DIOPHANTINE SETS
BHARGAV BHATT AND BJORN POONEN

ABSTRACT. Diophantine subsets of Z play a key role in the negative answer to Hilbert’s
tenth problem. The definition of diophantine set generalizes in several ways to other
commutative rings. We compare these definitions. Along the way, we prove that for every
finitely presented scheme Y over a ring R, there exists an affine R-scheme X with a finitely
presented R-morphism X — Y such that X(R') — Y (R') is surjective for every R-algebra
R

1. INTRODUCTION
A subset A C Z is diophantine if there exists f € Z[t, x1,. .., x,] such that
A={a €Z:3x €Z™ such that f(a,x) = 0}.

In other words, if one thinks of ¢ as a parameter, then f defines a 1-parameter family
of diophantine equations, and A is the set of parameter values for which the specialized
diophantine equation is solvable in the remaining variables. Diophantine sets play an essential
role in the negative answer to Hilbert’s tenth problem: the key step is proving that every
computably enumerable subset of Z is diophantine; see [Mat93| for an exposition.

There are several ways to generalize the definition to ground rings other than Z, and they
are not always equivalent. The goal of this article is to sort out the relationships between
various definitions; see Theorem

Let R be a ring. (All rings in this paper are assumed commutative.)

e Call A C R" existential if A = {a € R": ¢(a)} for some existential first-order formula
o(t), that is, a formula (Jxq) - - - (3x,,,) ¥ (¢, ), where (¢, ) is a Boolean combination
of polynomial equations in ty,...,t,, x1,..., Tpy.

e Positive-existential is the same except that the only logical operators allowed in the
Boolean combination are A (and) and V (or).

e Many-polynomial-diophantine is the same except that only A is allowed; in other words,
there exist r € Z>o and fi,..., fr € R[t1,...,tn, 21,...,&y] such that

A={a € R":3x € R™ such that fi(a,z) = -- = f.(a,x) = 0}.
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e One-polynomial-diophantine is the same except that there is just one equation, with no
Boolean operators; in other words, there exists f € R[t1,...,t,, 21, ..., Zy) such that

A ={a € R": 3z € R™ such that f(a,z) = 0}.

See [ShI07, Definition 1.2.1].
e Let X be a finitely presented R-scheme. Call A C X (R) morphism-diophantine if
there exists an R-scheme Y and finitely presented R-morphism ¢: Y — X such that

A= (Y (R)).

Remark 1.1. If f € Rlty, ..., t,], then the set of zeros of f in R™ is one-polynomial-diophantine
(take m = 0 in the definition). Likewise, the common zero set of f1,..., f, € R[t1,...,t,] in
R™ is many-polynomial-diophantine.

Remark 1.2. Any morphism of finitely presented R-schemes X — X’ maps morphism-
diophantine subsets of X(R) to morphism-diophantine subsets of X’(R) (use the same
Y).

Remark 1.3. The notion of morphism-diophantine can be applied to A C R" by taking
X = A},

Theorem 1.4. Let R be a ring.

(a) For A C R", one-polynomial-diophantine implies many-polynomial-diophantine.
(b) The converse holds for all n and all A C R™ if and only if

there exists g € R[z,y] whose zero set in R* is {(0,0)}. (1)

(c¢) For A C R™, many-polynomial-diophantine implies positive-existential.

(d) The converse holds if and only if (R x {0}) U ({0} x R) is many-polynomial-diophantine.
(e) For A C R™, positive-existential implies existential.

(f) The converse holds if and only if R — {0} is positive-existential.

(g) For A C R", many-polynomial-diophantine is equivalent to morphism-diophantine.

Given , we propose that, going forward, diophantine should be defined as morphism-
diophantine (or equivalently, for A C R™, many-polynomial-diophantine).

Most of Theorem is easy and well known. The only complicated part is , which will
be deduced from Theorem 2.1

Finally, in Sections we explore for which rings the conditions in (]E[), @, and (]ﬂ) hold.
The most substantial new result in these sections is Theorem [£.3] which states that if K is a
field that is not an algebraic closure of a finite field, then there exists R with Frac R = K

such that holds.
Here is one application of all of the above, which we record for convenience of use:

Corollary 1.5. Suppose that R is a domain satisfying any of the following:

(i) R is a finitely generated Z-algebra.
(ii) R is a finitely generated algebra over a field k, but R is not an algebraically closed field.
(i) R is a localization of one of the above.

Then all five notions (existential, positive existential, many-polynomial-diophantine, one-

polynomial-diophantine, and morphism-diophantine) are equivalent.
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Proof. We check that the conditions for all the converses in Theorem [I.4] are satisfied:

(b) If the domain R is a finitely generated Z-algebra, or a localization thereof, then Frac R
is not algebraically closed. If the domain R is a finitely generated k-algebra with dim R > 0,
or a localization thereof, then Frac R is not algebraically closed. If the domain R is a finitely
generated k-algebra and dim R = 0, then R is a field, and by assumption it is not algebraically
closed. Thus in all three cases, Frac R is not algebraically closed. By Proposition [1.1} (1)
holds.

(d) Since R is a domain, (R x {0}) U ({0} x R) is the zero set of zy, hence one-polynomial-
diophantine, hence many-polynomial-diophantine.

(f) If dim R = 0, then R is a field, so R — {0} is defined by (3x) tz = 1, hence positive-
existential. If dim R > 0, then the function field Frac R cannot carry a nontrivial henselian
valuation, so R — {0} is positive-existential by work of Moret-Bailly; see Theorem @ O

2. COVERING BY AN AFFINE SCHEME

Theorem 2.1. Let R be a ring. Let'Y be a finitely presented R-scheme. Then there exists
an affine R-scheme X with a finitely presented R-morphism X — 'Y such that X (R) — Y (R)
18 surjective.

Remark 2.2. Let Y7,...,Y, be an affine open cover of Y. If R is local, then the disjoint
union X := UY; works. But if R is not local, Y(R) need not equal |JY;(R): a morphism
Spec R — Y does not necessarily have image contained in a single Y;.

Remark 2.3. If Y is quasi-projective over R (or more generally Y has an ample family of
line bundles), then Jouanolou’s trick (as generalized by Thomason [Wei89, Proposition 4.4])
produces a vector bundle £ — Y and an E-torsor X — Y with X affine, and then
X(R) — Y(R) is surjective since vector bundles over affine schemes have no nontrivial
torsors.

Proof of Theorem[2.1] Let I = Y(R). Let X' = U;Spec R and X” = Spec ([]; R). There
is an obvious R-morphism X’ — Y with X'(R) — Y (R) surjective by construction. Since
Y is finitely presented over a ring, Y is quasi-compact and quasi-separated, so [Bhal6,
Theorem 1.3] implies that X’ — Y factors uniquely as X’ — X" — Y. By writing [[,; R as
a filtered colimit of finitely presented R-algebras and using the finite presentation property
of Y, we find a further factorization X’ — X” — X — Y, where X is an affine, finitely
presented R-scheme. The composite morphism was surjective on R-points, so X — Y is
too. U

Although we do not need it for our application, we can also prove the following strengthening;:

Theorem 2.4. Let R be a ring. Let Y be a finitely presented R-scheme. Then there exists an
affine R-scheme X with a finitely presented R-morphism X — Y such that X(R') — Y (R')
is surjective for every R-algebra R'.

Proof. Since Y is finitely presented over R, for each R’, each element of Y (R') comes from

an element of Y(Ry) for some finitely presented R-algebra Ry. Thus it suffices to find X

such that X (Ry) — Y (Rp) is surjective for every finitely presented R-algebra Ry. Let Z

be a set of representatives of the isomorphism classes of finitely presented R-algebras. Let

X' = Upyew Uyey (ry) SPec Ry and X" = Spec (HRoe% [evry RO). Produce a factorization
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X — X" - X — Y as before. For every Ry, the morphism X’ — Y is surjective on
Ry-points, so X — Y is too. [l

Remark 2.5. Theorem says that if Y is a finitely presented scheme over a ring, then the
category of affine schemes equipped with a morphism to Y has a weak terminal object X
(every object maps to X, but not necessarily uniquely), and X can be taken to be finitely
presented over Y.

Remark 2.6. The proofs of Theorems [2.1] and [2.4] generalize to the situation where Y is an
algebraic space that is finitely presented over R.

3. COMPARING THE DEFINITIONS

Proof of Theorem [1.]}

(a) Trivial.

(b) =-: Suppose that every many-polynomial-diophantine set is one-polynomial-diophantine.
Then the many-polynomial-diophantine subset {(0,0)} C R? defined by t; = t; = 0
is one-polynomial-diophantine. That is, there exists f(t1,t2, 1, ..., x,,) whose zero set
contains (0,0, u) for some v € R™ but contains no points with (¢,%2) # (0,0). Then
g(t1,to) :== f(t1,t2,u) has zero set {(0,0)}.
<: Suppose that g(z,y) has zero set {(0,0)}. We prove by induction on r that the
common zero set of any r polynomials fi,..., f. is the zero set of a single polynomial f.
Ifr=0,take f =0. If r =1, take f = f;. If r > 2, apply the inductive hypothesis to
g(f1>f2)7f37 . 'afr-

(c) Trivial.

(d) =: The (R x {0})U ({0} UR) ={(z,y) € R? : x =0V y =0} is positive-existential. If
positive-existential implies many-polynomial-diophantine, then it is many-polynomial-
diophantine too.
<: In ¢(t), convert each expression f(t,z) =0V g(t,z) =0 to f(t,z) =z A g(t,z) =
wA (z=0Vw=0) and replace z = 0V w = 0 with its many-polynomial-diophantine
definition. Eventually, we rewrite ¢(¢) in the form (Jzy) - - - (3z,,,) ¢ (¢, ) for some new m
and 1 such that v is a finite conjunction of polynomial equations.

(e) Trivial.

(f) =: The set R — {0} = {x € R : x # 0} is existential. If existential implies positive-
existential, then it is positive-existential too.
<: In ¢(t), convert each expression f(t,x) # 0 to f(t,x) = z A z # 0 and replace z # 0
with the equivalent positive-existential formula.

(g) = To say that A C R" is many-polynomial-diophantine is to say that A is the image of
the R-points under the projection morphism

Rlt1, .. ytn, @1,y T

(fla ceey fr‘)

for some m and r and fi,..., f. € R[t1,...,ty, T1, ..., Tyl

<: Suppose that A C R" is morphism-diophantine. By definition, A = ¢(Y(R)) for

some morphism ¢: Y — A} of finitely presented R-schemes. Theorem provides

a morphism ¢: X — Y of finitely presented R-schemes such that ¥(X(R)) = Y (R).

Then A = (¢p90)(X(R)) and X is affine and finitely presented, so A is many-polynomial-

diophantine. O
4
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Remark 3.1. In the definition of morphism-diophantine for A C X (R), we required the Y
mapping to X to be a scheme. Remark implies that allowing Y to be an algebraic
space would yield an equivalent definition. One could also define morphism-diophantine for
A C X(R) with X a finitely presented R-algebraic space.

4. TWO-VARIABLE POLYNOMIALS VANISHING ONLY AT (0,0)
Recall that (1)) is the property that there exists g € R[z,y] whose zero set is {(0,0)}.

Proposition 4.1 (cf. [Shl07, Lemma 1.2.3]). If R is a domain whose fraction field Frac R is
not algebraically closed, then holds.

Proof. Let K = Frac R. Since K is not algebraically closed, there is a nontrivial finite
extension L/K. Let a € L — K. Let h(z,y) be the norm form Ny x(x 4+ ya) € K[z,y|. The
only zero of h in K% is (0,0). Let g = rh where r € R — {0} is chosen so that g € Rz, y].
Then the only zero of g in R? is (0,0). O

For domains whose fraction field K is algebraically closed, the answer is sometimes yes,
sometimes no, as the next two propositions show.

Proposition 4.2. If K is an algebraically closed field, then fails.
Proof. 1f the zero set of g € K|z, y] is nonempty, its Krull dimension is at least 2—1 > 0. O

If K is algebraic over a finite field, then any domain R with fraction field K equals K, and
Proposition applies. Otherwise, we have the following:

Theorem 4.3. If K is a field that is not an algebraic closure of a finite field, there exists a
domain R with fraction field K for which holds.

Proof. Because of Proposition [£.1, we may assume that K is algebraically closed.

First suppose that K is countable. If char K = 0, let Ag = Z and Fy = Q. If char K = p > 0,
let Ay = F,[t] and Fy = F,(¢). Since K is not an algebraic closure of a finite field, we may
view K as an extension of Fy. Let C be a smooth plane quartic in IP’%O passing through
(1:0:0); if char K > 0, assume moreover that C' is not isotrivial. The genus of C' is at least
2 (it is 3), so the Mordell conjecture [Fal83] and its function field analogues |[Gra65l [Sam66]
imply that C'(F') is finite for any finitely generated extension F' D Fy.

Let A7, C P}, be the standard affine patch containing (1:0:0). Let C' = C' N A%, which
has an equation g(z,y) = 0. Then C’(F}) consists of (0,0) and finitely many other points
in F?. By scaling coordinates, we may assume none of these other points lie in A3. Let C’
denote also the hypersurface in A% defined by g(x,y) = 0. Thus C"(4,) = {(0,0)}.

Write K = {ay,ag,...}. Let F,, = Fy(ay,...,a,). By induction, we will construct finitely
generated subrings Ay C A; C --- such that Frac A, = F,, and C"(A,,) = {(0,0)}. Suppose
that A,, has been constructed. Write A = A,,, F = F,, @ = a,41, so F,11 = F(a).

Case 1: « is algebraic over F. Since F, . is finitely generated, C(F,,1) is finite. By
scaling a,, we may assume that « is integral over A. We will let A,,;; = A + cAla] for a
suitable ¢ € A — {0}. We have (..o, (A + cAla]) = A C F|, so for each of the finitely
many P € C'(F,41) — C'(F), we can find ¢p such that P ¢ (A + cpAfa])®. Let ¢ = [[pcp.
Let A,.1 = A+ cAla]. Then P ¢ A% | for all P. Hence C'(A,;1) — C'(F) =0, so

n+1

C'(Ans1) = C'(As1) N C'(F) = C'(Auir 1 F) = C'(4) = {(0,0)}.
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Case 2: « is transcendental over F. Every rational map P! — C” is constant, so C'(F(«a)) =
C'(F). Thus if A, 41 := Ala], then C'(A,+1) = C'(A) = {(0,0)}.

Now that we have all the A,, let R = (J,5An. Then FracR = (J,5, F, = K, and
C'(R) = U0 C'(As) = {(0,0)}. This completes the proof when K is countable.

It remains to prove the result for one algebraically closed field of each characteristic and
each uncountable cardinality x. By taking an ultrapower of a countable field (for which we
already know the result), we find K with #K > k for which R and g exist. By the theory
of transcendence bases, we can find an algebraically closed subfield Ky C K of the desired
cardinality s, and we may assume that K, contains the coefficients of g. Unfortunately,
Ry := RN Ky might have fraction field smaller than K. To deal with this, we will enlarge R,
and K. Represent each element of K as a quotient of elements of R, so that we can speak
of its numerator and denominator. Given any subfield L C K, let L’ be the extension of L
generated by the numerators and denominators of all the elements of L, and let ¢(L) be the
algebraic closure of L' in K. For n € Zs, let K, 11 = ¢(K,,). By induction, #K,, = « for all
n. Let K, = K, so #K, = k. Let R, = RN K,. Each a € K, lies in K,, for some n, so
its numerator and denominator lie in K, y; C K, hence in R,. Thus Frac R, = K. Also,
the only solution to g(z,y) = 0 in R* is (0,0), so the same is true in R2. In other words, the
result holds for K. 0

Proposition 4.4. Let R be a normal domain with Frac R isomorphic to Q or F,(t). Then
fails for R.

Proof. This is a consequence of work of Rumely [Rum86|, extended by Moret-Bailly [MB89).
Let g € R[z,y| be such that ¢g(0,0) = 0. We will show that g(z,y) = 0 has infinitely many
solutions over R.

Factor g over the algebraically closed field Frac R; some factor vanishes at (0,0) and may
be scaled to assume that it has coefficients in R. Without loss of generality, replace g by this
factor. Now ¢ is geometrically irreducible.

Let Ry be the ring generated by the coefficients of g, together with one transcendental
element of R if Frac R = F,(t). Let R; and R; be the integral closures of Ry in Frac Ry
and Frac R, respectively, so Ry C Ry C Ry C R. Then R; is an excellent Dedekind domain
satisfying condition (T) of [MB89|]. The morphism Spec R;[z,y]/(g) — Spec R; is surjective
because of the (0,0) section. Applying [MB89, §6] to R; proves that g(z,y) = 0 has infinitely
many solutions over R, and hence also over R. U

Question 4.5. Does hold for some normal domain with algebraically closed fraction
field?

5. DEFINING THE NONZERO ELEMENTS

Theorem 5.1 (Moret-Bailly). Let R be a noetherian ring.

(a) If R is a domain that is not local henselian, then R — {0} is positive-existential.
(b) If R is a localization of a noetherian Jacobson ring, then R — {0} is positive-ezistential.
(¢) If R is a henselian excellent local ring and dim R > 0, then R — {0} is not positive-

existential.
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Proof. For the ring of integers in a number field, see [DL78, Proposition 1(b)]. For the ring
of S-integers in a global field (even when S is infinite), see [Shl07, Proposition 2.2.4]. The
general case is [MB07]. O

See [MBQ7| for further results along these lines.

6. DEFINING THE UNION OF TWO AXES

If R is a domain, then (R x {0}) U ({0} x R) is one-polynomial-diophantine, since it
is the set of solutions to zy = 0. For non-domains, sometimes (R x {0}) U ({0} x R) is
many-polynomial-diophantine (necessarily via polynomials different from zy), and sometimes
it is not:

Proposition 6.1. For a ring R, the following are equivalent:

(i) R is not a product of two nonzero rings.

(ii) Spec R is connected or empty.
(i) Any finite union of many-polynomial-diophantine sets is many-polynomial-diophantine.
(iv) The set (R x {0}) U ({0} x R) is many-polynomial-diophantine.

Proof.

:>: (This is well-known.) We prove the contrapositive. Suppose that Spec R is the
disjoint union of nonempty open sets Uy and U;. For i = 0,1, let r; € R be the element that
is 1 on U; and 0 on U;_;. Thus ry and r; are idempotents summing to 1, so R = rqgR X r R.

ﬁ: If Spec R is empty, then R = 0 and holds.

Now assume that Spec R is connected. It suffices to consider the union of two many-
polynomial-diophantine sets of R™. Write the first as the image of X,(R) under the projection
A™t™ — A" for some finitely presented closed subscheme X, C A™"™. Similarly, write the
second as the image of X;(R) for some X; C A™"™; we may assume that the m is the same,
by enlarging the smaller m if necessary. Let Y be the (disjoint) union of Yy := Xy x {0}
and Y] := X; x {1} in A"*"™*1 Since Spec R is connected, any morphism Spec R — Y has
image contained in either Yy or Y;. That is, Y (R) = Yo(R) U Y1 (R). Thus the image of Y (R)
under the projection A"*™*!1 — A" is the union of the two given sets. Finally, Y is a finitely
presented closed subscheme of A" 1 5o the image of Y (R) is many-polynomial-diophantine.

([ii)=(v): Both R x {0} and {0} x R are many-polynomial-diophantine (even one-
polynomial diophantine). By , their union is many-polynomial-diophantine.

:>: We prove the contrapositive. Suppose that R ~ Ry x Ry with Ry, Ry # 0.
Call A C R* = R} x Ry a product set if it is A; x Ay for some sets A; C R}. Each
f € R[xq,...,x,] amounts to a pair of functions f; € R;[z1,...,x,], so the zero set of f is a
product set. Intersecting product sets yields a product set, and the image of a product set
under a projection R"™™ — R™ is a product set. Thus every many-polynomial-diophantine
subset of R" is a product set. But (R x {0}) U ({0} x R) is not a product set, because,
viewed in R? x R3, it contains ((1,0), (1,0)) and ((0,1),(0,1)) but not ((1,0),(0,1)). Thus
(R x {0}) U ({0} x R) is not many-polynomial-diophantine. O
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