QUESTIONS 18.102 FINAL, SPRING 2014

I expect to choose 6 of these questions for the final. Before the day of the exam,
you can ask questions, and I may give hints.

All Hilbert spaces should be taken to be separable and non-trivial, i.e. containing
an element other than 0.

PROBLEM 1
Let T : Hy — H> be a continuous linear map between two Hilbert spaces and
suppose that T is both surjective and injective.
(1) Let A2 € K(Hz2) be a compact linear operator on Ha, show that there is a
compact linear operator A; € IC(H;) such that
AT =TA;.

(2) If Ay is self-adjoint (as well as being compact) and H; is infinite dimen-
sional, show that A; has an infinite number of linearly independent eigen-
vectors.

PROBLEM 2

Suppose P C H is a closed linear subspace of a Hilbert space so each u in H has
a unique decomposition

(1) u=v+v,veEP VvV LP

and write wpu = v for the orthogonal projection onto P. If H is separable and A is
a compact self-adjoint operator on H, show that there is a complete orthonormal
basis of H each element of which satisfies mp Awpe; = t;e; for some t; € R.

PROBLEM 3

Let A be a compact self-adjoint operator on a separable Hilbert space and sup-
pose that for any orthonormal basis

(2) > l(Aei )| < oo
Show that the eigenvalues of A form a sequence in I'.

PROBLEM 4

Let a be a continuous function on the square [0, 27]%. Show that [0, 27] > x —
a(z,-) € C°([0,27]) is a continuous map into the continuous functions with supre-
mum norm. Using this, or otherwise, show that the Fourier coefficients with respect
to the second variable

1

(3) cx(x) = %/0 " a(ﬂﬂ,t)eiktdt

are continuous functions on [0, 27].
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PROBLEM 5

Let H;, i = 1,2 be two Hilbert spaces with inner products (-,-); and suppose
that I : Hy — Hs is a continuous linear map between them. Suppose that the
range of I is dense and that [ is injective.

(1) Show that there is a continuous linear map Q : Hy — H; such that

(w, I(f))2 = (Qu, [)1 V f € Hi.
(2) Show that as a map from H; to itself, @ o I is bounded and self-adjoint.

PROBLEM 6

Let uy, : [0,27] — C be a sequence of continuous differentiable functions which
is uniformly bounded, with bounded derivatives i.e. sup,, sup,¢jg2q) |un(z)| < 00
and sup,, SUp,¢o 2x] Uy, (7)| < 00. Show that u,, has a subsequence which converges
in L2([0,27]).

PROBLEM 7

Consider the subspace H C C[0, 27] consisting of those continuous functions on
[0, 27| which satisfy

(4) u(zr) = /OI U(x), ¥z €]0,27]

for some U € L?(0,27) (depending on u of course). Show that the function U is
determined by u (given that it exists) and that

(5) lul3, = / P
(0,2m)

turns H into a Hilbert space.

PROBLEM 8

Let e; = chje_f”z/Q, ¢j > 0, where C' = —% + x is the creation operator, be the
orthonormal basis (you may assume this) of L?(IR) consisting of the eigenfunctions
of the harmonic oscillator discussed in class. Define an operator on L?(R) by

o0
Au = Z(?j + 1)*%(u, €j)L2€;.
j=0
(1) Show that A is compact as an operator on L?(R).
(2) Suppose that V € C% (R) is a bounded, real-valued, continuous function on
R. Show that L?(R) has an orthonormal basis consisting of eigenfunctions
of K = AV A, where V is acting by multiplication on L*(R).

PROBLEM 9

Consider the space of those complex-valued functions on [0, 1] for which there is
a constant C' (depending on the function) such that

(6) u(w) = u(y)| < Clo —y|* V 2,y € [0,1].
Show that this is a Banach space with norm

(7) Jully = sup fu(@)] + inf

0,27]
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PROBLEM 10

Let B : L?(R) x L*(R) — C be a bilinear form (meaning it is linear in each
factor when the other is held fixed) such that there is a constant C > 0 and

|B(u,v)| < Cllullg2||v|lz2 ¥V u,v € L*(R).
Show that there is a bounded linear operator T : L*(R) — L?*(R) such that

/RT(U)(Z‘)U(x) = B(u,v) ¥V u,v € L*(R).



