THE HOMOTOPY GROUPS OF THE INVERSE LIMIT
OF A TOWER OF FIBRATIONS

PHILIP S. HIRSCHHORN

ABSTRACT. We carefully present an elementary proof of the well known theo-
rem that each homotopy group (or, in degree zero, pointed set) of the inverse
limit of a tower of fibrations maps naturally onto the inverse limit of the ho-
motopy groups (or, in degree zero, pointed sets) of the spaces in the tower,
with kernel naturally isomorphic to lim' of the tower of homotopy groups of
one dimension higher.

The main theorem here is Theorem 2.1. This is due to Gray [G], Quillen [Q,
Proposition 3.8], Vogt [V], Cohen [C1,C2], and Bousfield and Kan [BK, Theorem 3.1
in Chapter IX, section 3|, some of which only consider the case of simply connected
spaces or spaces with abelian fundamental groups. The proof given here is at least
morally the one in [C2].

1. liml OF A TOWER OF NOT NECESSARILY ABELIAN GROUPS

This definition is as in [V] and [BK, Chapter IX, section 2].
Definition 1.1. If

Pn+1 Pn—1

Pn p1
(;n (;n—l U (;O

(;n+1

is a tower of groups, then we define a left action of the product group [],,~, G; on the
product set [],, ., Gi by letting the action of an element (g,)n>0 = (90, 91,92, --)
on an element (hy,)n>0 = (ho, b1, ha,...) be

(gnhn(pn-&-l(g;-il-l)))nzo = (goho(p1(g91"))s g1h1 (p2(92 1)), g2h2 (p3(g5 ). -- ) -

We define lim' of that tower of groups to be the pointed set that is the set of
orbits of this action. If all of the groups G, are abelian, then lim' of the tower
is isomorphic to the underlying pointed set of the cokernel of the homomorphism
[ 150 Gn = [1,50 Gn defined by

£(90, 91,92, ) = (90(p1(91 ")), 91 (p2(92 1)), g2 (ps(95 1))

and thus has a natural abelian group structure.

2. THE MAIN THEOREMS

Theorem 2.1. Let

Pn+1

Xn

)(n+1

Xo
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be a tower of fibrations of pointed spaces. For every choice of basepoint in lim,, X,
(whose image is then taken as the basepoint in each X,, for n > 0) and every k > 0
there is a natural short exact sequence

. . P .
1 —— liml me 1 X, —— m lim X, —2— lim e X, —— 1
n n

of abelian groups if k > 2, of groups if k = 1, and of pointed sets if k = 0. If k = 0,
all of the spaces X,, are H-spaces, and all of the maps p,, are H-maps, then this is
a short exact sequence of groups.

The proof of Theorem 2.1 is in Section 4.
Theorem 2.2. If

Prn+1 Pn Pn—1 p1
"'4>Xn+1 4)Xn4>Xn_14>"'HX0

lfwrl J{fn lfﬂl lfo

Yn+l }/’;L Yn—l e YO

dn dn—1 q1

dn+1

is a map of towers of fibrations of topological spaces such that f, is a weak equiv-
alence for every n > 0, then the induced map of limits f: lim, X,, — lim, Y,, is a
weak equivalence.

Proof. This theorem mostly follows from Theorem 2.1 and the five lemma, but care
must be taken to show that the set of path components is mapped isomorphically.
We must first show that lim,, X, is nonempty if and only if lim,, Y;, is nonempty.
If lim,, X, is nonempty, then the existence of the natural map lim,, X,, — lim,, Y,,
implies that lim,, Y,, is nonempty.

Conversely, if lim,, Y;, is nonempty, then we can choose a point (y,,)n>0 in lim, Y,
and for each n > 0 we can choose a point z,, € X, such that f,(z,) is in the
same path component as y,. We will now inductively define points z,, € X,
such that zj, is in the same path component as z, and ppii(z;,,,) = =, for
all n > 0. We begin the induction by letting [ = zo. If n > 0 and we've
defined z/,, then ¢n11fnt1(Tnt1) = faPnt1(Tni1) is in the same path component
as ¢nt+1(Yn+1) = Yn, and so (since f, is a weak equivalence) ppi1(zp41) is in
the same path component as z]. Thus, we can choose a path a: I — X,, from
Dnt1(Zns1) to ), and then lift o to a path a: I — X,,41 such that &(0) = zp41;
we let 27, = a(1). This completes the induction, and so lim,, X, contains the
point (2],)n>0-

In the case in which lim, X, and lim, Y, are nonempty, for every choice of
basepoint in lim,, X,, (whose image is then taken as the basepoint in each of lim,, Y,
X,, and Y,, for n > 0) and every k > 0 Theorem 2.1 implies that we have a map of
short exact sequences

. . P ..
1— hm}Lmﬁ_an —— 7 lim X,, —— limm, X,, —— 1
n n

3) j /| |

1 — s limlme Yy, — mp lim Y, — 2 lim Y, — 1
n n
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of groups if £ > 0 and of pointed sets if £ = 0, and both ¢ and v are isomorphisms.
For k > 0 the five lemma (non-abelian, if k¥ = 1) applied to Diagram 2.3 shows
that for every choice of basepoint in lim,, X,, the map 7 lim, X,, — 7 lim, Y, is
an isomorphism, and so it remains only to show that the set of path components
of lim,, X, maps isomorphically to the set of path components of lim,, Y,,.

To see that the map of path components is surjective, choose some basepoint
for lim,, X,, and consider Diagram 2.3. Let a € mglim, Y,; then we can choose
b € molim,, X, such that P(b) = ¢'Q(a), and we will have that Q(f.(b)) = Q(a).
Now choose a new basepoint for lim,, X,, that is in the path component b of lim,, X,
and consider this version of Diagram 2.3. The path component f,(b) of lim, Y, is
now the path component of the basepoint, and so a € lim}lﬂkHYn. Thus, there is
an element a’ € lim}ﬂrkHXn such that ¢(a’) = a, and @’ is an element of g lim,, X,
that goes to a under f,.

To see that the map of path components is injective, let a and b be path compo-
nents of lim,, X,, that go to the same path component of lim,, ¥;,. Choose a base-
point in the path component a, and consider Diagram 2.3. We have f.(a) = f«(b),
and so P(a) = P(b), and since a is the path component of the basepoint both a and
b are elements of lim! 71 X,,. If a # b, then ¢(a) # ¢(b), and so ¢(a) and ¢(b) are
distinct elements of 7y lim,, Y,,. Since those are the same element of mglim, Y,, it
must be that a = b in lim,, X,,. O

3. HOMOTOPY GROUPS

Notation 3.1. We let I denote the interval [0, 1], and we let I° denote a single point.
If k£ > 1 we will often denote a point of I* as (p,t), where p € I*~! and t € I.

Definition 3.2. If X is a space and k > 0, we will represent elements of 7 X by
maps o: I¥ — X that take the boundary of I* to the basepoint, and we will denote
the element of 7 X represented by « as [«].

We will almost always multiply and take inverses of elements of 7, X using the
last coordinate of I*.

(1) If £ > 1 and a: I* — X is a map, then the inverse a™': I* — X of a
is the map defined by a~!(p,t) = a(p,1 —t). If k = 1 this is the usual
definition of the inverse path.

(2) If k > 1 and a,B: I¥ — X are maps such that a(p,1) = B(p,0) for all
p € I*=1 then the composition of o and B is the map a * f: I¥ — X
defined by

(axB)(p,t) = {O‘(pv 2t) if 2

B(p,2t —1) if
If £ =1, this is the usual definition of the composition of paths.

Notation 3.3. If k > 0 and «, 8: I¥ — X are maps such that a(p) = S(p) for all
pE 8([’“), then o ~ § will mean that « is homotopic to 3 relative to the boundary
of I*. If k = 1, this is the usual notion of path homotopy.

Definition 3.4. If k > 0 and a: I*¥ — X is a map taking the boundary of I* to
the basepoint of X, then by a nullhomotopy of o we will mean a map : I**1 — X
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such that
p,0) = * for all p € I*
p,1) =a(p) forall pe I*, and
B(p,t) = * for all p € OI% .
There exists such a nullhomotopy for « if and only if [o] = 0 in 7, X.

We will occasionally need to compose maps of cubes using the next to last coor-
dinate.

Definition 3.5. If k£ > 1 and we have maps 3, 8: I*t! — X such that

Bty ta, tp—1, 1, teyr) = Bltr, ta, th—1,0,tr41)
then we define 3, % B, : I*' — X,, by

Bn(ti,toy .o te1, 2tk try1) ifo<t,<4i

o % Bp)(t, e, ...t =<
(B # Bu)(tr, 22 1) {5n(t1,t2,~-,tk:1,2tk—1,tk+1) if 1 <t,<1

If both B and B take the boundary of Ikﬂito the basepoint of X, and thus
represent elements of w41 X, then we have [B][5] =[5 * 8] = [8 % (] in mp11X.

4. PROOF OF THEOREM 2.1

We prove that the natural map P: m lim,, X,, — lim,, 74 X is surjective in Prop-
osition 4.2, and in the remainder of this section we discuss the kernel of P and the
case in which the tower consists of H-maps between H-spaces.

Notation 4.1. Given a tower of spaces as in Theorem 2.1, for each i > 0 we let
P;: lim, X,, = X; denote the natural projection from the limit.

Proposition 4.2. If k > 0, the natural map P: 7 lim, X,, — lim, mxX,, of Theo-
rem 2.1 is surjective.

Proof. Let ([ay])n>0 define an element of lim,, 7, X,,, so that the a,,: I* — X, for
all n > 0 are maps taking the boundary of I* to the basepoint of X,, and such
that pp+1 0 apt1 ~ o, We will inductively define maps &, : I* — X,, such that
Op = an and Ppi1 © Gpy1 = ap; the collection (& )n>o will then define a map
a: I* — lim,, X,, such that P([a]) = ([an])n>o0-

We begin the induction by letting ag = ag. If n > 0 and we’ve defined @, then
Dn+1 O Qi1 =~ Gy, and we can lift a homotopy to obtain a homotopy in X, that
begins at ay,41 and ends at a map we’ll call &,,+1 such that pp410d,41 = @,. O

We turn now to the kernel of P. Let k > 0, and let a: I* — lim,, X,, represent an
element of 7, lim,, X,, in the kernel of P. For each n > 0 we let o, = P oa: I* —
X,, and we can choose a nullhomotopy f,: I*t1 — X,, of ay, (see Definition 3.4).
The map S, * (Pn+198,11): 1¥+1 — X takes the boundary of ¥+ to the basepoint
of X, and thus defines an element [8,, *(pp+1 oﬂ;il)] of 41X, and these elements
for all n > 0 define an element ¢(a) of lim? 7y 1 X,,.

Proposition 4.3. The element ¢(a) € lim:ﬂrkﬂ X, is independent of the choice of
nullhomotopies (8,)n>0-
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Proof. If for each n > 0 we choose a different nullhomotopy Bn, then the map
B * Bt IFH1 = X takes the boundary of I**1 to the basepoint of X and thus
defines an element g, = [ﬁn * B1] of 741X, and the element

n[Bn * (Prt1 © Brp )] ((Pnt1) 90 t1)
of mi41X,, is represented by the map
(Br % B ") % (B * (P10 Bris)) * (Pg1 © (Bryr % B ty))
~ (Bn By ") (B * (D1 © Brt)) * (Pt © Brs1) * (Pryr © [y ) e
~ B * Byt B % (Pnt1 © Bt 1) * (Pnt1 © Brg1) * (Png1 © Brfy)
~ B % (Dn+1 0 Brir)

-1

and so the element of lim:ﬁrkHXn represented by ([Bn * (pnt1 © 51’?41»1)])”20 equals
the element represented by ([3, * (Pnt1© ngl)])nzo. g

Proposition 4.4. If a, &: I* — lim,, X,, represent elements of the kernel of P and
[a] = [a], then ¢(a) = $(@), and so ¢ defines a function ¢: Ker P — lim} mp 41 X,,.

Proof. Since o and & represent the same element of 7 lim,, X,,, there is a homotopy
y: I+ — lim,, X,, such that

alp) ift=0
v(p,t) = { a(p) ift=1, and
* if pe oIk .

For every n > 0 we let o, = P, oo, &y = P, o @, and ,, = P, o+, and we choose
a nullhomotopy f, of a,,. For every n > 0 we can then let 8, = 3, * ¥y, and 3, is
then a nullhomotopy of &,, and we have

B # (Prt1 © Buty) = (Bu # n) * (Prt1 © (Yt * Brtr))
= (B *¥n) * ((Pn+1 0 Yng1) * (Prt1 0 Brty))
= (Bn* ) * (3" * (P10 B ty))
~ By * (Ppy1 © 57741_1)
and so ¢(a) = ¢(a). O
Proposition 4.5. If K > 1, then 5: Ker P — limiﬁrkHXn is a homomorphism.

Proof. Let o, a: I* — lim,, X,, represent elements of 7, lim,, X,, in the kernel of P.
For every n > 0, let a,, = P, o, @, = P, o @, and choose nullhomotopies 3,, of ay,
and By, of &y,. If B, % Bp: IFT1 — X,, is defined as in Definition 3.5, then 3, % Bn

is a nullhomotopy of «a,, * @&,. Thus, ¢([ ][@]) in level n is represented by

(Bn >T< Bn) * (pn+1 o (BnJrl >?< Bn+1)_1) = (ﬂn * Bn) * ((anrl o BnJrl) ; (pn+1 o BnJrl))_l

which on the point (¢1,%2,...,tk+1) takes the value

B(ti,to, ... th1, 2y, 2tpy1) f0<t, <%and0<tpyq <1

Bltr,to, . ti1, 2ty — 1,2tp41) if 3 <t <land 0<tpyq <2
(Prt10B)(t1sto, oo ti1, 2t 1 — (2tp41)) 0 <t <21 and § <ty <1
(Pnt10B)(tisto, .o th1, 2t — 1,1 — (2t34q)) if 3 <tp<land i<ty <1
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This is also the definition of
(ﬁn * (pn+1 © ﬂ»;il)) * (Bn * (anrl o B;il))

which is the level n representative of ¢(«) * ¢(@). Since multiplication of elements
of a homotopy group can be defined using any of the coordinates of the cube, we

have ¢([o][a]) = ¢([a])o([a]). O
Proposition 4.6. The function (E: Ker P — limibﬂ'k_‘_an is surjective for all k > 0.

Proof. Fix a value of k > 0; every element of limiﬂ'k_i_an can be represented by
(h”])n>0 € 1,50 mk+1Xn where v, : I*1 — X,, for every n > 0 is a map taking
the boundary of I**1 to the basepoint. We will inductively define a,,: I* — X,
taking the boundary of I* to the basepoint and a nullhomotopy S, : I*Tt — X, of
an. We will arrange it so that p,41 0 apy1 = ay, for all n > 0, so that the (an)

n>0
will define a map a: I* — lim, X,, taking the boundary of I* to the basepoint,
and such that ¢([a]) is the element of lim} 71 X,, represented by (I7nl), 5o We
begin by letting ag: I* — X, and Bo: I**!1 — X, both be constant maps to the
basepoint.

For the inductive step, let n > 0 and assume that we’'ve defined «, and f,.
The map v, ! * B,: I¥! — X,, is a nullhomotopy of a,,, and its restriction to
(I* x {0}) U (8I* x I) is the constant map to the basepoint. Thus, we can lift
that restriction to the constant map to the basepoint of X,, 1. Since there is a
homeomorphism of I¥+! to itself that takes (I* x {0})U (0I* x I) onto I* x {0}, we
can extend that lift to a map B,41: I — X, 1. We define a1 (t1,to, ..., tx) =
Bnii(ti,ta, ... tr,1), and B,41 is a nullhomotopy of v, 1.

We now have p,41 0 apt1 = o, for all n > 0, and so the maps (a,)n>0 define
a: I* — lim, X,,, which represents an element of 7 lim,, X,, in the kernel of P.
For every n > 0 we have p, 41 0 Bni1 =7, ' * Bn, and so

Br * (Prt1 0 67:-&1-1) = B * (57:1 * Yn,)
=T o,

and so g([a]) is represented by ([yx]) Thus, ¢ is surjective. O

n>0"
Proposition 4.7. The function (5: Ker P — lim}Lﬂ'kHXn is injective for all k > 0.
Proof. Let a,&: I* — lim, X,, represent elements of the kernel of P such that
d(a) = ¢(@) in lim,lﬂrkHXn. For eachn > 0 let o, = P, 0o v, let a,, = P,, o &, and
choose nullhomotopies 3, of a,, and 3, of &,. Since ¢(a) = ¢(a) in lim,llﬂ'kHXn,
there exists an element ([g5])n>0 Of [],,~0 Tr+1X, (Where each map gy, : I 5 X,
takes the boundary of I¥*! to the basepoint) so that

Gn * (ﬂn * (pn+1 o 6;_51-1)) * (pn-‘rl o 97741_1) =~ Bn * (pn-‘rl o Bn_,_t,l-l)
and so B B
Gn * P * (pn+1 ° (ﬁr;l»l * g;Jlrl)) >~ B * (Pnt1 0 B;Jil)
for all n > 0. For every n > 0 let v, = g, * Bn; we then have
Yo * (D1 © Y1) 2 B * (P10 Briy)

and so

Bt #vn 2 (Pag1 © Bry) * (Dnt1 © ng1) = Pagr © (B * Ynt1) -
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Thus, for every n > 0, we have

° B;l * 7, is a homotopy in X,, from &, to a,, and

® Pn+10© (B;il * Ynt1) = 6771 * T
We will now inductively replace each homotopy 3, *7, with a homotopic homotopy
0y, so that pp11 © Opt1 = 0p; the (65)n>0 will then define a homotopy in lim, X,
from & to a. We begin by letting dyp = Bal * 0.

If n > 0 and we’ve defined §,,, then p,41 0 (B;il * Yp+1) 18 homotopic to 0y, i.e.,

there is a homotopy H: I**2 — X, such that

H(p,t) = (pus1 © Bty #901))(B) - for (p,1) € (I x {0}) U (91" x 1)
H(p,1) = 6,(p) for p € I*+1

If we define H': (I**1 x {0}) U (OIF x I) — X, 11 by H'(p,t) = (,B;_il_l *Yn+1) (D),
then H’ is a lift of the restriction of H to (I**! x {0}) U (8I**! x I). There
is a homeomorphism of I**2 to itself that takes (I**! x {0}) U (0I**! x I) onto
I*+1 x {0}, and so we can extend H' to a lift H': I**2 — X, of H. We define
Spy1: IFTY — X, 41 by letting 8,,41(p) = H'(p,1), and 6,41 is a homotopy from
Qnt1 t0 a1, homotopic to B;il*'ynﬂ, such that p,1108,4+1 = ;. This completes
the induction, and so the (dy,),>0 define a homotopy d in lim,, X,, from & to «, and
SO 5 is injective. ([

Proposition 4.8. For every k > 0 the natural map P: mlim, X,, — lim, 7 X,
of Theorem 2.1 is surjective and its kernel is naturally isomorphic to lim,lﬂkHXn.

Proof. Proposition 4.2 shows that P is surjective, Proposition 4.3 and Proposi-
tion 4.4 define a natural map from the kernel of P to lim}lﬂ';Han, Proposition 4.5
shows that if £ > 1 then that natural map is a homomorphism, and Proposition 4.6
and Proposition 4.7 show that it is an isomorphism. ([

Proposition 4.9. If k = 0, all of the spaces X, are H-spaces, and all of the maps
pn are H-maps, then ¢: Ker P — lim;ﬂan is a homomorphism.

Proof. If W is a space, X is an H-space, and f,g: W — X are maps, then we
denote the product of f and g defined using the H-space structure of X as f *g.

Let a, a: I° — lim,, X,, be maps such that the elements [a] and [a] of mg lim,, X,
are in the kernel of P. For every n > 0 we let a,, = P, o, let &, = P,, o &, and
choose nullhomotopies 8, : I — X,, of a,, and Bn: I — X, of a.

The multiplication in both 7y and 7; of an H-space can be defined using the
H-space product, and so the product of [«] and [@] in mlim, X, is [a ¥ &]. If
for all n > 0 we let (a % @), = P, o (a ¥ @), then 3, ¥ 3, is a nullhomotopy of
(a % @)y, = ap, % &y Thus, ¢(a * &) is represented by

((Bn % Bn) * (Pnt1 0 (Bny1 * Bn+1)71))n20
while ¢(a) % ¢p(@) is represented by
((Bn * (Pns1 0 5;411)) % (Bn * (png1 0 Bvﬁl)))nzo .
§ince those two maps are equal, dla % a) = ¢(a) * ¢p(a), and so g([a][d}) =
é(la])([a]). O

Proof of Theorem 2.1. This follows from Proposition 4.2, Proposition 4.3, Proposi-
tion 4.4, Proposition 4.5, Proposition 4.6, Proposition 4.7, and Proposition 4.9. 0O
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