE; f(x) =a;}

then f in (3.5) is measurable iff all the E; are measurable.
The Lebesgue integral is based on approximation of functions by
simple functions, so it is important to show that this is possible.

PROPOSITION 3.3. For any non-negative p-measurable extended func-
tion f: X — [0, 00] there is an increasing sequence f,, of simple mea-
surable functions such that lim, ., fn(z) = f(x) for each v € X and
this limit is uniform on any measurable set on which f is finite.

PrOOF. Folland [1] page 45 has a nice proof. For each integer n > 0
and 0 < k < 22" — 1, set

Epp ={z e X;27"k < f(x) <27"(k+ 1)},
E, ={r € X;f(zx) >2"}.

These are measurable sets. On increasing n by one, the interval in the
definition of F), j is divided into two. It follows that the sequence of
simple functions

(3.6) fo=Y_27"kxe,, +2"Xe,
k

is increasing and has limit f and that this limit is uniform on any
measurable set where f is finite. 0

4. Integration

The (p)-integral of a non-negative simple function is by definition
(41) /fdu_Zaiu(YﬂEi),YeM.
Y i

Here the convention is that if u(Y N E;) = oo but a; = 0 then a; - u(Y'N
E;) = 0. Clearly this integral takes values in [0, oc]. More significantly,
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if ¢ > 0 is a constant and f and g are two non-negative (u-measurable)

simple functions then
/ cfdu=c / fdu
Y Y

(4.2) /Y(f+g)du=/yfdu+/ygdu
0<f<g= [ fan< [ gan.

(See [1] Proposition 2.13 on page 48.)

To see this, observe that (4.1) holds for any presentation (3.5) of f
with all a; > 0. Indeed, by restriction to E; and division by a; (which
can be assumed non-zero) it is enough to consider the special case

XE = Z biXF-
J

The F; can always be written as the union of a finite number, N,
of disjoint measurable sets, F; = Ues, Gy where j = 1,..., N and
S; C {1,...,N'}. Thus

D biu(Fy) = ;> u(Gi) = u(E)
J J ZES]‘
since ) yseg,y by = 1 for each j.

From this all the statements follow easily.

DEFINITION 4.1. For a non-negative p-measurable extended func-
tion f: X — [0, 00] the integral (with respect to p) over any measur-
able set 2 C X 1is

(4.3) / fdu = sup{/ hdp; 0 < h < f, h simple and measurable.}
E E

By taking suprema, fE fdu has the first and last properties in (4.2).
It also has the middle property, but this is less obvious. To see this, we
shall prove the basic ‘Monotone convergence theorem’ (of Lebesgue).
Before doing so however, note what the vanishing of the integral means.

LEMMA 4.2. If f : X — [0, 00] is measurable then [, fdu =0 for
a measurable set E if and only if

(4.4) {z € E; f(z) > 0} has measure zero.

PROOF. If (4.4) holds, then any positive simple function bounded
above by f must also vanish outside a set of measure zero, so its integral
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must be zero and hence [ g Jdp = 0. Conversely, observe that the set
n (4.4) can be written as

E, = U{x € E; f(x) > 1/n}.

Since these sets increase with n, if (4.4) does not hold then one of these
must have positive measure. In that case the simple function n=typ,
has positive integral so [, fdu > 0. O

Notice the fundamental difference in approach here between Rie-
mann and Lebesgue integrals. The Lebesgue integral, (4.3), uses ap-
proximation by functions constant on possibly quite nasty measurable
sets, not just intervals as in the Riemann lower and upper integrals.

THEOREM 4.3 (Monotone Convergence). Let f, be an increasing
sequence of non-negative measurable (extended) functions, then f(z) =
lim,, o frn(x) is measurable and

(4.5) / fdu = lim [ f.du
E n—oo E
for any measurable set E C X.

PrOOF. To see that f is measurable, observe that

(46) f_l(a’7 OO] = Ufn_l(a? OO]

Since the sets (a, 00| generate the Borel o-algebra this shows that f is
measurable.
So we proceed to prove the main part of the proposition, which
is (4.5). Rudin has quite a nice proof of this, [6] page 21. Here I
paraphrase it. We can easily see from (4.1) that

o = sup / fudp = lim / fudp < / fd.

Given a simple measurable function g with 0 < g < fand 0 <c <1
consider the sets E, = {z € E; f,(x) > cg(x)}. These are measurable
and increase with n. Moreover E = |J,, E,. It follows that

(4.7) / fadp > [ fadp > c/ gdp = ayp(E, N F)
E E, n i

in terms of the natural presentation of g = ). a;xr,. Now, the fact
that the E,, are measurable and increase to E' shows that

W(E,NE) = u(ENF)
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as n — co. Thus the right side of (4.7) tends to ¢ [, gdp as n — oo.
Hence o > ¢ [ 5 9dp for all 0 < ¢ < 1. Taking the supremum over ¢ and
then over all such g shows that

a = lim fnd,uzsup/ gdu:/fd,u.
E E E

n—oo

They must therefore be equal. U

Now for instance the additivity in (4.1) for f > 0 and g > 0 any
measurable functions follows from Proposition 3.3. Thus if f > 0 is
measurable and f,, is an approximating sequence as in the Proposition
then [, fdp = lim, o [ fudp. So if f and g are two non-negative
measurable functions then f,(z) + g,(x) 1 f + g(x) which shows not
only that f + ¢ is measurable by also that

/}E(erg)du:/EfduﬂL/Egdu-

As with the definition of u, long ago, this allows us to extend the
definition of the integral to any integrable function.

DEFINITION 4.4. A measurable extended function f : X — [—00, 0]
is said to be integrable on E if its positive and negative parts both have
finite integrals over E, and then

[E fp = /E Frodp - /E [

Notice if f is p-integrable then so is | f|. One of the objects we wish
to study is the space of integrable functions. The fact that the integral
of | f| can vanish encourages us to look at what at first seems a much
more complicated object. Namely we consider an equivalence relation
between integrable functions

(4.8) fi=fo = u({z € X5 fi(z) # fa(2)}) = 0.

That is we identify two such functions if they are equal ‘off a set of
measure zero.” Clearly if f; = f5 in this sense then

[l = [ 1l =0. [ s~ [ pan

A necessary condition for a measurable function f > 0 to be inte-
grable is

plr € X; f(z) = o0} = 0.
Let E be the (necessarily measureable) set where f = oo. Indeed, if
this does not have measure zero, then the sequence of simple functions
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nxe < f has integral tending to infinity. It follows that each equiva-
lence class under (4.8) has a representative which is an honest function,
i.e. which is finite everywhere. Namely if f is one representative then

- {17 152

is also a representative.

We shall denote by L' (X, i) the space consisting of such equivalence
classes of integrable functions. This is a normed linear space as I ask
you to show in Problem 11.

The monotone convergence theorem often occurrs in the slightly
disguised form of Fatou’s Lemma.

LEMMA 4.5 (Fatou). If fi is a sequence of non-negative integrable
functions then

/lim inf f, dp < lim inf/fn du .
n—o0 n—o0

PROOF. Set Fy(x) = inf,>; fu(x). Thus Fj is an increasing se-
quence of non-negative functions with limiting function liminf, .. f,
and Fy(z) < fn.(z)¥V n > k. By the monotone convergence theorem

/liminffn dp = lim /Fk(x) dp < liminf/fn dp.
n— 00 k—o0 n—00

U

We further extend the integral to complex-valued functions, just
saying that
f: X —=C

is integrable if its real and imaginary parts are both integrable. Then,

by definition,
/fd,u:/Refdqui/Imfd,u
E E E

for any ¥ C X measurable. It follows that if f is integrable then so is

|f|- Furthermore
/fdu‘ﬁ/!f! .
E E

This is obvious if [, fdu = 0, and if not then

/fdu:Rei9R>0,6C [0,27) .
E
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téﬂﬂzéwéfw
= /E e fdu
—~ [E Re(e™ f) du

S/E|Re(6_wf)| du

S/EIe“’f\ duz/Elf\ dp.

The other important convergence result for integrals is Lebesgue’s
Dominated convergence theorem.

Then

THEOREM 4.6. If f,, is a sequence of integrable functions, frp — f
a.e.’ and | f,| < g for some integrable g then f is integrable and

[ tdn= 1 [ fudn.

PROOF. First we can make the sequence f,(z) converge by chang-
ing all the f,,(x)’s to zero on a set of measure zero outside which they
converge. This does not change the conclusions. Moreover, it suffices
to suppose that the f, are real-valued. Then consider

hiy=9—fr 2 0.

Now, liminf;_,. h = g — f by the convergence of f,,; in particular f
is integrable. By monotone convergence and Fatou’s lemma

/(g - f)dM = /lilgllillfhkd,u < ligninf/(g — fk) dp
—00

/gd,u—hmsup/fkdu
Similarly, if H, = g + fi then

/(g+ fldu = /limiank dp < /gdu + liminf/fk dp.
k—o0 k—o00
It follows that
lmeﬂMS/ﬂMQ?M/ﬁw
—00

k—o0

SMeans on the complement of a set of measure zero.
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/fkd,u—>/fd,u.

Having proved Lebesgue’s theorem of dominated convergence, let
me use it to show something important. As before, let u be a positive
measure on X. We have defined L'(X, u1); let me consider the more
general space LP(X, u). A measurable function

f: X —=C
is said to be ‘LP’, for 1 < p < oo, if | f|V is integrable®, i.e.,

[t du< oe.
X

As before we consider equivalence classes of such functions under the
equivalence relation

(4.9) f~gep{r(f—g)(x) #0} =0.

We denote by LP(X, ) the space of such equivalence classes. It is a
linear space and the function

(110) 1= ([ 111 an) "

is a norm (we always assume 1 < p < oo, sometimes p = 1 is excluded
but later p = oo is allowed). It is straightforward to check everything
except the triangle inequality. For this we start with

Thus in fact

O

LEMMA 4.7. If a >0, 0> 0 and 0 < v < 1 then
(4.11) a’b' " < vya+ (1 —7)b
with equality only when a = b.

ProOOF. If b = 0 this is easy. So assume b > 0 and divide by b.
Taking ¢t = a/b we must show
(4.12) <Ayt+1-—7v,0<t,0<y<1.

The function f(t) = t7 — 4t is differentiable for ¢ > 0 with derivative
yt7~t — 5, which is positive for ¢ < 1 and negative for ¢ > 1. Thus
f(t) < f(1) with equality only for t = 1. Since f(1) = 1 — ~, this is
(5.17), proving the lemma. O

We use this to prove Holder’s inequality

6Check that |f[” is automatically measurable.
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LEMMA 4.8. If f and g are measurable then

(413) [ gou] < 11l
forany 1 <p < oo, wz’th}%—i—ézl.

PrOOF. If || f|l, = 0 or ||g|l, = O the result is trivial, as it is if either
is infinite. Thus consider

V
11l
and apply (5.16) with v = 1—7. This gives

|/ (x)g(z)] |ﬂ)V+JM@V'
Ifllpllglle = 2l allglls
Integrating over X we find

d
\pr\qu/ F@g(@)l dy

Since | [y fgdu| < [ |fgl dp this implies (5.18).

The final inequality we need is Minkowski’s inequality:.
PROPOSITION 4.9. If 1 <p < oo and f,g € LP(X, ) then
(4.14) 1f+gllp < £l + Nglly -

PRrROOF. The case p = 1 you have already done. It is also obvious
if f4 g =0 a.e.. If not we can write

[f+gl” < (f1+ gD 1f + 9"
and apply Holder’s inequality, to the right side, expanded out,

1/q
Jur o i s+ oty (179070 d)

Since g(p — 1) = p and 1 — 2 = 1/p this is just (5.20). O

So, now we know that L”(X, ;1) is a normed space for 1 < p < co. In
particular it is a metric space. One important additional property that
a metric space may have is completeness, meaning that every Cauchy
sequence is convergent.
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DEFINITION 4.10. A normed space in which the underlying metric
space is complete 1s called a Banach space.

THEOREM 4.11. For any measure space (X, M, p) the spaces LP (X, 1),
1 < p < o0, are Banach spaces.

PROOF. We need to show that a given Cauchy sequence { f,,} con-
verges in LP(X, ). Tt suffices to show that it has a convergent subse-
quence. By the Cauchy property, for each k 3 n = n(k) s.t.

(4.15) 1o = felly <27FVE>m,
Consider the sequence
91 = f1, 9k = fa) — fate—1), k> 1.

By (5.3), |lgxll, < 27, for k > 1, so the series >, ||gx|l, converges, say
to B < oo. Now set

n

ha(z) = lgu(x)] , n > 1, h(x ng

k=1

Then by the monotone convergence theorem

/hpd,u: lim/ |hn|” dp < BP,

where we have also used Minkowski’s inequality. Thus h € LP(X, u),

so the series
r) =Y glx)
k=1

converges (absolutely) almost everywhere. Since
p
< h?

n

Z 9k
k=1

with h? € L'(X, ), the dominated convergence theorem applies and
shows that f € LP(X, ). Furthermore,

@) = tim

¢
D gi(@) = faw(x) and |f(z) = foe(@)]" < (2h(z))P
k=1
so again by the dominated convergence theorem,

/\f — (@) = 0.

Thus the subsequence f,,) — f in LP(X, i), proving its completeness.
O
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Next I want to return to our starting point and discuss the Riesz
representation theorem. There are two important results in measure
theory that I have not covered — I will get you to do most of them
in the problems — namely the Hahn decomposition theorem and the
Radon-Nikodym theorem. For the moment we can do without the
latter, but I will use the former.

So, consider a locally compact metric space, X. By a Borel measure
on X, or a signed Borel measure, we shall mean a function on Borel
sets

p:B(X)—=R
which is given as the difference of two finite positive Borel measures
(4.16) W(B) = 11 (B) - 1a(E)

Similarly we shall say that x4 is Radon, or a signed Radon measure, if
it can be written as such a difference, with both p; and ps finite Radon
measures. See the problems below for a discussion of this point.

Let Mg, (X) denote the set of finite Radon measures on X. This is
a normed space with

(4.17) lally = inf (p2 (X) + p2(X))

with the infimum over all Radon decompositions (4.16). Each signed
Radon measure defines a continuous linear functional on Co(X):

(4.18) /-du:CO(X)afr—>/Xf-d,u.

THEOREM 4.12 (Riesz representation.). If X is a locally compact
metric space then every continuous linear functional on Co(X) is given
by a unique finite Radon measure on X through (4.18).

Thus the dual space of Co(X) is Mz, (X) — at least this is how such
a result is usually interpreted

(4.19) (Co(X)) = Mg (X),
see the remarks following the proof.

PrROOF. We have done half of this already. Let me remind you of
the steps.

We started with u € (Co(X))" and showed that u = u;, — u_ where
u4 are positive continuous linear functionals; this is Lemma 1.5. Then
we showed that u > 0 defines a finite positive Radon measure p. Here p
is defined by (15.4) on open sets and p(F) = p*(F) is given by (15.12)
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on general Borel sets. It is finite because
(4.20) u(X) =sup{u(f);0< f<1l,suppfeX, feC(X)}
< [l -

From Proposition 3.19 we conclude that p is a Radon measure. Since
this argument applies to uy we get two positive finite Radon measures
i+ and hence a signed Radon measure

(4.21) po=jiy —p € Mgn(X).

In the problems you are supposed to prove the Hahn decomposition
theorem, in particular in Problem 14 I ask you to show that (4.21) is
the Hahn decomposition of ;1 — this means that there is a Borel set
E C X such that p_(E) =0, p (X \ E) =0.

What we have defined is a linear map

(4.22) (Co(X)) — M(X), ur—s p.

We want to show that this is an isomorphism, i.e., it is 1 — 1 and onto.

We first show that it is 1 — 1. That is, suppose p = 0. Given the
uniqueness of the Hahn decomposition this implies that puy = pu_ = 0.
So we can suppose that v > 0 and g = pu, = 0 and we have to show
that u = 0; this is obvious since

w(X) =sup{u(f); suppue X, 0< f<1feC(X)}=0
= u(f) =0 for all such f.

If0< feC(X)and supp f € X then f' = f/| f|l is of this type
so u(f) = 0 for every 0 < f € C(X) of compact support. From
the decomposition of continuous functions into positive and negative
parts it follows that u(f) = 0 for every f of compact support. Now, if
f € Co(X), then given n € N there exists K € X such that |f| < 1/n
on X \ K. As you showed in the problems, there exists y € C(X) with
supp(x) € X and y = 1 on K. Thus if f,, = xf then supp(f,) € X and
|f — full = sup(|f — f.| < 1/n. This shows that Cy(X) is the closure
of the subspace of continuous functions of compact support so by the
assumed continuity of u, u = 0.

So it remains to show that every finite Radon measure on X arises
from (4.22). We do this by starting from p and constructing u. Again
we use the Hahn decomposition of u, as in (4.21)7. Thus we assume
1 > 0 and construct u. It is obvious what we want, namely

(4.24) ulf) = /X Jdu, feCx).

(4.23)

"Actually we can just take any decomposition (4.21) into a difference of positive
Radon measures.
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Here we need to recall from Proposition 3.2 that continuous functions
on X, alocally compact metric space, are (Borel) measurable. Further-
more, we know that there is an increasing sequence of simple functions

with limit f, so
/deu < 1(X) - 1 le

This shows that w in (4.24) is continuous and that its norm |ju|| <
u(X). In fact
(4.26) [ull = u(X).

Indeed, the inner regularity of ;1 implies that there is a compact set
K € X with u(K) > u(X)—+; then thereis f € Co(X) with 0 < f <1
and f =1 on K. It follows that pu(f) > u(K) > p(X) — %, for any n.
This proves (4.26).

We still have to show that if u is defined by (4.24), with p a finite
positive Radon measure, then the measure ji defined from u via (4.24)
is precisely p itself.

This is easy provided we keep things clear. Starting from p > 0 a
finite Radon measure, define u by (4.24) and, for U C X open

(427) J(U) = sup { [ gan 051 e co. sl € U} .

By the properties of the integral, fi(U)
there exists an element f € C.(X), 0
supp(f) € U. Then we know that

(4.28) A(U) > /X fdu > u(I).

By the inner regularity of i, we can choose K € U such that u(K) >
w(U) — €, given € > 0. Thus a(U) = u(U).

This proves the Riesz representation theorem, modulo the decom-
position of the measure - which I will do in class if the demand is there!
In my view this is quite enough measure theory. U

(4.25)

wu(U). Conversely if K € U

<
< f<1 f=1on K and

Notice that we have in fact proved something stronger than the
statement of the theorem. Namely we have shown that under the
correspondence u <— i,

(4.29) Jull = [pl (X) = flplls -
Thus the map is an isometry.






