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Abstract Measurements of vessel-wall-plus-plaque thick-
ness (VWT) from 3D carotid ultrasound have been shown
to be sensitive to the effect of pharmaceutical interventions.
Since the geometry of carotid arteries is highly subject-
specific, quantitative comparison of the distributions of
point-wise VWT measured for different patients or for
the same patients at different ultrasound scanning sessions
requires the development of a mapping strategy to adjust for
the geometric variability of different carotid surface mod-
els. In this paper, we present an algorithm mapping each 3D
carotid surface to a 2D carotid template with an emphasis on
preserving the local geometry of the carotid surface by min-
imizing local angular distortion. The previously described
arc-length scaling (AL) approach was applied to generate
an initial 2D VWT map. Using results established in the
quasi-conformal theory, a new map was computed to com-
pensate for the angular distortion incurred in AL mapping.
As the 2D carotid template lies on an L-shaped non-convex
domain, one-to-one correspondence of the mapping opera-
tion was not guaranteed. To address this issue, an iterative
Beltrami differential chopping and smoothing procedure
was developed to enforce bijectivity. Evaluations performed
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in the 20 carotid surface models showed that the reduction
in average angular distortion made by the proposed algo-
rithm was highly significant (P = 2.06× 10−5). This study
is the first study showing that a bijective conformal map to a
non-convex domain can be obtained using the iterative Bel-
trami differential chopping and smoothing procedure. The
improved consistency exhibited in the 2D VWT map gen-
erated by the proposed algorithm will allow for unbiased
quantitative comparisons of VWT as well as local geometric
and hemodynamic quantities in population studies.
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1 Introduction

Stroke is one of the leading causes of death and disability
worldwide, with 17.3 million people suffering a stroke each
year [33]. Over two thirds of stroke mortality occurred in
the developing countries [29]. As the most populous devel-
oping country, China has an annual stroke mortality of 1.6
million [28], and a stroke mortality rate that is seven times
higher than that in the USA in the age group of 40–64
[22]. Carotid atherosclerosis is a major source of thrombo-
sis and subsequent emboli, which may travel and block one
of the cerebral arteries, causing ischemic stroke [16]. For-
tunately, for patients with high risk of stroke, management
of carotid atherosclerosis through lifestyle changes, dietary
and medical treatments can prevent 75–80% of strokes [35].
Therefore, improved strategies for identification of patients
at high risk of stroke and the development of sensitive and
cost-effective techniques in evaluating treatment efficacy
will have an enormous impact in patient management.

http://crossmark.crossref.org/dialog/?doi=10.1007/s11517-017-1656-4&domain=pdf
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Fig. 1 Steps involved in the generation of 3D vessel-wall-plus-plaque thickness (VWT) map

Measurements of carotid stenosis and intima media
thickness (IMT) based on 2D B-mode ultrasound images
have been widely used in the the assessment of carotid
atherosclerosis. However, clinical trials based on these two
measurements require a large sample size to achieve sta-
tistical significance of treatment options. Moreover, these
two measurements are prone to variability as they are mea-
sured based on 2D cross sections selected by operators. The
development of 3D carotid ultrasound has allowed physi-
cians to examine the 3D anatomical structure of carotid
artery and has been shown to produce reproducible mea-
surements of total plaque volume (TPV) [1, 26] and vessel
wall volumes (VWV) [15, 24]. However, these volumet-
ric measurements did not take into account the spatial
distribution of progression/regression of atherosclerosis.
As carotid atherosclerosis is a focal disease predomi-
nantly occurring at the bifurcation and the carotid bulb
regions [25, 27, 31], measurement tools that consider spatial
distribution of plaque and vessel wall changes may lead to

a more sensitive assessment of treatment effects and more
accurate risk assessment. To quantify the spatial distribu-
tion of vessel wall and plaque thickness change (VWT-
Change), we have previously described an approach to
map point-wise VWT-Change onto the 3D carotid sur-
face, which we referred to as the 3D VWT-Change map
[9] (Fig. 1). However, because the geometry of 3D carotid
surfaces is highly subject-specific, VWT-Change distribu-
tions of subjects undergone different therapies or of the
same subject derived from different imaging modalities
were compared by qualitative visual matching in previous
clinical studies [15, 23, 24]. To adjust for the anatomic
variability of the carotid arteries across patients, we devel-
oped an arc-length scaling approach, referred to as the AL
approach hereafter, that mapped 3D VWT-Change maps
(Fig. 2a) to an L-shaped carotid template [10] (Fig. 2b)
by scaling the arc-length of transverse contours segmented
from 2D transverse images resliced from 3D ultrasound
images.

Fig. 2 Schematic illustrating
the 2D arc-length scaling (AL)
approach. The carotid surface
shown in (a) was cut by two
planes, denoted by PICA and
PCCA, and unfolded to a planar
L-shaped non-convex domain as
shown in (b)
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However, the ALmapping approach was developed with-
out considering geometric distortion introduced by the 3D
to 2Dmapping. It is widely recognized that surface mapping
introduces angular and/or area distortions unless the Gaus-
sian curvature is zero everywhere [20]. Previous conformal
or angle-preserving mapping strategies have been proposed
for both non-bifurcating [21] and bifurcating [39] tubular
surfaces. These approaches solved a longitudinal and a cir-
cumferential Dirichlet problem to achieve conformity, but
are not suitable for carotid template construction for sev-
eral reasons. First, regional correspondence was not taken
into account in the development of the conformal colon sur-
face mapping algorithm described by Haker et al. [21] as
the boundary conditions was set to 0 and 1 at the inlet and
outlet of the colon surfaces, respectively, for the longitudi-
nal Dirichlet problem, effectively scaling the length of all
colons to unity in the resulting conformal maps without con-
sidering the physical lengths of individual colons. Zhu et al.
[39] addressed this issue by generating a centerline of each
bifurcating vessel and estimated the boundary conditions at
the inlet and outlet based on the length of the centerline.
However, both techniques generated conformal maps with
shapes dependent on the geometry of the original 3D sur-
faces, rendering them not suitable for the purpose of carotid
template construction. Antiga et al. [3] split the common,
internal and external carotid arteries (CCA, ICA and ECA,
respectively) and mapped each artery to a standard rectangu-
lar domain. For each artery, they first solved the longitudinal
Dirichlet problem with boundary conditions assigned in the
same way as Haker et al. [21]. To address the surface cor-
respondence issue, they stretched the resulting longitudinal
parameterization according to the length of the centreline.
Instead of solving the circumferential Dirichlet problem, the
circumferential parameterization was defined by the angle
each surface point made with the centreline. Due to the
stretching and the use of the angular circumferential param-
eterization, the resulting map was not a conformal map.
Moreover, since the flattened maps for CCA, ICA and ECA
were generated independently, local hemodynamic distribu-
tion in the vicinity of the bifurcating region was displayed
in three highly discontinuous sections. This is a signifi-
cant disadvantage of this mapping technique if used for
VWT assessment as plaques appear predominantly at the
bifurcation and the carotid bulb.

In this paper, we present a fast algorithm to map 3D
VWT maps to a 2D carotid template that preserves the local
geometry in the sense of preserving angles at an infinites-
imal scale. Our goal for developing this new mapping
approach is to improve the geometric consistency of the 2D
carotid template so as to allow for more accurate compari-
son and quantification of VWT maps obtained at different
times for each patient as well as for different patients in pop-
ulation studies. The specific approach involves correcting

the angular distortion arising from the previous described
AL mapping approach using established results from quasi-
conformal theories. As the ALmaps serve as the initial maps
in the proposed framework, the new maps remain to be con-
tinuous from CCA to ICA and the longitudinal distance of
a point from the bifurcation is approximately maintained.
Since the proposed algorithm allows for the specification
of landmark constraints, the shapes of the AL maps are
retained after the correction of angular distortion, and there-
fore, the shapes of the newmaps are still standardized across
patients. Although mapping algorithms based on quasi-
conformal theories have been proposed, mapping to the AL
map sitting on a non-convex L-shaped domain represents a
unique challenge. Previously described mapping algorithms
were all designed to map to a convex domain. Zeng et al.
[38] developed a quasi-conformal flattening algorithm for
colon surfaces onto a rectangular domain and later extended
the algorithm to map general Riemann surfaces onto the unit
disk or a rectangular domain using discrete curvature flow
[37]. Choi and Lui [12, 14] proposed conformal surface flat-
tening algorithms to map simply-connected open surfaces
onto the unit disk using composites of quasi-conformal
maps. For the non-convex L-shaped domain involved in
carotid template generation, there is no guarantee that these
quasi-conformal mapping approaches would generate bijec-
tive maps. A major technical contribution of this paper is
the development and validation of a mapping technique that
guarantees bijectivity when mapping from the 3D carotid
surface to the non-convex planar carotid template.

2 Materials and methods

2.1 Study subjects and image acquisition

Ten subjects with carotid atherosclerosis were involved in
this study. These subjects were recruited from The Prema-
ture Atherosclerosis Clinic at University Hospital (London
Health Science Center, London, Canada) and the Stroke
Prevention & Atherosclerosis Research Center, Robarts
Research Institute. These subjects were scanned at baseline
and 2 weeks later with a 3D ultrasound carotid imaging sys-
tem previously described [17], thereby providing 20 images
for the evaluation of the proposed algorithm.

2.2 Construction of the 3D vessel-wall-plus-plaque
thickness change (VWT-Change) map

The 3D VWT-Change map construction algorithm was
described in detail previously [8–10] and briefly summa-
rized in the schematic shown in Fig. 1. The 3D ultrasound
carotid images were resliced at 1-mm interval perpendicu-
lar to the medial axis of the vessel identified by an expert



2186 Med Biol Eng Comput (2017) 55:2183–2195

observer. The expert observer segmented the outer wall
and the lumen of the carotid artery on each resliced image
as shown in Fig. 1a. The lumen and vessel wall surfaces
were reconstructed from the segmented boundary stacks as
shown in Fig. 1b using a previously described technique [9].
To reduce the effect of segmentation variability, the lumen
and outer wall boundaries were repeatedly segmented for
five times, with consecutive segmentation sessions sepa-
rated by at least 24 h to minimize observer memory bias.
The mean lumen and outer wall surfaces for repeated seg-
mentations were computed using a previously described
technique [9, 11]. The mean outer wall and lumen surfaces
were matched on a point-by-point basis using a previously
described surface correspondence algorithm [9]. Vessel-
wall-plus-plaque thickness (VWT) was measured by taking
the distance between each pair of correspondence points on
the wall and lumen surfaces. Figure 1c shows the outer wall
surface with VWT colour-coded and superimposed.

2.3 Generation of the conformal 2D carotid template

Figure 3 shows the schematic of the proposed algorithm
for carotid template generation. The carotid map gener-
ated by the arc-length scaling (AL) approach [10] served

as the initial map. Then, a map was computed based on
the quasi-conformal mapping theory to correct for the angu-
lar distortion incurred in AL mapping. Finally, an iterative
scheme was applied to enforce bijectivity of the mapping
operation.

2.3.1 2D arc-length scaling (AL) map

The 2D arc-length scaling (AL) map has been described in
detail elsewhere [8, 10, 11] and is briefly described here.
The first step of this algorithm involves transforming the
3D carotid surface to a standard coordinate system with the
bifurcation (BF) located at the origin and the longitudinal
direction of common carotid artery (CCA) aligned with the
z-axis. Centroids denoted by CECA and CICA in Fig. 2a
were obtained from the external and internal carotid con-
tours that were closest to the bifurcation, and the line from
CECA and CICA was aligned with the x-axis.

Then, the ICA and CCA of the 3D carotid surface were
cut by two planes, labelled as PICA and PCCA in Fig. 2a,
respectively, and unfolded into a 2D L-shaped domain as
shown in Fig. 2b. The CCA inlet and the ECA and ICA
outlets, denoted by σ1, σ2 and σ3, were mapped to the bot-
tom and top edges of the 2D AL map as shown in Fig. 2.

Fig. 3 Flowchart of the
proposed conformal mapping
approach
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Figure 2a also shows two example contours on the CCA
and ICA surfaces, labelled as Contours 1 and 2, respec-
tively, which were mapped to two straight lines shown in
Fig. 2b.

The width of the 2D map was determined by first divid-
ing each 3D carotid surface into the two surfaces: one
including half of the CCA and the entire ICA (red surface
in Fig. 4a), referred to as the ICA surface hereafter for easy
reference, and the other including the other half of CCA
(blue surface in Fig. 4a), referred to as the wo-ICA surface,
standing for without ICA. The average surface areas of the
ICA and wo-ICA surfaces were computed over the entire
cohort of patients involved in the study. The width of the
ICA side of the 2D AL template, denoted by LICA, was
designed such that its area (red region in Fig. 4b) is equal
to the average ICA surface area for the entire cohort under
investigation. The width on the wo-ICA side of the 2D AL
template, denoted by Lwo−ICA, was calculated in a similar
manner.

2.3.2 Conformal mapping

Since the proposed conformal mapping algorithm was
developed based on quasi-conformal theory, we provide a
brief description of this theory and on the construction of
a quasi-conformal map before laying out the proposed con-
formal algorithm developed for carotid template generation.

Quasi-conformal mapping is a generalization of con-
formal mapping. Specifically, a map f : C → C is a
quasi-conformal map if it satisfies the Beltrami equation:

∂f

∂z
= μ(z)

∂f

∂z
(1)

for some complex-valued function μ which satisfies
limp→∞

(∫ |μ|p)1/p
< 1 and that ∂f

∂z
is non-vanishing

almost everywhere. Here, the complex partial derivatives are
defined by

∂f

∂z
:= 1

2

(
∂f
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− i

∂f

∂y

)
and

∂f

∂z
:= 1

2

(
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+ i

∂f

∂y

)
.

(2)

μ is called the Beltrami coefficient of the quasi-
conformal map f . The Beltrami coefficient serves as a
measure of the conformality of a map. In particular, the
quasi-conformal map f is conformal around a small neigh-
borhood of a point p if and only if μ(p) = 0.

One important property of quasi-conformal maps is
related to the Beltrami coefficient of composition maps.
Suppose f : �1 → �2 and g : �2 → �3 are two quasi-
conformal maps with the Beltrami coefficients μf and μg ,
respectively. The Beltrami coefficient of the composition
map g ◦ f : �1 → �3 is given by

μg◦f =
μf + fz

fz
(μg ◦ f )

1 + fz

fz
μf (μg ◦ f )

, (3)

where fz = ∂f
∂z

and fz is the complex conjugate of fz.
The above concept of quasi-conformal maps between

planar complex domains can be naturally extended to Rie-
mann surfaces. For every point x on a Riemann surface,
there exists a neighborhood of x (denoted by Ux) and a
homeomorphism φx : Ux → C which maps Ux to a region
on the complex plane. In other words, a Riemann surface
looks like a patch of the complex plane locally near every
point. (Ux, φx) is called a local chart. A map f : M → N

between two Riemann surfaces M and N is said to be
quasi-conformal if for any local chart (Uα, φα) on M and
any local chart (Uβ, ψβ) on N , the map ψβ ◦ f ◦ φ−1

α :
φα(Uα ∩ Uβ) ⊂ C → ψβ(Uα ∩ Uβ) ⊂ C is quasi-
conformal. We collect the Beltrami coefficients of all these

Fig. 4 Schematic illustrating how the width of the 2D carotid tem-
plate was determined. a Each carotid surface was divided into two
parts: The red surface with half of the CCA and the entire ICA and the
blue surface with remaining half of the CCA. Average areas of the red

and blue surfaces over the entire cohort were computed. b LICA and
Lwo−ICA were computed to make the red and the blue areas in the
2D carotid template equal to the corresponding average areas over the
entire cohort of 3D carotid models
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planar maps, and the collection is called the Beltrami differ-
ential of the quasi-conformal map f . Equation 3 is central to
the quasi-conformal mapping approach applied in this paper
as it gives rise to the following theorem [13]:

Let f : M1 → M2 and g : M2 → M3 be quasi-
conformal maps. Suppose the Beltrami differential of f −1

and g are the same. Then the Beltrami differential of h =
g ◦ f is equal to 0. Hence, h = g ◦ f : M1 → M3 is
conformal.

For generation of the conformal carotid template, we sup-
pose f : S → L represents the 2D AL map described
in Section 2.3.1, where S denotes the carotid surface
and L denotes the L-shaped planar domain. The Beltrami
differential of f −1 can be computed using the formula

μf −1(u, v) = E−G+2iF

E+G+2
√

EG−F 2
, where

(
E F

F G

)
represents

the first fundamental form. Particularly, with f −1(u, v)

expressed by(X(u, v), Y (u, v), Z(u, v)), E = (
∂X
∂u

)2 +
(

∂Y
∂u

)2 + (
∂Z
∂u

)2
, F = ∂X

∂u
∂X
∂v

+ ∂Y
∂u

∂Y
∂v

+ ∂Z
∂u

∂Z
∂v

, and G =
(

∂X
∂v

)2 + (
∂Y
∂v

)2 + (
∂Z
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)2
. According to the above theorem,

the construction of a conformal map h comes down to find-
ing a map g that has the same Beltrami differential as f −1.
Based on this prescribed Beltrami differential, the mapping
g : L → L can be reconstructed by the Linear Beltrami
Solver (LBS) [30]. Mapping to boundary points of the 2D
carotid template by the AL approach was retained by impos-
ing landmark constraints. The landmark-constrained LBS
algorithm is briefly described below:

Letμf −1 = ρ+iτ . We aim to compute a map g : L → L

with μg = ρ + iτ . Let g = u + iv. By substituting
these expressions into the Beltrami equation (Eq. 1), the par-
tial derivatives vx, vy, ux, uy are related by the following
equations:

vy = α1ux + α2uy;
−vx = α2ux + α3uy,

and
−uy = α1vx + α2vy;
ux = α2vx + α3vy,

(4)

where α1 = (ρ−1)2+τ 2

1−ρ2−τ 2
; α2 = − 2τ

1−ρ2−τ 2
; α3 = (1+ρ)2+τ 2

1−ρ2−τ 2
.

Since ∇ ·
(

vy

−vx

)
= vxy − vxy = 0 and ∇ ·

( −uy

ux

)
=

−uxy + uxy = 0, g can be computed by solving the follo-
wing equations

∇ ·
(

A

(
ux

uy

))
= 0 and ∇ ·

(
A

(
vx

vy

))
= 0, (5)

where A =
(

α1 α2

α2 α3

)
. In the discrete case, the above

equations can be discretized into sparse symmetric positive
definite linear systems, which can be efficiently solved. The
prescribed landmark constraints can be imposed in the linear
systems.

Since the L-shaped planar domain L is non-convex, the
conformal map h computed is not guaranteed to be bijective.

In particular, there may be fold-overs near the sharp cor-
ner of the L-shaped domain (Fig. 3). An important result in
quasi-conformal theory states that a map is bijective only if
its Beltrami differential is smaller than unity everywhere, as
explained in [14] using the Jacobian of the map. To enforce
bijectivity, we applied an algorithm to smooth and chop the
Beltrami differential iteratively until bijectivity of the map
was achieved [13]. Specifically, we obtained the Beltrami
differential of h−1, denoted by ν, and then smoothed ν by
minimizing the following energy function:

μ̃ = arg min
μ

∫
(|∇μ|2 + |μ − ν| + |μ|2). (6)

Then, |μ̃| was chopped down as follows if sup{|μ̃|} ≥ 1:

|μ̃| ← min{|μ̃|, 1 − ε}, (7)

where ε is a small positive number set to be 0.03 in this
paper. With the prescribed Beltrami differential μ̃ obtained,
we reconstructed a map γ : L → L using the LBS algo-
rithm described above. Since the smoothness of μ̃ is lost
after the chopping operation, we smoothed Beltrami differ-
ential of the map γ by Eq. 6 again. The iteration continued
until the resulting conformal map F = γ ◦ h becomes
bijective with no fold-overs.

The following list summarizes the proposed bijective
conformal mapping approach:

Step 1: Construct the initial 2D map, f , using the AL
approach.

Step 2: Compute the Beltrami differential of f −1 and
denote it by μ.

Step 3: Compute a quasi-conformal map g with the pre-
scribed Beltrami coefficient μ using the LBS
algorithm. Then, apply g to the 2D AL map con-
structed in Step 1. By the composition formula (3),
h = g ◦ f : S → L is angle-preserving.

Step 4: Compute the Beltrami differential of h−1 (denoted
by ν), and solve the energy minimization problem
in Eq. 6 to obtain μ̃. Chop down the norm of μ̃

and reconstruct a map γ using the LBS algorithm.
Compute the Beltrami coefficient of γ and repeat
Step 4 until the resulting conformal map F = γ ◦h

is bijective and with no fold-overs.

3 Results

The first column of Fig. 5 shows six example carotid models
from four subjects with VWT colour-coded and superim-
posed. Each figure shows an arterial model’s near-side and
a far-side view from the transducer. We will refer to the
arteries displayed in Fig. 5 as Arteries A to D according to
the first letter of the sub-figure labels. Two carotid mod-
els were acquired for Artery A at baseline and follow-up,
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Fig. 5 The 3D VWT maps (first
column), the 2D VWT maps
(second column) and the angular
distortion map (third column) of
six example carotid models from
four subjects labelled A to D.
The angular distortion for each
triangular element in the map is
denoted by � throughout the
paper. The colour codes used for
displaying VWT and angular
distortion measurements are
defined by the colour bars in the
first row and used for all
sub-figures. Carotid models Ai
and Aii shown in the first two
rows are models acquired at
baseline and follow-up for
Artery A, and carotid models Di
and Dii shown in the last two
rows are models acquired at
baseline and follow-up for
Artery D. The top sub-figures in
the second and third columns
show the 2D VWT and angular
distortion maps for the
previously described AL
mapping algorithm [10, 11], and
the bottom sub-figures show the
maps associated with the
proposed conformal mapping
algorithm

labelled as Models Ai and Aii in Fig. 5 respectively. Simi-
larly, Models Di and Dii shown in Fig. 5 are carotid models
acquired for Artery D at baseline and follow-up respec-
tively. The second column shows the 2D VWT maps and
the third column shows the maps with “angular distortion”
colour-coded and superimposed. The top sub-figures in the
second and third columns show the maps generated by the
previously described AL mapping algorithm, and the bot-
tom sub-figures show the maps generated by the proposed
conformal mapping algorithm. Each of the 2D AL and con-
formal maps was made up of 15,036 triangular elements.
The angular distortion of each triangle element, denoted
by � in Fig. 5, was quantified by the sum of the absolute

average angular differences associated with its three angles:

� = |α−α̃|+|β−β̃|+|γ−γ̃ |
3 , where α, β, γ are the three angles

of the triangle elements in the 3D map (first column), and
α̃, β̃, γ̃ are the corresponding angles in the 2D carotid tem-
plate (third column). Figure 6 shows the average angular
distortion for 10 arteries imaged at baseline, denoted by T 1,
and the follow-up session, denoted by T 2. The reduction
in the average angular distortion ranges from 1.7◦ to 5.1◦.
Two-sample t test shows that the average angular distor-
tion was significantly reduced after the conformal mapping
operations described in Section 2.3.2 (P = 2.06 × 10−5).

Since all carotid arteries were mapped to a carotid tem-
plate with the average surface areas over the entire cohort,
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Fig. 6 Average angular
distortion of 20 carotid models.
Each subject was scanned twice.
The carotid models constructed
from the baseline and follow-up
3D ultrasound images were
denoted by the subscripts T1
and T2 respectively

areal distortion associated with the AL approach varies
across arteries. The results displayed in Fig. 5 suggest that
areal distortion is closely related to angular distortion. Arte-
rial models Aii and B shown in Fig. 5 correspond to the
models labelled 3T 2 and 7T 2 in Fig. 6. These two mod-
els had surface areas close to the group average, and the
corresponding 2D AL maps had the smallest average angu-
lar distortion among carotid models involved in this study.
Arterial models Ai and C correspond to the models labelled
3T 2 and 6T 1 in Fig. 6. As shown in Fig. 5Ai:3D and C:3D,
these two models tapered off towards the CCA inlet, result-
ing in a larger areal distortion in the vicinity as shown
in Fig. 5Ai:�AL and C:�AL. Artery D corresponds to the
Artery 10 labelled in Fig. 6. This artery had a surface
area on the ICA side (i.e. the region represented by red in
Fig. 4a) that was much smaller than the population aver-
age, leading to large angular distortions in the 2D AL map
(Fig. 5Di:�AL, Dii:�AL). These angular distortions were
minimized using the quasi-conformal mapping strategy as
shown in the third column of Fig. 5. We also evaluated the
angular distortion of 300,720 triangular elements in the 20
carotid models (15,036/carotid model × 20 models) before
and after correction for angular distortion. Figure 7 shows

the angular distortion histograms of the 2D AL maps and
the maps generated by the proposed conformal mapping
algorithm. The reduction in the angular distortion observed
above was reflected by the fact that Fig. 7b skewed to the
left as compared to Fig. 7a. However, it should be noted that
the angular distortion was not perfectly 0 due to boundary
constraints required for carotid template construction.

Although the application of the proposed algorithm led
to a highly statistically significant decrease in angular dis-
tortion, the change in VWT distribution before and after
angular correction was not visually apparent as shown in
the second column of Fig. 5. This observation raises the
question of whether the reduction of geometric distortion
attained by the proposed algorithm has a clinical impact for
VWT measurements. This study involves patients scanned
2 weeks apart with no physiological changes expected
for them. The 2-week interscan interval was selected to
maximize the variability from various sources, such as
sonographer change, the difference in scanning parameters,
image variability, registration error due to patient repo-
sitioning and the difference in neck orientations. Reduc-
tion of the variability on VWT due to better alignment
produced by the proposed algorithm can be quantified by

Fig. 7 Histograms of angular
distortions exhibited in 300,720
triangular elements
(15,036/carotid model × 20
carotid models) in (a) the 2D
AL maps and (b) the 2D
conformal maps
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the point-wise VWT difference (�V WT ) between the two
scanning sessions. The reduction in the average absolute
�V WT computed over the entire carotid map for each of
the 10 patients after angular correction ranges from 1–5%.
The amount of reduction for each artery was closely related
to the amount of deformation required to correct the angular
distortion, with Arteries A and D shown in Fig. 5 associated
with the minimum and maximum reduction, respectively,
among the studied cohort. In this pilot study for evaluat-
ing the proposed algorithm, the carotid surfaces obtained at
baseline and follow-up were already fairly well aligned as
exemplified by the 3Dmodels of Arteries A and D displayed
in Fig. 5, and for this reason, the impact on VWT measure-
ments made by the proposed conformal mapping algorithm
was not fully demonstrated in this cohort. Future clini-
cal investigations involving subjects followed for a longer
period will be required to assess the improvement on the
reproducibility of VWT attained by the proposed algorithm.

Although the LBS and the Beltrami differential chopping
methods were used as sub-steps in the algorithm designed
to generate conformal spherical maps for the genus-0 brain
surfaces [13], the performance of these methods to map to a
non-convex domain, such as the L-shaped carotid template
in the current application, has not been validated. Figure 8a
shows the number of overlapping cells for the 20 arterial

models before the application of the Beltrami differential
smoothing and chopping approach, and Fig. 8b–e shows
four 2D carotid maps associated with the largest number of
overlapping cells. These figures show that all overlapping
cells, represented in red, appeared in the neighborhood of
the bifurcation. The application of the Beltrami differential
smoothing and chopping approach described in Step 4 of
Section 2.3.2 was able to generate bijective maps for all 20
arterial models (i.e. the number of overlapping cells were all
0 after the application of Step 4).

The 2D AL mapping algorithm was implemented in
Visual Studio C++ and took 7 s to process each arterial
model. The conformal mapping algorithm was implemented
in Matlab and requires 2 s to process each model. There-
fore, the total time for generating the conformal 2D VWT
map was less than 10 s. All experiments were performed in
an Intel(R) Core(TM) i7-3770 CPU @ 3.40 Hz with 8 GB
memory.

4 Discussion

As carotid atherosclerosis is a focal disease predominantly
occurring in bends and bifurcations, recent investigations
pay particular attention to local biomarkers or risk factors,

Fig. 8 a Number of
overlapping cells in 20 carotid
models before the application of
the Beltrami differential
smoothing and chopping process
(Step 4 of Section 2.3.2). Each
map consisted of 15,036
triangular elements. b–e show
the mapping for four example
subjects with the highest number
of overlapping cells in the study
cohort. The overlapping cells
are highlighted in red and
predominantly occurred at the
L-shaped corner representing
the carotid bifurcation
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including plaque and vessel wall thickness [6, 8–11], local
hemodynamic forces [2, 3, 5, 19, 34], location of vulnerable
plaque components [4, 19] and plaque fissures [7, 18]. As
the geometry of arterial surfaces is highly subject-specific,
there is a compelling need to map the patient-specific arte-
rial model to a carotid template so that local properties can
be objectively assessed in population studies aiming at iden-
tification and validation of local risk factors, as well as in
the development of novel local biomarkers in evaluating the
efficacy of treatment strategies. Although the AL approach
previously described (Section 2.3.1) [10, 11] was developed
for adjusting the geometric variability of a population of
carotid arteries, this scheme did not consider the local geo-
metric distortion produced by the 3D to 2D mapping. This
paper introduced a framework to minimize the local angu-
lar distortion in the mapping process using quasi-conformal
mapping theories.

Although many conformal mapping techniques have
been developed previously, very few dealt with bifurcat-
ing vessels such as the carotid arteries. Notable exceptions
include Antiga et al. [3] and Zhu et al. [39], and their
limitations were thoroughly described in the introduction
to motivate the development of the proposed method. In
summary, four major properties should be taken into consid-
eration when designing a mapping technique used in carotid
template construction and, in fact, were considered when
the AL approach was developed: (1) The boundary of the
carotid template must be fixed. (2) The boundary of the
carotid template represents geometrically correspondence
points of arteries. (3) The resulting 2D planar map should be
continuous from the CCA to ICA to facilitate quantification
and visualization of carotid plaques located at the bifurca-
tion and near the carotid bulb. (4) The distance of a surface
point from the carotid bifurcation should be represented in
a consistent way for all subjects in the 2D planar map. The
algorithm introduced by Zhu et al. [39] lacks Properties (1)
and (2), and that by Antiga et al. [3] lacks Property (3).

As the AL maps have many properties suitable for
carotid template construction, in developing the first con-
formal mapping strategy that has the above four properties
desirable for carotid template construction, the proposed
framework focused on minimizing local geometric distor-
tion generated by the AL mapping strategy. The central idea
of the proposed optimization approach is to compute a map
to compensate for the angular distortion produced in the
AL mapping procedure based on results established in the
quasi-conformal mapping theory. Mathematically, comput-
ing such a map involved finding out its Beltrami differential,
μ, from which the map can be constructed by a previ-
ously described technique known as the Linear Beltrami
Solver (LBS) [30]. A desirable property of the proposed
optimization framework is that the LBS algorithm can incor-
porate boundary correspondence points established by the

AL approach when computing the map required for cor-
recting angular distortion. Since the algorithm only involves
solving a few sparse linear systems, the computation is
highly efficient. Unlike in previous publications [14, 32, 36]
where surfaces were mapped to a fixed-boundary convex
planar domain (e.g., circular disk and rectangle), the carotid
template described in this paper lies on an L-shaped non-
convex domain. For this reason, there is no guarantee that
the map generated by the LBS algorithm is bijective. Since
a map is bijective if and only if the norm of μ is smaller
than unity, the norm of μ was chopped and μ was smoothed
in an iterative manner to enforce bijectivity. Although this
chopping algorithm has been applied previously to map cor-
tical surfaces to a sphere [13], for the first time, the current
study has validated the chopping approach for mapping onto
a non-convex planar domain.

There are a number of limitations in this study on the
technical side as well as the application aspects. Future
investigations will be performed to address these issues.
The first limitation is that the proposed algorithm cannot
completely eliminate the angular distortion produced by
AL mapping due to the boundary constraints. Although the
distortion inside the L-shaped domain has largely been cor-
rected by the proposed technique, the angular distortion near
the boundary was not negligible. A possible improvement
of this technique we will implement involves relaxing the
boundary constraints by allowing points to move along the
boundary. Although the improved technique will still be
susceptible to boundary constraints and angular distortion
would still exist, we expect the angular distortion along the
boundary to be further reduced. A full investigation will be
performed to validate this hypothesis rigorously. Another
limitation is related to the use of a small group of subjects
in this evaluation study for a novel algorithm. In this study,
the expert observer took 20–30 min to segment the lumen
and outer wall from a 3D ultrasound image. As five repeated
segmentations for each image were performed to reduce
the effect of segmentation variability, segmentation for 20
images already took a considerable amount of time. While
we acknowledge that the geometric variability of carotid
vessels may not be sufficiently represented by the cohort
involved in this study, it is sensible to perform a pilot study
to validate the performance of our novel approach before
carrying out an evaluation study involving a larger popula-
tion. With the performance of the algorithm demonstrated in
this study, we are currently incorporating the new mapping
approach into our established pipeline [8–10] in analyzing
patient data available from ongoing clinical studies aiming
at evaluating statin and vitamin B treatments.

In addition to providing a more consistent display for the
distribution of local quantities on carotid surfaces to facil-
itate visual comparison, the proposed algorithm is expec-
ted to improve the sensitivity of VWT-based biomarkers
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developed based on the carotid template. A major extension
of the current work will involve quantitative evaluation of
the sensitivity improvement in detecting treatment effects
by such biomarkers. One such example is the region-based
biomarkers developed in one of our clinical studies focusing
on evaluating the effect of atorvastatin in the progres-
sion/regression of carotid atherosclerosis [10]. Briefly, the
biomarker quantified the average VWT-Change specific to
regions of interest identified on the 2D VWT maps by a
feature selection algorithm. This biomarker contributed to a
three-fold reduction in the sample size required to establish
a statistically significant difference between the atorvastatin
and placebo groups, as compared to the average VWT-
Change over the entire carotid template and vessel wall
volume measurements. Since the proposed algorithm has
improved the consistency of the 2D VWT map representa-
tion by reducing local geometry distortion, we hypothesize
that the sensitivity of the region-specific average �V WT

biomarker to be further improved. A full study will be
required to validate this hypothesis and investigate the
extent of the improvement. Further reduction of sample size
required to detect treatment effects will allow many pilot
clinical studies to be performed to establish efficacy of
novel treatment strategies before a more costly study involv-
ing a larger population and spanning a longer time frame is
held to validate the result.

5 Conclusion

The motivation of this work stems from the need to com-
pare the spatial distributions of VWT in a population of
subjects consistently and quantitatively in longitudinal and
cross-sectional studies for stroke risk assessment and evalu-
ation of treatment options. In this paper, we developed and
validated a fast and automatic conformal mapping technique
to adjust for the anatomic variability of carotid surface mod-
els within 10 s. Our results show that the reduction in the
local angular distortion made by the proposed algorithm
was statistically highly significant. In addition, our study
validated for the first time that the iterative Beltrami differ-
ential smoothing and chopping approach was able to enforce
bijective mapping onto a non-convex domain, the L-shaped
carotid template in this study. In addition to providing a
more consistent display of the spatial VWT distribution
for each patient to enhance visual comparison, the reduc-
tion in local geometry distortion attained in this study will
reduce the bias in VWT-based biomarkers previously intro-
duced [6, 10] and potentially improve the sensitivity of such
biomarkers.
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