RANDOM MAXIMAL ISOTROPIC SUBSPACES AND SELMER GROUPS
BJORN POONEN AND ERIC RAINS

ABSTRACT. We first develop a notion of quadratic form on a locally compact abelian group.
Under suitable hypotheses, we construct a probability measure on the set of closed maximal
isotropic subspaces of a locally compact quadratic space over F,. A random subspace
chosen with respect to this measure is discrete with probability 1, and the dimension of its
intersection with a fixed compact open maximal isotropic subspace is a certain nonnegative-
integer-valued random variable.

We then prove that the p-Selmer group of an elliptic curve is naturally the intersection of
a discrete maximal isotropic subspace with a compact open maximal isotropic subspace in a
locally compact quadratic space over F,. By modeling the first subspace as being random,
we can explain the known phenomena regarding distribution of Selmer ranks, such as the
theorems of Heath-Brown and Swinnerton-Dyer for 2-Selmer groups in certain families of
quadratic twists, and the average size of 2- and 3-Selmer groups as computed by Bhargava
and Shankar. The only distribution on Mordell-Weil ranks compatible with both our random
model and Delaunay’s heuristics for p-torsion in Shafarevich-Tate groups is the distribution
in which 50% of elliptic curves have rank 0, and 50% have rank 1.

We generalize many of our results to abelian varieties over global fields. Along the way,
we give a general formula relating self cup products in cohomology to connecting maps in
nonabelian cohomology, and apply it to obtain a formula for the self cup product associated
to the Weil pairing.

1. INTRODUCTION

1.1. Selmer groups. D. R. Heath-Brown [HB93,HB94| and P. Swinnerton-Dyer [SDOS|
obtained the distribution for the nonnegative integer s(E) defined as the Fy-dimension of
the 2-Selmer group Sely(E) minus the dimension of the rational 2-torsion group F(Q)[2], as
FE varies over quadratic twists of certain elliptic curves over Q. The distribution was the one
for which )
— — —j\—1 2
Prob (s(E) =d) = | [J(1 +27) sz—1

j=0 Jj=1

In [HB94|, it was reconstructed from the moments of 25(¥); in [SDO08§], it arose as the station-
ary distribution for a Markov process.

Our work begins with the observation that this distribution coincides with a distribu-
tion arising naturally in combinatorics, namely, the limit as n — oo of the distribution of
dim(Z N W) where Z and W are random maximal isotropic subspaces inside a hyperbolic
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quadratic space of dimension 2n over [Fy. Here it is essential that the maximal isotropic sub-
spaces be isotropic not only for the associated symmetric bilinear pairing, but also for the
quadratic form; otherwise, one would obtain the wrong distribution. That such a quadratic
space might be relevant is suggested already by the combinatorial calculations in [HB94].

Is it just a coincidence, or is there some direct relation between Selmer groups and in-
tersections of maximal isotropic subgroups? Our answer is that Sely(E) is naturally the
intersection of two maximal isotropic subspaces in an infinite-dimensional quadratic space
V over F5. The fact that it could be obtained as an intersection of two subspaces that were
maximal isotropic for a pairing induced by a Weil pairing is implicit in standard arithmetic
duality theorems.

To make sense of our answer, we develop a theory of quadratic forms on locally compact
abelian groups. The locally compact abelian group V' in the application is the restricted di-
rect product of the groups H'(Q,, F[2]) for p < oo with respect to the subgroups of unramified
classes. The quadratic form @ is built out of D. Mumford’s Heisenberg group construction.
The arithmetic duality theorems are applied to show that the images of the compact group
[[,<oc £(Qy)/2E(Qp) and the discrete group H'(Q, E[2]) are maximal isotropic in (V, Q).
Their intersection is Sely(E).

In fact, we work in a more general context, with [2]: E — E replaced by any self-dual
isogeny A\: A — A coming from a line sheaf on an abelian variety A over a global field k.
(See Theorem [6.8]) In this setting, we have a surprise: it is not Sely(A) itself that is the
intersection of maximal isotropic subgroups, but its quotient by III'(k, A[)]), and the latter
group is sometimes nonzero.

The resulting prediction for dimg, Sel,(£) does not duplicate C. Delaunay’s prediction for
dimg, HI(E)[p] [Del01,Del07]. Instead the predictions complement each other: we prove that
the only distribution on rk £(Q) compatible with both predictions is that for which rk F(Q)
is 0 or 1, with probability 1/2 each. (A related result, that for p = 2 the Sel, prediction and
the rank prediction together imply the III[2] predictions for rank 0 and 1, had been observed
at the end of [Del07].)

1.2. Self cup product of the Weil pairing. A secondary goal of our paper is to answer
a question of B. Gross about the self cup product associated to the Weil pairing on the
2-torsion of the Jacobian A := Jac X of a curve X. The Weil pairing

er: A[2] X A2] — G,
induces a symmetric bilinear pairing
(, ) HY(A[2]) x H'(A[2]) — H*(Gn)-

We prove the identity (z,z) = (z,cr), where c7 is a particular canonical element of H'(A[2]).
Namely, ¢ is the class of the torsor under A[2] parametrizing the theta characteristics on
X.

We have been vague about the field of definition of our curve; in fact, it is not too much
harder to work over an arbitrary base scheme. (See Theorem [5.9]) Moreover, we prove a
version with Jacobians replaced by arbitrary abelian schemes. (See Theorem [5.4])

1.3. Other results. One ingredient common to the proofs of Theorems and is a
general result about cohomology, Theorem [3.5, which reinterprets the self cup product map

HY (M) — H?*(M ® M) as the connecting map for a canonical central extension of M
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by M @ M. Its proof can be read with group cohomology in mind, but we prove it for an
arbitrary site since later we need it for fppf cohomology. Its application towards Theorem
goes through another cohomological result, Proposition which shows that the connecting
homomorphism H'(C) — H?(A) for a central extension is quadratic, and which computes
the associated bilinear pairing.

We also prove some results that help us apply Theorems and Section [4] proves
results about Shafarevich-Tate groups of finite group schemes that are relevant to both
theorems, and Section gives criteria for the vanishing of c.

The two main threads of our article come together in Remark and Example [6.14] in
which we predict the distribution of the 2-Selmer group of a 2-dimensional Jacobian.

2. RANDOM MAXIMAL ISOTROPIC SUBSPACES

2.1. Quadratic modules. See [Sch85, 1.§6 and 5.§1| for the definitions of this section.
Let V and T be abelian groups. Call a function Q: V — T a (T-valued) quadratic form
if @ is a quadratic map (i.e., the symmetric pairing ( , ): V x V — T sending (z,y) to
Q(z +y) — Q(z) — Q(y) is bilinear) and Q(av) = a*Q(v) for every a € Z and v € V. Then
(V,Q) is called a quadratic module.

Remark 2.1. A quadratic map @ satisfying the identity Q(—v) = Q(v) is a quadratic form.
(Taking x = y = 0 shows that Q(0) = 0, and then Q(av + (—v)) — Q(av) — Q(—v) =
a(Q(0) — Q(v) — Q(—v)) computes Q(av) for other a € Z by induction.)

Lemma 2.2. Let (V,Q) be a quadratic module. Suppose that v € V and { € Z are such that
v =0. If £ is odd, then (Q(v) = 0. If { is even, then 2(Q(v) = 0.

Proof. We have (?Q(v) = Q(fv) = 0, and 2Q(v) = {v,v) = (fv,v) = 0. O

Given a subgroup W C V, let W+ := {v € V : (v,w) = 0 for all w € W}. Call W a
maximal isotropic subgroup of (V, Q) if W+ =W and Q|w = 0. Let Zy be the set of maximal
isotropic subgroups of (V, Q).

Remark 2.3. Say that W is maximal isotropic for the pairing ( , ) if Wt =W. If W = 2W
or T[2] = 0, then W+ = W implies Q| = 0, but in general Q|y = 0 is a nonvacuous extra
condition.

Call a quadratic module (V, Q) nondegenerate if @ is R/Z-valued and V is finite (we will
relax this condition in Section[2.4) and the homomorphism V — V* := Hom(V,R/Z) defined
by v — (w — (v,w)) is an isomorphism. Call (V, Q) weakly metabolic if it is nondegenerate
and contains a maximal isotropic subgroup. (Metabolic entails the additional condition that
the subgroup be a direct summand.)

Remark 2.4. Suppose that (V, @) is a nondegenerate quadratic module, and X is an isotropic
subgroup of (V, Q). Then
(a) The quotient X*/X is a nondegenerate quadratic module under the quadratic form Qx
induced by Q.
(b) If W € Iy, then (WNX1)+X € Ty, and (WNX)+X)/X € Txi,x. Let VX /X (W)
denote this last subgroup, which is the image of W N X+ in X+/X.
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Remark 2.5. If (V, Q) is a nondegenerate quadratic module with #V < oo, the obstruction
to V' being weakly metabolic is measured by an abelian group WQ =~ @, WQ(p) called
the Witt group of nondegenerate quadratic forms on finite abelian groups [Sch85, 5.§1]. The
obstruction for (V,Q) equals the obstruction for X1 /X for any isotropic subgroup X of
(V, Q) (ct. [Sch85, Lemma 5.1.3]).

2.2. Counting subspaces.

Proposition 2.6. Let (V,Q) be a 2n-dimensional weakly metabolic quadratic space over

F :=TF,, with Q taking values in lZ/Z ~ F.

(a) All fibers of 7" X" /X. T, — Tx1/x have size HdlmX( ).

(b) We have #Iy = HJ:0 (P’ +1).

(c) Let W be a fized mazximal isotropic subspace of V. Let X, be the random wvariable
dim(Z N'W), where Z is chosen uniformly at random from Iy. Then X, is a sum
of independent Bernoulli random wvariables By, ..., B, where B; is 1 with probability
1/(p" ' +1) and 0 otherwise.

(d) For 0 <d <n, let ag,, := Prob(X,, = d), and let ag := lim,, o0 agn. Then

2ty Trlep”
Zadnz :H _i_iz_HT];—zZ

d>0 =0 i=0
o0 1 i
Sae =T[ 0
d>0 o TP
(e) For 0 <d <n, we have
n—1 d P d—1
_ —jy—1 -n
7=0 7=1 7=0
(f) For d >0, we have
d
p
aq = CH s
Pl 1
where |
._ —jy-1 _ * o~ (2i41)
c=Ja+p) T =5[] -7 @),
j>0 120
Proof.

(a) Choose a full flag in X; then 7"X /¥ factors into dim X maps of the same type, so we
reduce to the case dim X = 1. Write X = Fv with v € V. For Z € Zy, let Z be its image
in Zy1,x. There is a bijection {Z € Ty : v € Z} — Iy1/x defined by Z — Z = Z/X.
Fix W € Iy1,x, and let W € Zy be such that W = W/X. We want to show that
#{Z € Ty : Z =W} = p"~! + 1. This follows once we show that the map

{Z €Iy : Z = W} — {codimension 1 subspaces of W} U {W}
Z—ZNW



is a bijection. If v € Z, then Z = W implies that Z = W. If v ¢ Z, then Z = W implies
that ZNW has codimension 1 in W. Conversely, for a given W; of codimension 1 in W,
the Z € 7y containing W; are in bijection with the maximal isotropic subspaces of the
weakly metabolic 2-dimensional space W;- /W, which is isomorphic to (£, zy), so there
are two such Z: one of them is W, and the other satisfies ZNW = W; and Z = W.
Thus we have the bijection.

(b) Apply (a) to a maximal isotropic X.

(¢) If n > 0, fix a nonzero v in W, and define Z as in the proof of (). Then

dmZNW =dimZ N W + ez,

where d,ci is 1 if v € Z and 0 otherwise. The term dim Z N W has the distribution
X,_1. Conditioned on the value of Z, the term d,cz is 1 with probability 1/(p"~! + 1)
and 0 otherwise, since there are p"~' 4 1 subspaces Z € Zy with the given Z, and only
one of them (namely, the preimage of Z under V' — V/Fuv) contains v. Thus X, is
the sum of X,,_; and the independent Bernoulli random variable B,,, so we are done by
induction on n.

(d) The generating function for X, is the product of the generating functions for By, ..., By;
this gives the first identity. The second follows from the first.

(¢) This follows from (d) and Cauchy’s ¢-binomial theorem (which actually goes back to
[Rot11] and is related to earlier formulas of Euler). Namely, set ¢ = 1/p in formula (18)
of [Cau43|, and divide by [T} =5 (1 + p~/).

(f) Take the limit of (&) as n — oo. The alternative formula for ¢ follows from substituting

—j ]- - p72j
I+p~ = 107 e
for j # 0 and cancelling common factors. 0

Remark 2.7. There is a variant for finite-dimensional vector spaces V' over a finite field F' of
non-prime order. One can define the notion of weakly metabolic quadratic form Q: V — F,
and then prove Proposition with ¢ in place of p.

If we consider only even-dimensional nondegenerate quadratic spaces over F, then the
obstruction analogous to that in Remark takes values in a group of order 2. The obstruc-
tion is the discriminant in F'*/F*? if char F' # 2, and the Arf invariant (see [Sch85]9.§4) if
char F' = 2.

Remark 2.8. By Lemma [2.2] a quadratic form on a 2-torsion module will in general take
values in the 4-torsion of the image group. Thus we need an analogue of Proposition for
a ;7Z/Z-valued quadratic form Q on a 2n-dimensional Fo-vector space V such that Q(V) ¢
%Z/Z, or equivalently such that (x,x) = —2Q(z) is not identically 0.

The map z +— (z,z) is a linear functional V — 1Z/Z ~ T, since

(T+y,z+y) = (x,7) +2x,9) + (v, 9) = (z,2) + (y,9)-

Hence there exists a nonzero ¢ € V such that (z,z) = (z,¢) for all z € V. This equation
shows that for any maximal isotropic subspace W of V, we have ¢ € W+ = W. The map
W +— W /Fyc defines a bijection between the set of maximal isotropic subspaces of V' and the

set of maximal isotropic subspaces of (Fyc)t/Fyc, which is a %Z/Z—valued quadratic space.
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So the random variable dim(Z N W) for V is 1 plus the corresponding random variable for
the %Z /Z-valued quadratic space of dimension dim V' — 2.

Definition 2.9. Given a prime p, let Xge, be a Z>¢-valued random variable such that for
any d € Zxg, the probability Prob(Xge, = d) equals the a4 in Proposition @

In the notation of Proposition 2.6|[d), we can also write
oo
XSelp = nh—>nolo Xy = Zl B,.
—

Remark 2.10. The distribution of Xs., agrees with the distribution of s(F) mentioned at
the beginning of Section

2.3. Some topology. To interpret a, as a probability and not only a limit of probabilities,
we are led to consider infinite-dimensional quadratic spaces. The naive dual of such a space
V' is too large to be isomorphic to V', so we consider spaces with a locally compact topology
and use the Pontryagin dual. In order to define a probability measure on the set of maximal
isotropic subspaces, we need additional countability constraints. This section proves the
equivalence of several such countability constraints.

For a locally compact abelian group G, define the Pontryagin dual G* := Homows(G, R/Z).
Recall that a topological space is o-compact if it is expressible as a union of countably many
compact subspaces, first-countable if each point has a countable basis of neighborhoods,
second-countable if the topology admits a countable basis, and separable if it has a countable
dense subset.

Proposition 2.11. Let G be a locally compact abelian group. The following are equivalent:

(a) G* is o-compact.
(b) G is first-countable.

(¢) G is metrizable.

Moreover, G is second-countable if and only if G and G* are both o-compact.

Proof. After peeling off a direct factor R” from G, we may assume that GG contains a compact
open subgroup K, by the Pontryagin—van Kampen structure theorem [vK35, Theorem 2.
Each of (a), (b), (c¢) holds for G if and only if it holds for K, and for K the three conditions
are equivalent to second-countability by [Kak43, Theorem 2 and the bottom of page 366].
To prove the final statement, observe that GG is second-countable if and only if K is second-
countable and G/K is countable. By the above, K is second-countable if and only G* is
o-compact; on the other hand, G/K is countable if and only if G is o-compact. O

Corollary 2.12. Let G be a locally compact abelian group such that G ~ G*. Then the

following are equivalent:
(a) G is o-compact.

(b) G is first-countable.
¢) G is metrizable.

(d) G is second-countable.
(e) G is separable.



Proof. Proposition formally implies the equivalence of (a), (b), (c), (d). To obtain
(d) = (e), choose one point from each nonempty set in a countable basis. To prove
(e) = (a), reduce to the case that G contains a compact open subgroup K; then separability
implies that G/K is finite, so G is o-compact. O

2.4. Quadratic forms on locally compact abelian groups.

Definition 2.13. A locally compact quadratic module (V@) is a locally compact abelian
group V' equipped with a continuous quadratic form @: V — R/Z.

The definitions of maximal isotropic and nondegenerate extend to this setting.

Definition 2.14. Call a nondegenerate locally compact quadratic module (V, Q) weakly
metabolic if it contains a compact open maximal isotropic subgroup W; we then say also that
(V,Q, W) is weakly metabolic.

Remark 2.15. In Definition it would perhaps be more natural to require the subgroup
W to be only closed, not necessarily compact and open. Here we explain that the two
definitions are equivalent when V contains a compact open subgroup, which is not a strong
hypothesis, since by the Pontryagin—van Kampen structure theorem, if V' is a locally compact
abelian group, then V ~ R™ & V' as topological groups, where V' contains a compact open
subgroup.

If (V, Q) is a nondegenerate locally compact quadratic module containing a compact open
subgroup K, then X := K N K+ is an compact open isotropic subgroup. Next, if W is any
closed maximal isotropic subgroup of (V, @), then (W NX*)+ X is a compact open maximal

isotropic subgroup of (V, Q) (cf. Remark [2.4(b)).

Remark 2.16. If (V,Q) is a nondegenerate locally compact quadratic module containing a
compact open subgroup X, then the obstruction to (V, Q) containing a maximal isotropic
closed subgroup is the same as that for X /X so the obstruction is measured by an element
of W@ that is independent of X (cf. Remark [2.5).

Example 2.17. If W is a locally compact abelian group, then V := W xW* may be equipped
with the quadratic form Q((w, f)) := f(w). If W contains a compact open subgroup Y, then
its annihilator in W* is a compact open subgroup Y’ of W*, and X :=Y x Y’ is a compact
open subgroup of V, so Remark shows that (V, Q) is weakly metabolic.

Example 2.18 (cf. [Brad8, Théoréme 1]). Suppose that (V;, Q;,W;) for i € I are weakly
metabolic. Define the restricted direct product

!/

V= H (Vi,W;) := {(Ui)ie] € HV; :v; € W, for all but finitely many 2} )
i€l iel

Let W := [],c; Wi. As usual, equip V' with the topology for which W is open and has the

product topology. For v := (v;) € V, define Q(v) = > _,.; Q;i(v;), which makes sense since

Qi(v;) = 0 for all but finitely many i. Then (V,Q, W) is another weakly metabolic locally

compact quadratic module.

Moreover, if I is countable and each V; is second-countable, then V' is second-countable
too. (Proof: Use Corollary to replace second-countable by o-compact. If each V; is
o-compact, then each V;/W; is countable, so V/W =~ @._,;V;/W,; is countable, so V is
o-compact.)

il
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Let (V, @) be a locally compact quadratic module. Let Zy be the set of maximal isotropic
closed subgroups of (V,@Q). Let Xy be the poset of compact open isotropic subgroups of
(V,Q), ordered by (reverse) inclusion.

Theorem 2.19. Let (V,Q, W) be a second-countable weakly metabolic locally compact qua-
dratic module.

(a) The set Xy is a countable directed poset.
(b) The finite sets Ix.,x for X € Xy with the maps XXX /X for X C X, (cf. Re-
mark @) form an inverse system.

c) If X =0, then the collection of maps 77X /%X induce a bijection
XeXy

IV — h&l IXJ-/X
XeXy

Equip T, with the inverse limit topology.

(d) In the remaining parts of this theorem, assume that p is a prime such that pV = 0. Then
there exists a unique probability measure p on the Borel o-algebra of Iy such that for
every compact open isotropic subgroup X of (V,Q), the push-forward WKXL/X
uniform probability measure on the finite set Tx 1 x.

(e) The measure p is invariant under the orthogonal group Aut(V, Q).

() If Z is distributed according to u, then Prob(Z is discrete) = 1 and Prob(ZNW is finite) =
L. If moreover dimg, V' is infinite, then the distribution of dim(Z NW) is given by Xga,

(see Definition [2.9).
Proof.

[ s the

(a) The intersection of two compact open isotropic subgroups of V' is another one, so Xy is
a directed poset. To prove that Xy is countable, first consider the bijection

{compact open subgroups of W} — {finite subgroups of V/W} (1)
X — XYW

Since V//W is a countable discrete group, both sets above are countable. The map

Xy — {compact open subgroups of W}
X—XNnW

has finite fibers, since the X € A} containing a given compact open subgroup Y of
W are in bijection with the isotropic subgroups of the finite group Y+/Y. Thus Xy is
countable.

(b) Given X; C X, C Xj3 the maps XXX X oy G < j behave as expected under
composition.

(¢) The same computation proving (b)) yields the map. The inverse map (Zx) — Z is

constructed as follows: given (Z,) € liLnXE)(V Tx1x, let Zx be the preimage of Zx
8



under X+ — X1 /X and let

5 ] XL ) XL
in: lin (Zym7> g m TZXL

YeXy YeXy

YCX YCX
Z:= ] Zx.

XeXy

The maps in the inverse system are surjections, so the image of Zy in X+ /X equals
Zx. X, X' € Xy and X' C X, then Zy = Zx N X+, so ZN X+ = Zy. Since each
Zy is isotropic in Y1 /Y, the group Zy is isotropic, so Z is isotropic. If z € Z*, then
we have z € X+ for some X, and then for any Y C X, the element z mod Y € Y1)V
is perpendicular to WV’YL/Y(Z) = Zy, but Zx = Zy, so zmodY € Zy, and also
zmod Y € X+/Y; this holds for all Y C X, 50 z € Z. Thus Z+ = Z;i.e., Z € Iy.
Now we show that the two constructions are inverse to each other. If we start with
(Zx), then the Z produced by the inverse map satisfies 7V°X /X(Z) = Zx. Conversely,
if we start with Z, and define Zx := NV’XL/X(Z), then the inverse map applied to (Zx)
produces Z’ such that ZNX+ C Z' for all X, so Z C Z’, but Z and Z’ are both maximal
isotropic, so Z = Z'.
Since V/W is a discrete F,-vector space of dimension Ry, we may choose a cofinal in-
creasing sequence of finite-dimensional subspaces of V/W, and this corresponds under
to a cofinal decreasing sequence Y7, Ys, ... of compact open subgroups of W whose
intersection is 0. Thus applies. Each map in the inverse system has fibers of constant
size, by Proposition , so the uniform measures on these finite sets are compatible.
By [Bou04, I11.§4.5, Proposition 8(iv)|, the inverse limit measure exists.
The construction is functorial with respect to isomorphisms (V, Q) — (V',@Q’).
Since )" a, = 1, it suffices to prove the last statement, that Prob(dim(ZNW) =r) =
a,. Let Y; be as in the proof of (). Then dim(Z N W) is the limit of the increasing
sequence of nonnegative integers dim (Ve /Yi(Z) N7V /Yi(W)). By Propositio
and its proof, the difference of consecutive integers in this sequence is a sum of indepen-
dent Bernoulli random variables. Since ), Prob(B; = 1) converges, the Borel-Cantelli
lemma implies that

Prob (dim(Z NW) # dim(wV’YiL/Y"(Z) N 7TV’YZ'L/Y’L'(W))> — 0

as i — oo. In particular, Prob (dim(Z N W) = co) is 0. On the other hand, dim Y;*/Y; —
00 as 1 — 00, SO

Prob (dim(Z NW) =d) = lim ag4, = a4 = Prob (Xselp = d) . O

n—oo

2.5. Moments. Given a random variable X, let E(X) be its expectation. So if m € Z>o,
then E(X™) is its m'™ moment.



Proposition 2.20. Fiz a prime p, d € Z>o, and m € Zsy. Let X, be as in Proposi-
tion 7 and let Xse, be as in Definition . Then

p+1
H1+p n'L

E ((p*)") = H(p +1).

i=1
In particular, E(p*s») = p+ 1.
Proof. Substitute z = p™ in Proposition [2.6{(d). The products telescope. O

3. SOME HOMOLOGICAL ALGEBRA

3.1. A tensor algebra construction. We will define a functor U from the category of
Z-modules to the category of groups, the goal being Theorem Let M be a Z-module.
Let TM = @,-,T"M be the tensor algebra. Then T="M = @, T M is a 2-sided ideal of
TM. Let T<"M be the quotient ring TM/T="M. Let UM be the kernel of (T<3M)*
(T<'M)* = 7Z* = {+1}. The grading on TM gives rise to a filtration of UM, which yields
the following central extension of groups

1l >MaM—-UMS M — 1. (2)

Elements of UM may be written as 1 +m +t where m € M and t € M ® M, and should be
multiplied as follows:

I+m4+)1+m' +t)=14+m+m)+(mem)+t+1).

The surjection UM — M admits a set-theoretic section s: M — UM sending m to 1 + m.
If m,m' € M, then

s(m) s(m') s(m+m')"" =mem' (3)
imMeMCUM.

A simple computation verifies the following universal property of UM:

Proposition 3.1. The map s: M — UM s unwersal for set maps o: M — G to a group
G such that (m,m’) — o(m)o(m')o(m +m')~! is a bilinear function from M x M to an
abelian subgroup of G.

A quadratic map ¢: M — G is a set map between abelian groups such that (m,m’) —
q(m +m’) — q(m) — q(m’) is bilinear. (Perhaps “pointed quadratic map” would be better
terminology; for instance, the quadratic maps ¢: Q — Q are the polynomial functions of
degree at most 2 sending 0 to 0.) Proposition implies:

Corollary 3.2. The map M — (UM)? is universal for quadratic maps from M to an

abelian group.

Remark 3.3.

(a) The commutator [1 +m +t, 1 +m’ + ] equals m ® m' — m’ ® m, so we have an exact
sequence of abelian groups

0— S*M — (UM)™® — M — 0,
10



where SM = ®n20 S™M is the symmetric algebra. In particular,
(UM)? ~ker ((S<°M)* — (S<'M)*) .

(b) Similarly, if 2M = 0, then (1 +m +t)*> = 1 +m ® m, so we obtain an exact sequence of
[Fo-vector spaces

2
0— N\ M— ([UM)?™eF,— M -0,
and

(UM)™ @ Fy =~ ker ((/\<3 My — (N M)<).

3.2. Sheaves of groups. In the rest of Section |3, C is a site. Let ®p, be the category
of sheaves of groups on C, and let 2Abe be the category of sheaves of abelian groups on C.
For M € be, write H (M) for Ext’(Z, M), where Z is the constant sheaf; in other words,
H'(—) is the i*" right derived functor of Hom(Z, —) on Abe. For M € &p,, define H’(M) as
Hom(Z, M) and define H' (M) in terms of torsors as in [Gir71, §I11.2.4]. The definitions are
compatible for M € b and i = 0,1 |Gir71, Remarque I11.3.5.4].

Remark 3.4. The reader may prefer to imagine the case for which sheaves are G-sets for
some group G, abelian sheaves are ZG-modules, and H*(M) is just group cohomology.

All the constructions and results of Section have sheaf analogues. In particular, for
M € 20be we obtain Z M € ®p, fitting in exact sequences

l-M&M—-UM— M —1 (4)
0— S*M — (W M)*™® — M — 0, (5)

and, if 2M = 0,
0— N\ M= (M) @F, — M —0. (6)

3.3. Self cup products.

Theorem 3.5. For M € b, the connecting map H' (M) — H*(M ® M) induced by
(see |Gir71, §IV.3.4.1]) maps each x to x U x.

Proof. Let v € H'(M) = Ext'(Z, M). Let
0—-M-—X37Z—0 (7)

be the corresponding extension. Let X; := a~'(1), which is a sheaf of torsors under M.
We will construct a commutative diagram

1— MM YM—— M 1 (8)
1—>MeM G—2 - 1

.

0——>MOM—>X@M—>M—0
of sheaves of groups, with exact rows. The first row is . The last row, obtained by

tensoring (7)) with M, is exact since Z is flat. Let G be the sheaf of (u,t) € Z M & (X @ M)

such that 7m(u) = €(t) in M. The vertical homomorphisms emanating from G are the two
11



projections. Let §: G — % X send (u,t) to u—t. Then ker 6 = M ® M, embedded diagonally
in G. Let G' = §(G). Explicitly, if e is a section of X, then G’ consists of sections of % X
of the form 1 +m —e®m +t with m € M and t € M ® M. The vertical homomorphisms
emanating from G’ are induced by the map G — M sending (u,t) to m(u) = €(t).

A calculation shows that 1+ X; + M ® M is a right torsor X’ under G’, corresponding to
some 2’ € H'(G"). Moreover, % X — X restricts to a torsor map X' — X; compatible with
G' — M, so HY(G") — H'(M) sends 2’ to x.

By |Gir71, §IV.3.4.1.1], the commutativity of shows that the image of x under the
connecting map H'(M) — H?*(M ® M) from the first row, equals the image of 2’ under the
connecting map H'(G') — H*(M ® M) from the second row, which equals the image of z
under the connecting homomorphism H*(M) — H?*(M ® M) from the third row. This last
homomorphism is y — z Uy, so it maps = to xUx (cf. [Yon58|, which explains this definition
of x Uy for extensions of modules over a ring). O

Example 3.6. If M = Z /27, then (4]) is the sequence of constant sheaves
0—Z/2Z — Z]AZ — Z.]27. — O,

which induces the Bockstein morphism H' (X, Z/2Z) — H?(X,Z/27Z). So Theorem [3.5| recov-
ers the known result that for any topological space X, the self-cup-product H' (X, Z/27Z) —
H?(X,Z/27) is the Bockstein morphism. (See properties (5) and (7) of Steenrod squares in
Section 4.L of [Hat10].)

Remark 3.7. In group cohomology, if we represent a class in H'(M) by a cochain ¢, then
one can check that the coboundary of s o ¢ equals the difference of ( U ¢ and the image of ¢
under the connecting map. A similar argument using Cech cochains gives an alternate proof
of the general case of Theorem [3.5] as we now explain.

By |Gir71, Théoréme 0.2.6], we may replace C by a site with one with an equivalent topos
in order to assume that C has finite fiber products, and in particular, a final object S. Then
the natural map Hl(]\/[) — H'(M) is an isomorphism |Gir71, Remarque I11.3.6.5(5)], so any
x € H'(M) is represented by a 1-cocycle m for some covering (S! — S);er. For simplicity, let
us assume that the covering consists of one morphism S — S (the general case is similar).
Let S” =8 xg 8, and 8" = 5" xg 5" xg 8. Let mo3, 13, m2: S — S” be the projections.
So m € M(S") satisfies mjsm = miym + mism. Applying the section M — % M yields a 1-
cochain 1+m € (Z M)(S"). Its 2-coboundary in (M ® M )(S™) C (% M)(S") represents the
image of z under the connecting map H' (M) — H*(M ® M) [|Gir71, Corollaire IV.3.5.4(ii)].
On the other hand, the definition of the 2-coboundary given in |Gir71, Corollaire IV.3.5.4]
together with (3)) shows that it is 7ym @ mjsm € (M ® M)(S™), whose class in H*(M ® M)
represents x U x, by definition.

Let M,N € be. Let 3 € H*(Hom(M ® M, N)). (The bold face in Hom, Ext, etc.,
indicates that we mean the sheaf versions.) Using [, construct an exact sequence

0—-N—%—M—0 (9)

as the pushout of (4) by f: M ® M — N.
If § is symmetric, then % is abelian, and we let eg be the class of (9) in Ext'(M, N). If
3 is symmetric and Ext'(M, N) = 0, then applying Hom(—, N) to yields

0 — Hom(M, N) — Hom((% M)**, N) — Hom(S*M, N) — 0
12



and a connecting homomorphism sends 3 € H’(Hom(S?M, N)) to an element cs € H'(Hom(M, N)).

Corollary 3.8. Then the following maps H* (M) — H*(N) are the same, when defined:
(a) The composition

HY(M) 25 HY(M) x HY(M) -5 H2(M @ M) -2 HX(N).

(b) The connecting homomorphism H' (M) — H?*(N) associated to (9).

(¢) The pairing with ez under the Yoneda product

Ext'(M, N) x HY(M) — H*(N)

(if B is symmetric).
(d) The pairing with cg under the evaluation cup product

H'(Hom(M, N)) x H' (M) — H*(N)
(if B is symmetric and Ext'(M,N) =0).

Proof. Theorem and functoriality implies the equality of (a)) and (b)). Standard homo-
logical algebra gives equality of (b)), (c), and (d). O

3.4. Commutator pairings.

Proposition 3.9. Let 1 — A — B % C — 1 be an ezxact sequence in Bpe, with A central in
B, and C abelian. Let q: H'(C) — H?*(A) be the connecting map. Given ci,cy € C, we can
lift them locally to by, by and form their commutator [by, by] = biboby 'by ' € A; this induces a
homomorphism [, |: C®C — A. Fory,7, € H'(C), we have that q(v1+72) —q(71) — q(72)
equals the image of —y1 U~y under the homomorphism H?*(C ® C) — H?(A) induced by |, |.

Proof. That the commutator induces a homomorphism is a well-known simple computation.
Pulling back 1 — A% — B® — C? — 1 by the homomorphism C? — C? sending (¢, cs) to
(c1,¢a,¢1 + ¢o) and then pushing out by the homomorphism A3 — A sending (a4, as,az) to
az — as — a; yields an exact sequence 1 — A — Q — C? — 1. Here Q = B'/B” where B’ is
the subgroup sheaf of (by, by, b3) € B? satisfying p(bs) = p(b1)+p(bs), and B” is the subgroup
sheaf of B3 generated by sections (ay, as, a3) € A3 with a3 = a; +a. The surjection Q — C?
admits a section o: C? — @ defined locally as follows: given (cy, cp) lifting to (by, by) € B2,
send it to the image of (by,bo, b1bs) in @ (this is independent of the choice of lifts, since we
work modulo B”). A calculation shows that

U((C/h 0/2)) J((cla 62) + (0/17 0,2))_1 0((017 62)) = [0/17 02_1] = _[Clla 02] (10)

in A, and the three factors on the left may be rotated since the right hand side is central in
. Proposition and yield the middle vertical map in the commutative diagram

1 —C?@C*——=%(C?) —C*>—1 (11)
1 A Q C? 1

with exact rows, and the left vertical map sends (c1, c2) ® (¢}, ¢,) to —[c}, c2]. The connecting
map for the first row sends (y1,7) € H(C?) to (y1,72) U (11,72) € H*(C? ® C?), by

Theorem The connecting map for the second row is a composition H'(C?) — H'(C?) —
13



H?(A%) — H?(A), so it maps (71,72) to ¢(v1 +72) — q(71) — q(12). Finally, the left vertical
map sends (71, 72) U (71,72) € H*(C? @ C?) to the image of —v; U7, under the commutator
pairing H?(C ® C') — H?(A). So compatibility of the connecting maps yields the result. [

4. SHAFAREVICH-TATE GROUPS OF FINITE GROUP SCHEMES

For each field k, choose an algebraic closure k and a separable closure k, C k, and let
Gy = Gal(ks/k).

A local field is a nondiscrete locally compact topological field; each such field is a finite
extension of one of R, Q,, or F,((¢)) for some prime p. A global field is a finite extension
of Q or F,(t) for some prime p. Let © be the set of nontrivial places of k. For v € , let
k, be the completion of k at v, so k, is a local field; if v is nonarchimedean, let O, be the
valuation ring in k.

For a sheaf of abelian groups M on the big fppf site of Spec k, define

I (k, M) := ker <H1(k, M) — H H'(k,, M)) : (12)

veEN

The following criteria for vanishing of ITT* (k, M) will be especially relevant for Theorem @

Proposition 4.1. Suppose that M is a finite étale group scheme over k, so we identify M
with the finite Gi-module M (k).

(a) If M = Z/nZ, then 111! (k, M) = 0.

(b) If M is a direct summand of a direct sum of permutation Z/nZ-modules arising from
finite separable extensions of k, then 1T (k, M) = 0.

(c) Let G be the image of Gy, in Aut M(k,). Identify H' (G, M) with its image under the
injection H'(G, M) — H'(k, M). Then

Or'(k,M)C (] ker (H(G, M) — H'(H,M)).

cyclic H < G

(d) If p is a prime such that pM = 0 and the Sylow p-subgroups of Aut M (ks) are cyclic,
then T (k, M) = 0.

(e) If E is an elliptic curve, and p # char k, then TI'(k, E[p]) = 0.

(f) If chark # 2, and A is the Jacobian of the smooth projective model of y* = f(x), where
[ € k[z] is separable of odd degree, then TII'(k, A[2]) = 0.

Proof.

(a) See [Mil06, Example 1.4.11(i)].

(b) Combine () with Shapiro’s lemma [AW67, §4, Proposition 2| to obtain the result for a
finite permutation module (Z/nZ)[Gy/Gy] for a finite separable extension L of k. The
result for direct summands of direct sums of these follows.

(¢) This is a consequence of the Chebotarev density theorem: see [BPS10].

(d) Let G be the image of G), — Aut M (k). Then any Sylow p-subgroup P of G is cyclic.
But the restriction H' (G, M) — H'(P, M) is injective [AW67, §6, Corollary 3], so
shows that IIT'(k, M) = 0.

(e) Any Sylow-p-subgroup of GL4(IF,) is conjugate to the group of upper triangular unipotent
matrices, which is cyclic. Apply (d).

14



(f) The group A[2] is a direct summand of the permutation Z/2Z-module on the set of zeros
of f. Apply (b). O

See Example[5.12{(b]) for a 2-dimensional Jacobian A with IIT*(Q, A[2]) # 0. Such examples
are rare: Example shows that asymptotically 100% of 2-dimensional Jacobians A over
Q have IIT'(Q, A[2]) = 0.

5. ABELIAN SCHEMES

5.1. The relative Picard functor. Let A — S be an abelian scheme. Let Picy,s be its
relative Picard functor on the big fppf site of S. Trivialization along the identity section
shows that Pic,/s(T") ~ Pic(A xgT)/PicT for each S-scheme T (see Proposition 4 on
page 204 of |[BLR90|). We generally identify line sheaves with their classes in Pic. For an
S-scheme T and a € A(T), let

Ta - AT_)AT

rT—a+x

be the translation-by-a morphism. Given a line sheaf .Z on A, the theorem of the square
implies that

QSgIAHPiCA/S (13)
a1 L RL

is a homomorphism. If we vary the base and vary ., we obtain a homomorphism of fppf-
sheaves

PiCA/S — HOIII(A, PiCA/S)
Loz

Its kernel is denoted Pic%/s. Using the fact that Picy,g is an algebraic space, and the fact
that Picgl/s is an open subfunctor of Pic /g (which folloivs from [SGA 6, Exposé XIII, Théoréme 4.7]),
one can show that Picg/s is another abelian scheme A over S |[FC90, p. 3|. The image of

¢ ¢ is contained in E, SO we may view ¢« as a homomorphism A — A Moreover, ¢ ¢ equals
its dual homomorphism ¢ . In fact, we have an exact sequence of fppf-sheaves

O — A\ — PiCA/S — Homself_dual(A, A\) — 0 (14)

-~

Remark 5.1. For an abelian variety A over a field k, the group Homgegquai(A, A) of global
sections of Homges qual (A, g) may be identified with the Gj-invariant subgroup of the Néron-
Severi group NS Ay.. (For the case k = k see [Mum70], in particular Corollary 2 on page 178
and Theorem 2 on page 188 and the remark following it. The general case follows because
any homomorphism defined over k is in fact defined over k, since it maps the Zariski-dense
set of prime-to-(char k) torsion points in A(ks) to points in E(k:s))

For any homomorphism of abelian schemes A\: A — B, let A[\] := ker \.
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5.2. Symmetric line sheaves. Multiplication by an integer n on A induces a pullback
homomorphism [n]*: Pics/g — Picy/s. Let Piciy/rg be the kernel of [—1]* — [1]* on Pic,/s.
More concretely, because A — S has a section, we have Pici}g(T) = Pic®™™(A xgT)/PicT
for each S-scheme T', where Pic™™(A x ¢T) is the group of isomorphism classes of symmetric
line sheaves on A xgT. Slncg [—1]* acts as —1 on A and as +1 on Homygejr guai (A4, A) and

since multiplication-by-2 on A is surjective, the snake lemma applied to [—1]* — [1]* acting
on (14) yields an exact sequence
0 — A[2] - Pic)s — Homgaraun (A, A) — 0. (15)

5.3. The Weil pairing. We recall some facts and definitions that can be found in [Pol03]
§10.4), for example. (In that book, S is Speck for a field k, but the same arguments apply
over an arbitrary base scheme.) Given an isogeny A\: A — B of abelian schemes over S,
there is a Weil pairing

ex: A[N x B[\ = Gy, (16)

~

identifying A[A] with the Cartier dual of B[/):] In particular, if n € Zsy, then [n]: A — A
gives rise to

en: Aln] x Aln] — G,y
If A\: A — Ais a self-dual isogeny, then
ex: AN x A[N] — G,

is alternating.

For any homomorphism A: A — A, define }: A[2] x A[2] — G, by €d(z,y) = ex(z, \y).
If £ € Picys(S), let ef = — €97 this is an alternating bilinear pairing, and hence is also
symmetric.

5.4. Quadratic refinements of the Weil pairing.

Proposition 5.2. There is a (not necessarily bilinear) pairing of fppf sheaves
q: A[2] x Pch/S — py C Gy,

such that:

(a) The pairing is additive in the second argument: q(z, £ @ £') = q(x, L)q(x, L").
(b) The restriction of q to a pairing

q: A[2] x A2] — Gy

15 the Weil pairing es. In particular, this restriction is bilinear.

(c) In general, q(z +y,Z) = a(z, L)a(y, L)es (v, y).

Proof. See |Pol03} §13.1]. O
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We can summarize Proposition [5.2]in the commutative diagram

~

0 A\[Q] Pici}}? Homself—dual(Aa A) —0

€2 | qi e;l

0 — Hom(A[2],G,,) — Hom((% A[2])*® @ Fy, G,,,) — Hom( /\2 Al2],G,,) —=0,

(17)
which we now explain. The top row is . The bottom row is obtained by applying
Hom(—,G,,) to () for M = A[2], and using Ext'(A[2],G,,) = 0 (a special case of [Wat71,
Theorem 1, with the argument of §3 to change fpqc to fppf]). The vertical maps are the map
y — ez(—,y), the map sending .Z to the homomorphism (% A[2])**®Fy — G,, corresponding
to q(—, %) (see Corollary [3.2)), and the map [£] — ey, respectively. Commutativity of the
two squares are given by (b)) and (¢ in Proposition respectively.
The top row of gives a homomorphism

Homself—dual(A7 A\) - Hl (2[2])
A= cy. (18)

We may interpret c) geometrically as the class of the torsor under 2[2] that parametrizes
symmetric line sheaves . with ¢ = X\ (cf. [Pol03, §13.5]). Thus c, is the obstruction to
finding .Z € Pic™™ A with ¢ = \.

Remark 5.3. The map H'(A[2]) — H'(A) sends ¢, to the element called ¢y in [PS99, §4].

Theorem 5.4. For any \ € Homself_dual(A7A\). and any x € H'(A[2]), we have
zUz=zUc (19)

€5 €2
mn HQ(Gm), where the cup products are induced by the pairings underneath.

Proof. The rightmost vertical map in (17) maps A to e3. These are mapped by the horizontal
connecting homomorphisms to ¢y € Hl(/Al[QD and ¢y € H'(Hom(A[2],G,,)), which are
identified by the leftmost vertical map e,. Apply Corollary with M = A[2], N = G,,,
and (3 = €}, using Ext'(A[2],G,,) = 0: map (g]) gives the left hand side of and map (d)
gives the right hand side of (written backwards) because of the identification of ¢y with
Cex Via es. 0

5.5. Criteria for triviality of the obstruction. The following lemma serves only to prove

Proposition @) below.

Lemma 5.5. Let k be a field, and let G be a finite cyclic group.

(a) Let A be a finite-dimensional kG-module. Let A* := Homy(A, k) be the dual representa-
tion, and let AY be the subspace of G-invariant vectors. Then dim A% = dim(A4*)%.

(b) If0 = A — B — C — 0 is an ezact sequence of finite-dimensional kG-modules, and
the surjection B* — A* admits a section as G-sets, then the connecting homomorphism

C% — HY (G, A) is 0.

Proof.
17



(a) Let g be a generator of G. If M is a matrix representing the action of g on A, the
action of g=' on A* is given by the transpose M!. Then dim AY = dimker(M — 1) =
dimker(M! — 1) = dim(A*)%, where the middle equality follows from Jordan canonical
form (after extending scalars to k).

(b) The section gives the 0 at the right in

0= (C*)¢ = (B*)C — (A"C = 0,
Taking dimensions and applying yields dim B¢ = dim A 4 dim C¢. This together
with the exactness of

0— A% - BY - C% — HY(G, A)
implies that the connecting homomorphism C¢ — H'(G, A) is 0. O

Proposition 5.6. Let A\: A — A be a self-dual homomorphism of abelian varieties over a

field k. Suppose that at least one of the following hypotheses holds:

(a) chark # 2 and the image G of Gy — Aut A[2](ks) is cyclic.

(b) k is a perfect field of characteristic 2.

(c) kis R or C.

(d) k is a nonarchimedean local field of residue characteristic not 2, and A has good reduction
(i.e., extends to an abelian scheme over the valuation ring of k).

(e) k is a finite field.

Then cy = 0.

Proof.

(a) Apply Lemma [5.5|(b]) to the bottom row of (L7)), viewed as a sequence of FoG-modules;
it applies since the dual sequence is (6) for M := A[2], and the section s of Section
vields a G-set section A[2] — (% A[2])*® @ Fy. Thus the top horizontal map in

H'(G, Hom( \ A[2], G,n)) — H'(G, A[2])

HO(Gy, Hom( A\ A[2}, G,n)) —> H!(Gy, A[2)

is 0. Thus § = 0. Now shows that ¢y = d(e3) = 0.
(b) Let M := A[2], and let MV := Hom(M,G,,) = A[2] be its Cartier dual. The bottom
row of yields an exact sequence

H (Hom((% M)™ @ Fy, Gy,)) — H'(Hom( \* M, G,,)) > H'(MY). (20)

It suffices to prove that 6 = 0, or that the first map is surjective. Equivalently, by the
universal property of (Z M)* ® I, we need each alternating pairing b: M x M — p,
to be ¢(x +y) — q(x) — q(y) for some quadratic map q: M — po.

In fact, we will prove this for every finite commutative group scheme M over k with
2M = 0. Since k is perfect, there is a canonical decomposition M = M, & M;. & M, into
étale-local, local-étale, and local-local subgroup schemes. Then MY = (M) & (My)" &
(Mjy)Y. The homomorphism M — MY induced by the alternating pairing must map M,
to (M), and M, to (My)Y, and My to (My)Y. In particular, b = b, + by where b, and
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by are alternating pairings on M., & M;. and My, respectively. The pairing b. necessarily
has the form
(Mt mue ), (Mg, mye) — B(mer, mye) B, me)
for some bilinear pairing B: My x M;. — po. Then b, comes from the quadratic map
(Met, Mye) = B(mier, mye).
It remains to consider the case M = M. Then MV(ks) = 0. By [Mil06, Theo-

rem [11.6.1 and the paragraph preceding it], H' (M) = H' (Gy, MY (k,)) = H'(G},0) = 0,
so 6 = 0.

(¢) Follows from ().

(d) The assumptions imply k(A[2]) is unramified over & (see [ST68, Theorem 1], for example),
SO @) applies.

(e) Follows from (&) and (D). O

5.6. Formula for the obstruction in the case of a line sheaf on a torsor. Let P be
a torsor under A. For a € A(S), let 7,: P — P be the translation. Also, for x € P(S),
let 7,: A — P be the torsor action. The maps 7, for local choices of sections z induce
a well-defined isomorphism PicOP/S ~ Pic, /s since any 7, is the identity on Pic) /s Let
£ € Picpys(S). Generalizing (13), we define

qb,;g: A — PiCp/S ~ PiCA/S
a—TL QL
We may view ¢« as an element of Homget qual (4, 121\) If x € P(S), then ¢rr o = ¢ ¢

Proposition 5.7. Let P be a torsor under A, equipped with an order-2 automorphism . P —
P compatible with [—1]: A — A. The fized locus P* of ¢ is a torsor under A[2]; let ¢ €

H'(A[2]) be its class. Let £ € Picp/s(S) be such that 'L ~ %, and let A\ = ¢po: A — A.
Then ¢y = A(c) in H'(A[2]).

Proof. 1If = is a section of P*, then 1"} ~ 7/0*.%L ~ 7%, so we obtain a map

y: P* — Pic})s

r— 1,7
For sections a € A[2] and = € P*, we have
Ya+z)=15,L=1,(1,L) = br:v(a) ®T,L = Na) @ y(x)
in Piciy/rg. In other words, ~ is a torsor map (with respect to A: A[2] — A[2]) from the

torsor P* (under A[2)) to the torsor (under A[2]) of line sheaves in Piciy/rg with Néron-Severi
class \. Taking classes of these torsors yields \(c¢) = c,. O

5.7. Application to Jacobians. Let X — S be a family of genus-g curves, by which
we mean a smooth proper morphism whose geometric fibers are integral curves of genus g.
(If ¢ # 1, then the relative canonical sheaf or its inverse makes X — S projective: see
Remark 2 on page 252 of [BLR90].) By the statement and proof of Proposition 4 on page
260 of [BLRI0],

(1) There is a decomposition of functors Picx/s =~ [, o, Pic s.
(2) The subfunctor Picg(/s is (represented by) a projective abelian scheme A over S.
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(3) The subfunctor Picf)’(_/; is (represented by) a smooth projective scheme P over S, a
torsor under A. (If g = 1, then P = A.)

(4) The scheme-theoretic image of the “summing” map X9~! — P is an effective relative
Cartier divisor on P (take this to be empty if ¢ = 0). Let © be the associated line
sheaf on P. N

(5) The homomorphism X := ¢g: A — A is an isomorphism.

(6) Define t: P — P by F — wx/s®.F ' then 1*© ~ O. (To prove this, one can reduce
to the case where S is a moduli scheme of curves with level structure, and then to
the case where S is the spectrum of a field, in which case it is a consequence of the
Riemann-Roch theorem.)

Definition 5.8. The theta characteristic torsor 7 is the closed subscheme of P = Plc‘;(/ls

parametrizing classes whose square is the canonical class wx,s € Plc)f/SQ(S)

Equivalently, 7 = P'. Let ¢; € H'(A[2]) be the class of this torsor.

Theorem 5.9. Let X — S be a family of genus-g curves, and let A, X, cr be as above. Then
cx = Meg) in HY(A[2]), and for any x € HY(A[2]) we have

rUz=xUcr (21)

62 62

in H*(G,,).

Proof. Proposition with P = Picg(_/iq and .Z = O yields ¢y = A(cz). So in Theo-
rem [5.4] becomes (21]) O

Remark 5.10. If S = Speck for a perfect field k of characteristic 2, then Proposition [5.6{([b])
gives ¢y = 0, so ¢ = 0. In fact, the proof produces a canonical k-point of 7. This generalizes
an observation of D. Mumford [Mum71, p. 191] that a curve over an algebraically closed field
of characteristic 2 has a canonical theta characteristic.

5.8. Hyperelliptic Jacobians.
Proposition 5.11. If E is an elliptic curve, then U x =0 for all v € H'(E[2]). The same

holds for the Jacobian of any hyperelliptic curve X zf it has a rational Weierstrass point or
its genus is odd. In particular, this applies to y* = f(x) with f separable of degree n # 2
(mod 4) over a field of characteristic not 2.

Proof. For an elliptic curve E, the trivial line sheaf &% is a theta characteristic defined over
k. Now suppose that X is a hyperelliptic curve of genus g, so it is a degree-2 cover of a
genus-0 curve Y. The class of a point in Y (ks) pulls back to a k-point of Pic_QX/k7 and if g is
odd, multiplying by (¢ — 1)/2 gives a k-point of 7. On the other hand, if X has a rational
Weierstrass point P, then ((g—1)P) is a theta characteristic defined over k. So 7 is trivial
in all these cases. Now apply Theorem 0

Example 5.12. Fix g € 1. Suppose that X is (the smooth projective model of) the curve
2

y® = f(x) where f is a degree-2g + 2 separable polynomial over a field k of characteristic
not 2. Let a € Pic?x/k(k) be the point in the proof of Proposition m Let A be the
set of zeros of f in kg, so #A = 29 + 2. Fix m € Z. Let A,, be the set of unordered
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partitions of A into two subsets whose size has the same parity as m, so #A,, = 2%. For
each {A, B} € A,,, take the class of the sum of the points in A and add an integer multiple
of to get a class in Pic™(X},). The set of such classes is a torsor W, of A[2]. Moreover,
T ~ W, (cf. [Mum71, p. 191]). Using this, one can show:

(a) For f(z) = (2* +1)(2* — 3)(2* + 3) over Q3, we have cr # 0.

(b) For f(z) = z%+x+46 over Q, we have 0 # ¢7 € IIT*(Q, A[2]), where IIT" is defined in (12)).
(Proof: The discriminant of f is —¢, where ¢ is the prime 362793931. For p ¢ {2,(},
the element ¢y maps to 0 in H'(Q,, A[2]) by Proposition , and f(x) has a zero
in each of Qy and Qy, so the same is true at those places. On the other hand, the Galois
group of f over Q is Sg, so ¢ # 0.)

(¢) For random f(z) € Z[z] of degree 2g 4+ 2 with coefficients in [—B, B]*9*, the prob-
ability that IIT'(Q, A[2]) = 0 tends to 1 as B — oo. (Sketch of proof: By Proposi-
tion @ we may assume g > 2. By the Hilbert irreducibility theorem, the group
Gal(Q(A[2])/Q) ~ Gal(f) is as large as possible, i.e., equal to Sy,42, with probability
tending to 1. The Gy-module A[2] may be identified with the sum-0 part of the permuta-
tion module Fgg” modulo the diagonal image of Fy; let Fgg be this quotient. By Propo-
sition [L.1)(), TITY(Q, A[2]) C H'(Sag42,F3?) € HY(Q, A[2]). The group H'(Ssgy0, F3Y)
is of order 2, generated by the class ¢y, € H'(Q, A[2]) of W, [Pol71, Theorem 5.2].
Computations as in [PS99, §9.2] show that for each prime p, the probability that f(x)
factors over Z, into irreducible polynomials of degree 2¢g and 2 defining unramified and
ramified extensions of Q,, respectively, is of order 1/p (not smaller) as p — oo, and
in this case no point in Wy is Gg,-invariant, cy, has nonzero image in H'(Q,, A[2]).
Since the conditions at finitely many p are asymptotically independent as B — oo, and

since > 1/p diverges, there will exist such a prime p for almost all f, and in this case
owy ¢ TIHQ, AJ2]), so TITH(Q, A2]) = 0.)

Part can be extended to an arbitrary global field of characteristic not 2.

5.9. Jacobians with generic 2-torsion. Suppose that X is a curve of genus g > 2 over a
field of characteristic not 2 such that the image G of Gj, — Aut A[2] is as large as possible, i.e.,
Spa,(IF2). (This forces X to be non-hyperelliptic if g > 3.) By [Pol71, Theorems 4,1 and 4.8],
the group H'(G, A[2]) € H' (G, A[2]) is of order 2, generated by cr. So Proposition
shows that III'(k, A[2]) is of order 2 or 1, according to whether the nonzero class ¢z lies in
1! (k, A[2]) or not.

6. SELMER GROUPS AS INTERSECTIONS OF TWO MAXIMAL ISOTROPIC SUBGROUPS

6.1. Quadratic form arising from the Heisenberg group. Let A — S be an abelian
scheme. Let .Z be a symmetric line sheaf on A such that the homomorphism A := ¢ is an
isogeny.

Example 6.1. For any self-dual isogeny pu: A — 121\, the isogeny A\ := 2u is of the form
¢ as above. Namely, take .Z = (1, u)* &, where & is the Poincaré line sheaf on A x A
(see |[Mum?70, §20, proof of Theorem 2|). Alternatively, the existence of £ follows from
Cop = 2¢, = 0.
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The pairs (z, ¢) where © € A(S) and ¢ is an isomorphism from .Z to 7;.% form a (usually
nonabelian) group under the operation

(l’, ¢)(I/, 925,) - (ZE + lJ? (TE’¢>¢,)'
The same can be done after base extension, so we get a group functor. Automorphisms of
% induce the identity on this group functor, so it depends only on the class of .Z in Pic A.

Proposition 6.2 (Mumford).

(a) This functor is representable by an fppf group scheme H(.Z), called the Heisenberg group
(or theta group or Mumford group).
(b) It fits in an exact sequence

1 —G,, = H(Z) = A\ — 1, (22)

where the two maps in the middle are given by t — (0, multiplication by t) and (z, ¢) to
x. This exhibits H(Z) as a central extension of fppf group schemes.
(¢) The induced commautator pairing

AN x AN\ — G,
s the Weil pairing ey.
Proof. See [Mum91, pp. 44-46]. O

Corollary 6.3. The connecting homomorphism q: H'(A[)\]) — H*(G,,) induced by is a
quadratic form whose associated bilinear pairing H' (A[N])) x H'(A[\]) — H*(G,,,) sends (z,y)
to —x Uy.

ex

Proof. Proposition applied to shows that ¢ is a quadratic map giving rise to the
bilinear pairing claimed. By Remark [2.1] it remains to prove the identity ¢(—v) = g(v).
Functoriality of with respect to the automorphism [—1] of A gives a commutative
diagram

1 G,, H(ZL) AN —1
NS R N v

But [—1]*.Z ~ %, so both rows give rise to q. Functoriality of the connecting homomorphism
gives q(—v) = q(v) for any v € H'(A[)]). O

The exact sequence
O—>A[)\]—>Ai>zzl\—>0
gives rise to the “descent sequence”

A\(S) S 171 1
0— )\A—(S) — H (A[A]) = H (A)[\] — 0, (23)

where H'(A)[)\] is the kernel of the homomorphism H*(A) — H'(A) induced functorially by
A

Proposition 6.4. Identify A(S)/NA(S) with its image W under & in 23). Then glw = 0.
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Proof. Let 2 be the Poincaré line sheaf on A x A. For y € A\(S), let &2, be the line sheaf
on A obtained by restricting & to A x {y}. For any v,y € Q(S), there is a canonical
isomorphism ¢y, 4,1 Py, @ Py, — Py 1y,, satistying a cocycle condition [Pol03} §10.3].

The group H(Z)(S) acts on the left on the set of triples (x,y,¢) where x € A(S),
y e A(S), and ¢: £ ® Py, — (12Z) as follows:

(z,0) ("¢, ¢') = (z+ 2,4/, (T §) ).
The same holds after base extension, and we get a sheaf of sets G(.Z’) on which H(.Z) acts

freely. There is a morphism G(.%¥) — A sending (z,y, ¢) to y, and this identifies A with the
quotient sheaf H(Z)\G(.Z). There is also a morphism G(.¥) — A sending (z,y, ¢) to z,
and the action of H(.Z) on G(.Z) is compatible with the action of its quotient A[A] on A.
Thus we have the following compatible diagram

I —H(Z)  ~G(L)— 10
N
0 —— A[) A A 0

where the first row indicates only that H(.%) acts freely on G(%) with quotient being A.
This is enough to give a commutative square of pointed sets

HO(A) —= H'(H(2))

|

H°(A) — H'(A[)),

-~

SO HO(A) H'(A[)]) factors through H'(H(.%)). But the sequence H'(H (%)) — H'(A[\]) —
H2(G,,) from (22) is exact, so the composition H’(A) — H!(A[N]) — H2(G,,) is 0. O

6.2. Local fields. Let k, be a local field. The group H'(k,, A[\]) has a topology making it
locally compact, the group H*(k,, G,,) may be identified with a subgroup of Q/Z and given
the discrete topology, and the quadratic form ¢: H'(k,, A[\]) — H?*(k,,G,,) is continuous
(cf. [Mil06, II1.6.5]; the same arguments work even though has a nonabelian group in
the middle). The composition

H'(k,, A[\)) = H*(ky, G,,) — Q/Z.
is a quadratic form ¢,. By local duality [Mil06} 1.2.3, 1.2.13(a), IT1.6.10], g, is nondegenerate.

Moreover, H'(k,, A[\]) is finite if chark, # 0 [Mil06, 1.2.3, 1.2.13(a)], and o-compact in
general [Mil06| IT1.6.5(a)], so it is second-countable by Corollary [2.12]

Proposition 6.5. Let k, be a local field. In [3) for S = Speck,, the group W =~

A(k,)/AA(k,) is a compact open mazimal zsotropzc subgroup of (H'(ky, A[N)), @), which is
therefore weakly metabolic.

Proof. By Proposition (6.4} ¢, restricts to 0 on W, so it suffices to show that W+ = W. Let
A(ky,)e be A(k,) modulo 1ts connected component (which is nonzero only if k, is R or C).

Then W is the image of A(k,)s — H'(ky, A[\]), so W= is the kernel of the dual map, which
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by Tate local duality [Mil06, 1.3.4, 1.3.7, 111.7.8] is H'(k,, A[\]) — H'(k,, A). This kernel is
W, by exactness of . O

Proposition 6.6. Suppose that k, is nonarchimedean and that O, is its valuation ring.
Suppose that A extends to an abelian scheme (again denoted A) over O,. Then the subgroup
W~ A(ky)/AA(k,) equals the open subgroup H'(Oy, A[N)) of H(ky, A[N). In particular,
HY(O,, A[N]) is a mazimal isotropic subgroup.

Proof Let F, be the residue field of O,. By |[Mil80, II1.3.11(a)] and |Lan56|, respectively,

HY(0,,A) ~ Hl(]FU,A) = 0. The valuative criterion for properness |Har77 I1.4.7] yields
A(O,) = A(k,) and A(O,) = A(k,). So taking cohomology of (23) over O, gives the
result. O

6.3. Global fields. Let k be a global field. For any nonempty subset S of {2 containing the
archimedean places, define the ring of S-integers Og := {z € k : v(z) > 0 for all v ¢ S}.

Let A be an abelian variety over k, As in Section 6.1} let £ be a symmetric line sheaf
on A be such that the homomorphism A := ¢« is an isogeny. Choose a nonempty finite S
containing all bad places, by which we mean that S contains all archimedean places and A
extends to an abelian scheme A over Og. In Example take I = Q, V; = H'(k,, A[)]),

Qi = q», and W; = /Al(kv)/)\A(k‘v), which is valid by Proposition . The resulting restricted

direct product !
Vo H’ (Hl(kv,A[A])’ )il(flsj))

vEN

equipped with the quadratic form
ﬁ(/f )
veEQ
(Eovenr = D qu(&)-

is a second-countable weakly metabolic locally compact quadratic module. Proposition
which applies for all but finitely many v, shows that

V= [T (k. AN, HY(O,, AN))) -
vEQN
(The subgroup H'(O,, A[)]) is defined and equal to A(k,)/AA(k,) only for v ¢ S, but that
is enough.)
As usual, define the Selmer group

Sely(A) = ker (Hl(k, AN = [ H (k. A)> .
vEQN
Example 6.7. By Remark 5 H and [PS99, Corollary 2|, the element of ¢y € H'(A[2]) of (18)
belongs to Sely(A).

Below will appear III'(k, A[)]), which is a subgroup of Sely(A), and is not to be confused

with the Shafarevich-Tate group II*(k, A).
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Theorem 6.8.
(a) The images of the homomorphisms

H' (k, A[N])

l

AA Hg} H(ko, AN]), HY(O,, A[N)

vEQ

are mazximal 1sotropic subgroups with respect to Q.
(b) The vertical map induces an isomorphism from Sely(A)/II'(k, A[\]) to the intersection
of these two images. (See Sectionfor information about TII'(k, A[\]), which is often 0.)

Proof.
(a) The subgroup [], .o A A(k,)/MA(k,) (or rather its image W under the horizontal injection)
is maximal isotropic by construction.
!/

The vertical homomorphism H*(k, A[\]) — H EQ(HI(]%, AN), HY(O,, A[N])) is well-
defined since each element of H'(k, A[\]) belongs to the subgroup H*(Or, A[)]) for some
finite 7 C 2 containing S, and Or C O, for all v ¢ 7. Let W be the image. Suppose
that s € H'(k, A[\]), and let w € W be its image. The construction of the quadratic form

of Corollary is functorial with respect to base extension, so Q(w) can be computed
by evaluating the global quadratic form

q: H'(k, A[N]) — H?*(k,G,,)

on s, and afterwards summing the local invariants. Exactness of

0 — H2(k, Gpn) — @D (ks G) =2 Q/Z — 0
ve)

in the middle (the reciprocity law for the Brauer group: see |GS06, Remark 6.5.6] for
references) implies that the sum of the local invariants of our global class is 0. Thus

Qlw = 0.

It remains to show that T is its own annihilator. Since e, identifies A[A] with its
own Cartier dual, the middle three terms of the 9-term Poitou-Tate exact sequence
([Mil06, 1.4.10(c)] and |[GA09, 4.11]) give the self-dual exact sequence

H'(k, AD) 25 TT (5 (ko AN, HY(O,, AD]) 5 H (, AN,

where % denotes Pontryagin dual. Since W = im(;) and the dual of 3, is 71,
W =ker(y,) = im(B;) = W.
(b) This follows from the exactness of for S = Spec k, for each v € Q. O

Remark 6.9. There is a variant of Theorem [6.8) in which the infinite restricted direct prod-
uct is taken over only a subset S of €2 containing all bad places and all places of residue
characteristic dividing degA. If S is finite, then the restricted direct product becomes a

finite direct product. The same proof as before shows that the images of [], .5 A Aky) JAA(ky)
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and H'(Os, A[)\]) are maximal isotropic. The intersection of the images equals the image of
Sel)\(A)

Remark 6.10. Suppose that A = Jac X and X\ is multiplication-by-2, with .Z as in Exam-
ple . Then, as in Remark , g takes values in 17/Z (instead of just $Z/Z) if and only
if the element c7, € H'(ky, A[2]) in Theorem [5.9) for X}, is 0. Thus @ takes values in 1Z/Z
if and only if cr € IIT*(k, A[2]).

Remark 6.11. Suppose that we are considering a family of abelian varieties with a systematic
subgroup G of Sel(A) coming from rational points (e.g., a family of elliptic curves with

rational 2-torsion). Let X be the image of G in H// EQ(Hl(k:v,A[/\]), H'(O,, A[\])). Then

our model for Sely(A) should be that its image in X+ /X is an intersection of random maximal
isotropic subgroups. In particular, the size of Sel,(A)/II'(k, A[\]) should be distributed as
#X times the size of the random intersection.

Example 6.12. Suppose that chark # p and A is an elliptic curve E: y* = f(z). The theta

divisor © on E is the identity point with multiplicity 1. Let .2 = &(p©). Then \is E 2 E,
and Sely(A) is the p-Selmer group Sel,(E). Moreover, III*(k, E[p]) = 0 by Proposition [4.1](€).
Thus Theorem identifies Sel,(E) as an intersection of maximal isotropic subspaces in an
[F,-vector space, even when p = 2, by Remark because ¢z = 0 as in Proposition [5.11}

In particular, dim Sel,(E) should be expected to be distributed according to Xg.,, with
the adjustment given by Remark when necessary. When p = 2, this is known for the
family of quadratic twists of y? = z® — x over Q [HB94, Theorem 2|, and for families of
quadratic twists of other elliptic curves with rational 2-torsion over Q [SD0§|. For the family
of all elliptic curves over Q, it is known that the average size of Sely is 3 [BS10a| and the
average size of Sels is 4 [BS10b] (cf. Proposition [2.20). See [dJ02] for some earlier related
investigations in the function field case. Other evidence is provided in [MR10|, which, for an
elliptic curve E over a number field k, gives lower bounds on the number of quadratic twists
(up to a bound) with a prescribed value of dim Sel,.

One can infer a prediction for the behavior of Sel,(E) for any squarefree n, since the
Sel,(E) for different p should vary independently. For example, the average size of Sel, (E)
should be Hp\n(p—l-l), the sum of the divisors of n, a suggestion put forth also by M. Bhargava.

Example 6.13. A similar argument suggests the distribution Xg, for the 2-Selmer group
of the Jacobian of a hyperelliptic curve y?> = f(z) with f separable of odd degree over a
global field of characteristic not 2. (Apply Proposition [4.1](f).)

Example 6.14. Consider y?> = f(z) over Q with deg f = 2g + 2 for even g > 2. Ex-
ample shows that IIT'(Q, A[2]) is 0 with probability 1. But the Hilbert irreducibil-
ity theorem shows that cr # 0 with probability 1, so Remarks and suggest that
dim Sely(A) now has the distribution Xge, + 1. In particular, this suggests that the average
size of Sely(A) should be E (2¥s¢271) = 6 instead of 3.

In the analogous situation with ¢g odd, it is less clear what to predict since it may be that
the behavior of ¢y, invalidates the random model.

7. RELATION TO HEURISTICS FOR IIT AND RANK

The Hilbert irreducibility theorem shows that asymptotically 100% of elliptic curves (or-

dered by naive height) have F(Q)[p] = 0. (For much stronger results, see |Duk97] and
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[Jon10].) So for statistical purposes, when letting F run over all elliptic curves, we may
ignore contributions of torsion to the p-Selmer group.

In analogy with the Cohen-Lenstra heuristics [CL84|, Delaunay has formulated a conjec-
ture describing the distribution of Shafarevich-Tate groups of random elliptic curves over Q.
We now explain his conjectures for dimg, IIT[p]. For each prime p and r € Zx, let Xy,
be a random variable taking values in 2Z> such that

00 o (2r2i-1)
Prob (Xup), = 2n) = p ey [T, (1 —p2)
=1

The following conjecture is as in [Del01, Example F and Heuristic Assumption|, with the
correction that w/2 in the Heuristic Assumption is replaced by w (his u is our r). This
correction was suggested explicitly in [Del07, §3.2] for rank 1, and it seems natural to make
the correction for higher rank too.

Conjecture 7.1 (Delaunay). Let r,n € Zsq. If E ranges over elliptic curves over Q of rank
r, up to isomorphism, ordered by conductor, then the fraction with dimg, HI(E)[p] = 2n

equals Prob (Xm[pw = 2n).

If the “rank” r itself is a random variable R, viewed as a prior distribution, then the
distribution of dim Sel,(£) should be given by R+ Xy z. On the other hand, Theorem
suggests that dim Sel,(E) should be distributed according to Xsel,- Let Reonjecturea be the
random variable taking values 0 and 1 with probability 1/2 each.

Theorem 7.2. For each prime p, the unique Zso-valued random variable R such that Xgq,
and R + X, r have the same distribution is Reonjectured -

Proof. First we show that Rconjecturea has the claimed property. This follows from the follow-
ing identities for n € Z>:

2n
b
Prob (Xga, = 2n) = ,
ro ( Sel n) CH p] T
J=1
1 2n
=—111- —(2i+1)) p—n(2n—1)H(1 p_J)_l
1>0 j=1
1 4 n
_ —,—n(2n-1) —(2i—1) —9in—1
— I a=pe) ] Ja-p)
i>n+1 i=1
1

=3 Prob (Xm[p},o = 2n)
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2n+1

Prob (Xselp =2n+ 1) =c H L—l
=1 P
1 2n+1
_ L = (2i41)y | —n(2n+1) R Jo |
=5 [T =p ) -p [Ta-»)
>0 Jj=1
1 4 " ,
— —,n(2n+1) 1— —(2i+1) 1 — —2i\—1
L. mlll( p )E( p%)

1
= 3 Prob (Xm[p},l = 2n) .

Next we show that any random variable R with the property has the same distribution as
Reonjectured- For 1 € Z>, define a function f,: Z>q — R by f.(s) := Prob(Xup, = s — 7).
The assumption on R implies that

Z Prob(R = T)fr(8> = Z Prob (Rconjectured = T) fr(s)-

r=0

Thus to prove that R and Reconjecturea have the same distribution, it will suffice to prove that
the functions f, are linearly independent in the sense that for any sequence of real numbers
(ar)r>0 With D7 o o] < 0o the equality Y 2 . f, = 0 implies that o, = 0 for all r € Z,.
In fact, o, = 0 by induction on 7, since f.(s) = 0 for all s > r, and f(r,r) > 0. O
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