18.02 LECTURE NOTES, FALL 2021

BJORN POONEN

These are an approximation of what was covered in lecture. (Please clear your browser’s
cache before reloading this file to make sure you are getting the current version.)

Thursday, September 0 ———————

We do not live in a 1-dimensional world. And 3 dimensions is not enough either, since
applications in engineering, machine learning, economics, etc. routinely involve quantities
depending on lots of parameters. 18.02 provides the background for understanding functions
with multivariable input and output. In Fall 2021 we are modernizing the content of 18.02,
in particular to incorporate more linear algebra that is essential for many of the applications

above. Time to turn on the firehosel

1. VECTORS

1.1. Vector notation. A vector v in R? is an ordered triple of real numbers. (In print, use

bold face letters like v; in handwriting, use ¢.) In 18.02, vectors are oftenﬂ written as column
2

vectors like | 3 |; Edwards & Penney write the same vector as (2,3,5). The 3-dimensional
5

space R? is the set of all such triples. (You can have vectors in R? or R%™ too, if you want.)

Geometrically, a vector is an arrow with a length and a direction; its position does not matter.

The standard basis vectors for R® are

1 0
e ‘= 0 s €y = 1 s €3 ‘= 0
0 0 1

(The symbol := means “is defined to be”.) (Alternative notations: i, j, k, or , 9, Z to indicate

that these are in the directions of the z-, y-, and z—axesﬂ)

Define 0 :=

o o O

10One reason is to facilitate matrix-vector multiplication later on.
20One advantage of the notation eq, es, ... is that it generalizes to arbitrary dimension. One disadvantage

of i,j,k is that i can be confused with ¢ := /—1.
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http://hacks.mit.edu/Hacks/by_year/1991/fire_hydrant/

If P is a point in space, then the position vector P is the vector pointing from (0,0, 0) to
P. (Alternative notations: OP or O?) Sometimes we’ll think of the point (2,3,5) and its

2
position vector | 3 | as being the same.
5
a
The length of v = [ b | is [v| := Va2 + b2 + ¢2 (also called magnitude). This formula can
c

be explained by using the Pythagorean theorem twice.
A unit vector is a vector of length 1.

: 1 4 1 —2
1.2. Vector operations. Addition: ; + = . Subtraction: _(? = .
1 4 5 4 1 3

Geometrically: parallelogram law for +, triangle law for —:

AD-B- A

Important: If A and B are two points, and A and B are their position vectors, then the
vector from A to B is 1@ = B — A, because this is what you have to add to A to get to B.

scalar \ 1 —10
vector vector

that it is not a vector). Scalar multiplication is a scalar times a vector, and the result is a

e 3 -30
Scalar multiplication: —10 ( ) = ( ) . Scalar means number (use this word to emphasize

vector. Geometrically: ¢v has the same (or opposite) direction as v, but possibly a different

length. Two vectors v and w are parallel if one of them is a scalar multiple of the other.

Problem 1.1. Fill in the blanks:

<4> positive scalar
unit vector

2




Solution: The positive scalar must be the length, 5. So the answer is

3\ _ . 3/5
4 o positive scalar 4/5 '

unit vector

In general, for any nonzero v:

\%
V= |v| i
length |V|
unit vector in the direction of v
. 0 o : .
Question 1.2. Does the zero vector 0 := 0 have a direction? It is best to say that it has

every direction, and hence to say that it is parallel to every other vector, and perpendicular

to every other vector.

Another example, involving addition and scalar multiplication:

2
2 e + 3 o + 5) (S =13
linear combination of ey, ez, e3 5
In general, a linear combination of vectors vy, ..., v, is any vector obtained by multiplying

the vectors by (possibly different) scalars and adding the results, i.e., an expression of the

form ¢;vy + - - - + ¢, v, for some scalars cq, ..., c,.
1.3. Solving geometry problems with vectors.

Question 1.3. Suppose that M is the midpoint of segment AB. In terms of the position
vectors A and B, what is the position vector M?

B

To get to M from the origin, first go to A and then go halfway from A to B. The position
vector A gets you to A. The vector from A to B is B — A, so the vector from A to M is
(B —A). Thus

1 A+B

M=A+-(B—A)= .
35l ) 2

Question 1.4. Explain why the midpoints of the sides of a space quadrilateral form a

parallelogram.



How should one approach a problem like this?

1. Give variable names to the objects given in the problem.
Let A, B,C, D be the vertices of the quadrilateral in order. Let A’ be the midpoint of AB,
let B’ be the midpoint of BC', let C’ be the midpoint of C'D, and let D’ be the midpoint
of DA. Let A,B,C,D,A’,B’,C’, D’ be the corresponding position vectors.

2. Write down known equations relating the variables.
We know that

A+B B+C C+D ~D+A

B = C = D’

A=
2 2 2 2

3. See if these equations imply the desired conclusion.
We compute

woa_C-A

C-A
5

C/*D/:

Thus segments B’A" and C'D’ are parallel and have the same length. This means that
A'B'C'D’ is a parallelogram.

1.4. Some advice for success in 18.02.

e Read the Information pages on Canvas.

e Reading assignments are posted on Canvas. Do the reading before lecture!

e Come to office hours! (Office hours generally consist of a small group of students
discussing additional examples not covered in lecture or recitation, asking questions,
getting started on difficult homework problems, etc. The recitation leaders for this
class are some of the best math postdocs and grad students worldwide, and office
hours are your best chance to learn from them.)

e Homework:

— It’s long and has difficult problems, so start now!

— The problems indicate the date after which you should have the knowledge to do
them.

— Work together in groups! It’s OK if other people tell you how to solve a problem,
but don’t be looking at their solution as you write your own.

— Do what it takes (come to office hours, discuss problems with others) so that
when you submit an assignment you are pretty sure that it is complete and

correct.



1.5. Dot product. Do we multiply vectors coordinate-wise? No! Why not? This does not
give a notion with useful geometric meaning. Instead:
Dot product (also called scalar product or inner product):

2 7
3-8 =@)(MN+B)8)+(5)09)
5 9
vector vector
=14+24+45
= 83.

scalar

Important special case: a-a = |al?.

Theorem 1.5 (Geometric interpretation of the dot product). If 6 is the angle between

nonzero vectors a and b, then

a-b = |a] |b|cos¥.

(If a or b is 0, then 0 can be taken to be any real number, and the formula still holds, with both
sides being 0.)

Why?
Proof (=explanation). Let a = |a|, b = |b|, ¢ = |a — b|. Then

> =(a—b)-(a—b)
=a-a—a-b—b-a+b-b (since - satisfies the distributive law)

=a*+b*—2a-b.
On the other hand, the law of cosines says
¢ = a® + b* — 2abcos .
Comparing shows that a-b = abcos¥f. O

Corollary 1.6. Vectors a and b are perpendicular <= a-b =0.
5



1.6. Scalar component of a vector in the direction of another vector. Suppose that

a is a vector, and b is a nonzero vector. The question we want to answer is
“How much of a is in the direction of b?”

Start by dropping a perpendicular from a to the line spanned by b. This gives a decomposition

a= P + q .

parallel to b perpendicular to b

Then p is in the same direction as in b

or p=0.
The vector p is called the projection of a onto the line spanned by b.
The vector p is also called the vector component of a in the direction of b.
To get the scalar component, take its length with an appropriate sign:

Definition 1.7. The scalar component of a in the direction of b is
compy, a := £|p),

where the sign is + or — according to whether p is in the same or opposite direction as b.
(If p = 0, either sign gives 0.)

Although p is a vector, compy a is a scalar, as the name suggests!

Another geometric interpretation: Set up a new coordinate system in which the z-axis is
in the direction of b; then compy a is the new x-coordinate of a.
Computing the scalar component: The diagrams show that

compy, a = |a| cos 6. (1)
6



But the easiest way to compute compy a is usually to dot a with the direction unit vector
b

H.

a b a-b
bl [b]
(This is equivalent to formula (1), since a-b = |a| [b| cos§.)

compp, a =

-2 —2
Example 1.8. comp,, | -3 | = | -3 | -e2= 3.
-5 -5

(In this example, the b was already a unit vector, so there was no need to compute W)

2. MATRICES
2.1. Matrix notation.

Definition 2.1. An m X n matrix is a rectangular array of numbers with m rows and n

columns.

Example:

= I
- o
w o o 3

—2

is a 4 x 3 matrix. (The dimensions are always given in the order “height x width”.)
The notation a;; means the number in the ith row and jth column. In the example above,
ase = 7. (One could write as o but people often omit the comma.)

Two matrices A and B are equal if A has the same dimensions as B and a;; = b;; for all i

and j.
2
An m x 1 matrix is the same as a (column) vector in R™. Example: | 3 | € R3.
)

2.2. Matrix times a vector.
Example 2.2. The product
1
1 2 3 00
1
2 3 5
matrix 10

7

vector



is defined by taking the dot product of each matrix row with the vector:

100
(1, 2,3) - 1 =132
10
100
(2, 3, 5> . 1 = 253,
10
so the final result is
100
1 2 3 ) B 132
2 35 - \253 )
matrix 10 vector

vector
In general, a matrix-vector product Ax is defined when the dot products are defined, which
is when the width of A equals the height of x.

1
6 7 8 6
23 5) V] T \2)
0
Ae; = (1st column of A) | | Aes = (2nd column of A)|, and so on.

a
6 7 8 62 + Ty + 82 6 7 8
E le 2.4. _ _ .
xamp’e (2 3 5) y (295 3+ 5z> . <2> ty (3) tz <5)
y4

In general: | Ax = (some linear combination of the columns of A) |

Example 2.3.

In general:

2.3. Matrix operations.
Addition, subtraction, and scalar multiplication are defined entrywise, as for vectors. (For
addition and subtraction, the two matrices have to have the same dimensions.)

r (2 7

2 3 5
(71113)2 1
5 13

Each row of the original matrix corresponds to a column of the transpose matrix. The

Transpose:

w

ij-entry of A equals the ji-entry of AT,
Multiplication: If A is m x n and B is n X p, then AB is the m x p matrix whose 7j-entry
is the dot product

(1th row of A) - (jth column of B).
8



(If the second dimension of A does not match the first dimension of B, then the dot products
are not defined, so AB is not defined.)

Example 2.5. Multiplying a 2 x 3 matrix by a 3 x 3 matrix gives a 2 X 3 matrix:

10 0 9

2 3 7 23 13 18

o5 1)1 295 11 o)
010

For example, the 2,1 entry is computed as follows:

10
0,5,1)- [ 1| =0010)+5(1)+1(0)= 5

2nd row 2,1 entry

0

1st column

Warning 2.6. Even when AB and BA both make sense, they might be unequal. (In other
words, matrix multiplication is not commutative.)

Friday, September 10 m——

2.4. Determinants. To each square matrix A is associated a number called its determinant.

det (a) = a

= =+ length of segment in the real line R determined by a

det (‘1 b) — ad — be
c d

= = area of parallelogram in R? formed by (a,b) and (c, d)

(the sign is + if (¢, d) is counterclockwise from (a, b))

a; g das
det bl b2 b3 = Cl,leCg + a2b301 + a36102 — Clbgag - 0263a1 - 03b1a2
€1 G2 C3

= + volume of parallelepiped in R? formed by the rows a, b, ¢
(the sign is + if a, b, ¢ agree with the right hand rule)

(In the formula for the 3 x 3 determinant, each + term is the product along a “southeast”
diagonal with wraparound and each — term is the product along a “northeast” diagonal with
wraparound. )

The geometric interpretations are true also for the segment/parallelogram /parallelepiped

formed by the columns instead of the rows.
9



a b
Alternative notation for determinant: |A| = al (This is a scalar, not a matrix!)
c

Laplace expansion (along the first row) for a 3 x 3 determinant:

a; Gz asg
bl bg b3 =+a

Ci Cy C3

by b

Cy C3

by b3

C1 C3

by by

1 C2

— a2 + as

The general rule leading to the formula above is this:

(1) Move your finger along the entries in a row.

(2) At each position, compute the minor, defined as the smaller determinant obtained by
crossing out the row and the column through your finger; then multiply the minor by
the number you are pointing at, and adjust the sign according to the checkerboard

pattern

+ - +
(the pattern always starts with + in the upper left corner).
(3) Add up the results.

There is a similar expansion for a determinant of any size, computed along any row or column.

Properties of determinants:

D-1: Interchanging two rows changes the sign of det A.

D-2: If one of the rows is all 0, then det A = 0.

D-3: Multiplying an entire row by a scalar ¢ multiples det A by c.

D-4: Adding a multiple of a row to another row does not change det A.

These properties can all be interpreted geometrically. The same properties hold for column

A:(g 3).

If we add 10 times the first row to the second row (and leave the first row unchanged), we

B = 23 .
25 37

Property D-4 says that det B = det A.

operations.

Example 2.7. Let

get a new matrix

Question 2.8. Suppose that A is a 3 x 3 matrix such that det A = 5. Doubling every entry

of A gives a matrix 2A. What is det(2A4)?
10



Solution. Each time we multiply a row by 2, the determinant gets multiplied by 2. We need
to do this three times to double the whole matrix A, so the determinant gets multiplied by
2-2-2=28. Thus det(2A4) = 8det(A) = 40. O

2.5. Cross product.
2.5.1. Definition.

Definition 2.9 (Cross product, also called vector product). The cross product of vectors a

and b in R3 is another vector in R?:

€ € €3
axb:i=la ay as
bi by b3
Gz as ay as a1 QA
=+ e — € + €3
by b3 by b3 by by

= <612b3 —agby, asby —arbs, aiby — Cl251>-
The cross product is defined for vectors in R? only!
2.5.2. Geometric interpretation of the cross product. If a and b are nonzero vectors forming

an angle #, then a x b is the vector determined by the following three conditions:

e It is perpendicular to a and b.

e Its length is |a||b|sin @ (which equals the area of the parallelogram formed by a and
b).

e Its direction is given by the right hand rule: if you point the fingers of your right hand
in the direction of a so that bending your fingers makes them point in the direction
of b, then your thumb shows the direction of a x b.

(We won’t explain in 18.02 why the determinant and cross product have the geometric interpretations

claimed.)
2.5.3. Properties of cross products. For vectors a and b,
a and b are parallel <= axb =0 (these happen when 6 is 0 or 7)
axa=0
bxa=—axb.

2.5.4. Cross products involving e, es, es.

Problem 2.10. What is e; x e3?

T __

2

must be ey or —ey. The right hand rule tells you which: e; x e3 = —es. [
11

Solution. 1t is a vector perpendicular to e; and es, and its length is (1)(1)sin 1, so it



If you like, you can use the following mnemonic: Start by drawing
a8
€3 €9
N~

The cross product of any one of these with the next one is the third vector in the sequence:
for example, e3 X e; = e,. But if the two input vectors are in the order opposite to the order
specified by the arrows, then insert a negative sign: e; X e3 = —ey. (And if the two input
vectors are the same, the cross product is 0.)

3. MATRICES AS LINEAR TRANSFORMATIONS

3.1. Functions with vector input and/or vector output.
Scalar input, scalar output: Alternative notation for the function f(x) := sinx:

ffR—R

T — sin .

The first line specifies that

e the set of allowable inputs is R (the domain), and
e every output is an element of R (the codomain).

The second line shows a typical input = in the domain, and shows which element of the
codomain it is mapped to.

(Note: The codomain specifies only the type of output; every output is an element of
the codomain, but there might be other elements of the codomain that are not outputs. In
contrast, the range of f (also called the image of f) is the set of all actual outputs of f, which

in this example is the interval [—1,1]. In general, the range is a subset of the codomain.)

Scalar input, vector output (vector-valued function):

r: R — R?
(COS t)
t— ) .
sint
(We use a bold letter r instead of r since its values are vectors.) For example, r(7/3) =

1/2
V3/2)

12



Vector input, scalar output (multivariable function):
fiRP—R

X

Y »—>x2+y2—22.

z

It could also be written f(x,vy,z2) := 2% + y? — z2. For example, f(1,2,3)=1+4—9= —4.

Vector input, vector output: Can we have functions with vector input and vector output?

Yes! See Example [3.1] below.

3.2. Going from a matrix to a linear transformation.
Warm-up: Given a number, say 3, we get a function

ffR—R
T — 3z

that multiplies each input by 3. What is the higher-dimensional analogue?
. . [6 7 8 .
Example 3.1. Given the 2 x 3 matrix 5 5 5/ we get a function

f: R? — R?

6 7 8
X — X
2 35
with vector input and vector output! Explicitly,

¢ v _ [6x+ Ty + 8z
1= 20+ 3y +5z)
z

Each coordinate of the output is a linear combination of the input variables.

0
7
What does this function do to e;? Answer: f(ey) =f | 1| = (3)
In general, an m x n matrix A gives rise to a function
f: R" — R™
X — Ax

(note that m and n get reversed). Functions arising in this way are called linear transformations.

Sometimes we use the matrix A itself instead of f to denote the linear transformation.
13



3.3. Depicting a linear transformation with a domain-codomain diagram.

3.3.1. A single-variable function. To visualize a function like f(z) := 3z, we would usually
draw its graph in R2, the line y = 3.

But there is another way: Draw the domain and the codomain (two copies of the real line),
and show what certain features in the domain get transformed to:

f
° o o ° 0 o
0 1 2 0 3 6
domain R codomain R

For example, f maps the point 2 to the point 6. The diagram shows how f expands everything
by a factor of 3.

2
3.3.2. Higher-dimensional analogue. Consider the matrix (O ?) and the associated linear
transformation
f: R* — R’
x 20 x 2z
— = .
y 0 1) \y Y

Drawing a graph of f would require 4 dimensions (2 for the input, 2 fo the output), so instead

let’s draw a domain-codomain diagram. How does f transform the van Gogh unit smiley?

Tuesday, September 14 —

o)

0 o)
Y =

14



-2
For example, the ear at 0 > is mapped to ( 0 ) . The linear transformation f stretches
in the horizontal direction only.
3.4. Going from a linear transformation to a matrix. Given a linear transformation

f, how do we reconstruct the matrix A?

Answer 1: If you know a formula for f, just read off the entries of the matrix. For example,

x
iffly| = ba + 7y , then A = 6.7 0.
2x + 5z 2 0 5

z
Answer 2: If you know only a geometric description of the linear transformation f, then
get A as the matrix whose columns are f(e;), f(es), etc.

Here is an example illustrating Answer 2:

Question 3.2. Given 0, there is a 2 x 2 matrix R that rotates each vector in R? counter-
clockwise by the angle . What is it?

Solution.
R
eQA (—sin @, cos 6)
(cos 0, sin 0)
. R €] [
Thus
(first column of R) = Re; = (C?S 9)
sin
_sin®
(second column of R) = Rey = ( o >,

cos 6

SO

cosf —sinf
R = . O
<sin 0 cosb )

15



3.5. Area scaling factor.

30
Example 3.3. What does the dilation given by <O 3) do to area?
(Hint: Consider what it does to a 1 x 1 square.)

Answer: It multiplies area by 9. Notice that det (3 g) =9 too.

In general, for any 2 x 2 matrix A, the associated linear transformation has

area scaling factor = |det A|.

The area scaling factor is always nonnegative, while det A could be negative, so it is necessary
to take the absolute value.

Why is the formula correct? 1f A = (a 2), then

C

1
the square formed by (O) and <(1)>

b
the parallelogram formed by <a> and ( );
c

is transformed into

d

the square has area 1 and the parallelogram has area |det A|.

3.6. Composition. Matrix multiplication corresponds to composition of the linear transfor-
mations. More explicitly, if
o f: R” — R™ corresponds to a matrix A, and

o g: R? — R” corresponds to a matrix B,

then the composition
g f

RP R"™ R™
\_/
fog
X | f(g(x))

corresponds to the matrix product AB. In other words, if you multiply x by B (apply the
inner function g first!) and then multiply the result by A, you get the same output vector as
if you multiplied x by AB:

A(Bx) = (AB)x.

Matrix multiplication is defined as it is to make this true.

Example 3.4. Let o and 8 be any two angles. Let R, be the 2 x 2 rotation matrix for «,
and so on. Then

RoRs = Rosg
16



because rotating by £ and then rotating by « has the same effect as rotating by a + . (In
this example the order did not matter, but in other examples it does.) What famous formulas
do you get if you compare entries in this identity?

3.7. Identity matrix. The identity transformation

f:R° — R°
x x lx 4+ 0y + 0z
yl—1y]| =1|0x+1y+0z
z z Oz 4+ 0y + 12
is associated to the 3 x 3 identity matrix
1 00
I:=10 10
0 01

(You can guess what the 4 x 4 identity matrix looks like. The positions of the 1s form what
is called the diagonal of the matrix.)
The matrix I acts like the number 1:

IA=A and Al = A
whenever the multiplication makes sense.
3.8. Inverse matrices.

3.8.1. Motivation: solving linear systems. To solve 3x = 5, multiply both sides by 371
Similarly, one way to solve

201 + 319 =4
4.7)1 + 5132 = 6,

(3)()-()

which has the shape Ax = b, and left multiply both sides by A~ to get x = A~'b.

is to rewrite as

3.8.2. Definition.

Definition 3.5. The inverse of an n x n matrix A is another n x n matrix, A~!, such that
AAT =1 and AT'A=1

It exists if and only if det A # 0; in that case, A is called invertible, or nonsingular.

If A corresponds to the linear transformation f, then A~! corresponds to the inverse

function £~ (if it exists). For example, the inverse of the rotation matrix Ry is R_g.
17



3.8.3. Formula for 2 X 2 matrices.

Theorem 3.6. Let A = (a b).
c d

1 d —b
I A A7 = )
o /fdet A#0, then et A (_c " )

o [fdet A =0, then A~ does not ewist.

For square matrices larger than 2x 2, there is still a formula, but it is much more complicated
(see M.2), and there are better algorithms for computing A~!, and anyway one would typically

use a computer for this.
3.9. Equations of planes.
Question 3.7. What does the set of vectors perpendicular to (1,2,3) look like?
Solution. It’s a plane through the origin. Its equation is
(1,2,3) - {z,y,2) =0,

which is

r+2y+32=0. U

The vector n := (1,2, 3) is called a normal vector to the plane. (Normal is another word
for perpendicular.)

Question 3.8. What is the plane with normal vector (1,2,3) passing through (4, 5,6)?

Solution. A point (x,y, z) lies on this plane if the vector from (4,5,6) to (z,y, z) (not the
position vector of (x,y, z)!) is perpendicular to (1,2, 3), so its equation is

(1,2,3) - ({(x,y,2) — (4,5,6)) = 0,
which is

(x—4)+2(y—5)+3(z—6)=0. O
Question 3.9. (Followup question) What is the distance from (2,3, 5) to that plane?

Solution. If we choose any point on the plane, say (4,5, 6), and form the vector
v:i=(2,3,5) — (4,5,6) = (—2,—2,—1)

between the two points, then the desired distance is not the length of v, because the straight
line path from (2,3,5) to (4,5,6) is not the shortest path from (2,3,5) to the plane. Instead

we want “the amount of v in the direction parallel to the normal vector n := (1,2, 3)”, taking
18



the absolute value if necessary. Thus the desired distance is the absolute value of the scalar
component of v in the direction of n. That scalar component is

n

comp,V=v-:-—
0|

(—2,—2,—1)-(1,2,3)

12 422 4+ 32

so the distance is 9/v/14. O

Question 3.10. Are the vector (—5,1,1) and the plane x + 2y + 32 = 6

e parallel,

e perpendicular,
e both,

e or neither?

Hint: (—5,1,1)-(1,2,3) = 0.

Solution. The vector (—5,1,1) is perpendicular not to the plane, but to a normal vector of
the plane. So (—5,1,1) is parallel to the plane. The vectors perpendicular to the plane are
the scalar multiples of the normal vector, so (—5,1,1) is not like this. So the answer is that
the vector and plane are parallel. U

Thursday, September 16 m—

4. LINEAR ALGEBRA
4.1. Linear combinations. Suppose that you have a list of vectors. To get a linear combi-
nation of them,

1. multiply each vector by a scalar and
2. add the results.

vectors | typical linear combination

v —3v
v, W 2v + (—5)w
V,W,X 4v + 0w + 7x

19



4.2. Span.

Definition 4.1. Given one vector v, the span of v is the set of all linear combinations of v,
which is the set of all scalar multiples of v:

Span(v) := {all vectors cv, where ¢ ranges over all real numbers}.

2
Example 4.2. Suppose that v = <1> What are some scalar multiples of v? Well, there’s

0-0)
1 2
()= )
1 3
1(2\ [ -1
2\1)  \=12)

and so on. Then Span(v) is an infinite set whose elements are all of these vectors.

Geometric interpretation: Think of each of these vectors as a point in the plane:
(47 2)7 (6a 3)7 (_]—a _1/2)7 and so on;

then Span(v) is the set of all these points. So Span(v) is a line through the origin, specifically,
the line y = %x

Definition 4.3. Given two vectors, v and w, the span of v and w is the set of all linear

combinations of v and w:

Span(v, w) := {all vectors ¢;v + cow, where ¢; and ¢y range over all pairs of real numbers}.

1 0
Example 4.4. Consider e; = | 0 | and e; = | 1 |. What are some linear combinations of
0 0
e; and ey? Well, there’s
1 0 3
310|1+41]|=14],
0 0 0
1 0 5
510l+(=n]1]|=|-7]|,
0 0 0

and so on. Then Span(ey, ey) is the set of all such vectors: this is the set of all the vectors in
R? whose 3rd coordinate is 0.

Geometric interpretation: Span(ep,eq) is the xy-plane. It is defined by the equation z = 0.
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Question 4.5. Is the span of two vectors in R? always a plane?

1 2
Answer: Usually it is, but not always. For example, the span of | 2 | and | 4 | is a line
3 6

because the linear combinations are all scalar multiples of the first vector. An even more

degenerate case: if both vectors are 0, then their span is the set {0} containing only the one

vector 0.
2 0

Problem 4.6. Let a= [ 1 | and b= | 1 |. What is the equation of the plane Span(a,b)?
0 3

Solution. To give the equation of a plane through the origin, all we need is a normal vector.
It needs to be perpendicular to both a and b. One possible normal vector is

3
axb=|-6
2
3
The equation of the plane is then | —6 | - x = 0, which is
2

3r — 6y + 2z =0.
(To check the answer, verify that a and b satisfy the equation.) 0

One can also take the span of more than two vectors: again it is defined to be the set of all

linear combinations that one can form with the given vectors.
Example 4.7. Span(e;, ey, e3) is the whole space R3.
4.3. Linearly dependent vectors.

Definition 4.8. Vectors vy, ..., v, are linearly dependent if one of them is a linear combination
of the others. Equivalent definition: Vectors vi,...,v, are linearly dependent if there exist
scalars c¢q, ..., c, not all zero such that ¢c;vy +---+¢,v,, = 0.

2 6 ) .
Example 4.9. The vectors ) and 3 are linearly dependent because the second is a

b))

21
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According to the equivalent definition, they are linearly dependent because

2 2
3 —1 =0.
2 6) . .
The span of <1> and (3) is only a line.

()

2 1
Example 4.10. The vectors <1> and (

3

whole plane R2.

are linearly independent. Their span is the

)
()

n, if vi,...,v, are linearly independent,

In general,
dim Span(vy,...,v,) is
less than n, if vy,...,v, are linearly dependent.

(We haven’t defined dimension mathematically, but you probably have an intuitive sense of
what it is.)

1 2
Example 4.11. The vectors | 1|, | 3|, | 5|, are linearly dependent since the 3rd vector
1 5 7
is a linear combination of the first two:
4 1
51 =211|+11]3
7 1
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The span of the three vectors is the same as the span of the first two, which is a plane, only

2-dimensional.

Example 4.12. The vectors ey, es, e3 are linearly independent and their span is the whole
space R3, which is 3-dimensional.

4.4. Basis.

Definition 4.13. A list of vectors is a basis of R? if

1. the span of the vectors is the whole plane R?, and

2. they are linearly independent.

2 1
Example 4.14. <1>, (3) is a basis of R2.

Every basis of R? has exactly 2 vectors, as we’ll explain later.
Given a basis by, by, we can form the 2 x 2 basechange matrix B = (b1 b2) whose
columns are by and b,y. In the example,

2 1
B = )
13
4.5. Coordinates with respect to a basis. A basis by, by sets up a new coordinate system

on R? (this is why bases are important). Specifically, given any vector v in R?, the coordinates
of v with respect to the basis by, by are the numbers ¢q, ¢s such that

Clbl + Czbg = V.
. . 7 . . [2 1
Problem 4.15. Find the coordinates of 6 with respect to the basis s

Solution. We need to find numbers c;, ¢5 such that
c 2 +c L = ’
"\ T3] T \e)

201+C2:7

Solving the resulting system

c1 + 302 =6
yields ¢; = 3 and ¢, = 1. O

The two conditions in the definition of basis are what guarantee that the coordinates exist

and are unique:

e First, since Span(by, by) = R?, every vector v in R? is a linear combination ¢;b; + cobs.
23



e If some v could be so expressed in two different ways, say,
10b; + 40by = v = 2b; + 3by
then subtracting would give
8b; + 37by = 0,
which is impossible since b; and by are linearly independent.

4.6. Changing coordinates. The plane R? has its original coordinate system given by
e1, e; and the new coordinate system given by by, by. Any given point can have coordinates
(x1,22) in the original system and different coordinates (cy, ¢2) in the new system:

x1€1 + x2€p = c1b; + cobs.
, . . I . G
Let’s rewrite the equation in terms of x = , B:=(b; by),and c = ;
T2 C2

x = Bec.

This shows how, given c, to get x. Because it is also possible to convert the other way, B is
automatically invertible, and
c=B'x.

| Friday, September 17 ——

4.7. Basis of R™. All the statements about R? have analogues for R",

For a list of vectors in R", the small-text label on each sloped equality in

dimension of the span

linearly independent span is R"

number of vectors n

is equivalent to the equality holding. If any two of the three equalities hold, then so does the
third.

Conclusion: To check that a list of vectors is a basis of R”, it is enough to check any two
of the following three conditions:

e the span of the vectors is the whole space R",
e the vectors are linearly independent,

e the number of vectors is n;
24



then the other one will hold too. (The definition of basis is that the first two hold.)

Another way to test whether vectors by,...,b, € R" form a basis:
1. Form the matrix B whose columns are bq,...,b,.
2. Calculate det B.
3. Then

by,...,b, is a basis of R" <= det B # 0

4.8. Square systems of linear equations. A square system of linear equations is one with
the same number of equations as variables.

4.8.1. Homogeneous systems. The system

r+2y+32=0
8z +42=0
Tr+6y+52=0

is called homogeneousﬂ since all the right sides are 0. In matrix form, it is
Ax =0

for some square matrix A.

4.8.2. Inhomogeneous systems. The system

rT+2y+32=0
8z + 4z =37
Tx + 6y + 52 =23

is inhomogeneous since some of the right sides are nonzero. It has the form
Ax=b
for some square matrix A and column vector b.

4.8.3. Behavior of solution set. What are the solutions to a square system? The behavior
depends on whether the system is homogeneous, and on whether det A is nonzero:

if det A #0 if det A=0

homogeneous system Ax = 0 only x =0 infinitely many

inhomogeneous system Ax = b || only x = A~'b | infinitely many or none

In the det A # 0 column, why is there only one solution? Answer: If det A # 0, then A~!
exists, so the system can be solved for x by multiplying by A~!.

3Both of the letters e in homogeneous are pronounced ee, and the stress is on the third syllable!
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Example 4.16. The homogeneous system

r+2y=0
20+ 4y =0

has infinitely many solutions (they form a line).
Example 4.17. The inhomogeneous system

r+2y=3
20+ 4y =6

has infinitely many solutions (again a line).
Example 4.18. The inhomogeneous system

r+2y=3
20 4+4y =7

has no solutions.

4.8.4. Geometric interpretation in the 3 X 3 case. For any 3 x 3 matrix A, the solution set to
the homogeneous system Ax = 0 is the intersection of 3 planes passing through 0 (assuming
that no row of A is all 0).

o If det A # 0, the intersection contains only 0 (this is what usually happens).
o If det A = 0, the intersection is either a line or a plane (through 0).

For a 3 x 3 inhomogeneous system Ax = b, the solution set is again the intersection of 3
planes, but they may be shifted away from 0.

5. PARAMETRIC LINES AND CURVES

5.1. Lines. Two ways to describe lines in R3:

e intersection of two planes

e parametric equation (to be introduced now)

Think of the trajectory of an airplane moving at constant velocity. Let ry be the position
vector of the airplane at time ¢ = 0. Let v be the velocity.

Where is the airplane at time t = 17 Answer: ro + v.

At time t = 27 Answer: rg + 2v.

In general, at time ¢ the airplane is at

r(t) ==rg+tv.
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S R
./ r(2) =rg+2v

AY
e r() =+ v

r(0) =1

® ° °
0 1 2

domain R codomain R3

This is a function with scalar input, vector output:
r: R —R?
t— 19 +1v.

Each input real number ¢ gives one output point r(¢) on the line, and as ¢ varies, these points
trace out the whole line. (The codomain is R?, but the range is a line in R?.) The input

variable t is called the parameter.

Problem 5.1. Parametrize the line L through (1,2,3) and (4,1, 3).

4 1
Solution. Use initial position vector ry := | 2 | and velocity vector v:= |1 | — | 2| =
3 3 3

3
—1 | so that at time ¢t = 1 the point reaches (4, 1,3). So L is given by
0

1 3
r= |2+t -1
3 0

Another way to express the answer is to give the parametric equations of L in terms of
coordinate functions:

r =1+ 3t, y=2-—1t, z = 3. 0]
Question 5.2. The lines
r=1+3t, y=2-—1t, z=3

and

x = 2t, y=-—141, z=1+1
27



1

(1) are the same,
(2) are parallel,
(3)
(4)

3) intersect in one point, or

4) are skew (i.e., do not intersect, but are not parallel either)?

3
Answer. The velocity vectors | —1 | and | 1 | are not scalar multiples of each other, so the
0 1
lines are not the same, and are not parallel. They intersect if the system
1+3t=2s
2—t=—-1+s
3=1+s.

is solvable. Why did we use a different variable on the right side? Imagine airplanes moving
along the lines. If we used the same t on both sides, a solution would be a time when
both airplanes are at the same place. If we use t on the left and s on the right, a solution
would mean that airplane #1 at some time is at the same point as airplane #2 at a possibly
different time, meaning that their paths still cross, and this is what we're trying to test!
OK, let’s now solve the system. The last equation implies s = 2. The first equation then

implies ¢ = 1. These values make all three equations true. So the lines intersect, at the point

I'l(]_) = I'2(2) = 1]. O

5.2. Parametric equations of curves.

Question 5.3. As t ranges through all real numbers,
T = 2cost, Yy =sint

describes

1) A circle

2) An ellipse

3) A line of slope 1/2
4) A point.

Answer. Without the 2, it would be the unit circle. The 2 stretches it in the z-direction, to
make an ellipse. It is given by the implicit equation
2 4 4y? = 4.

To find the implicit equation, one must eliminate ¢ from the parametric equations; how to do

this depends on the shape of the parametric equations, and may require some guesswork. In
28



this problem, we know that sin”¢ + cos?t = 1, and this can be rewritten as y? + (/2)? = 1

in which ¢ does not appear, which is equivalent to x? + 41? = 4. U

The parametric equations and the implicit equation are completely different ways of
describing the same curve: the parametric equations tell you the curve one point at a time,
one point for each value of ¢; the implicit equation gives you a test for when a given point in
R? lies on the curve.

Slope of tangent line to this ellipse at a given time? Use the chain rule

dy dy dx
dt — dx dt
known 7?77 known
to get
,_dy _dy/dt _ cost 1

= = = = ——cot .
Y= dr  dx /dt  —2sint 2
The following question was not discussed in lecture.

d*y

What is @? It’s

Py dy  dy'jdt  jesPt 1
de®  dr  dx/dt  —2sint  4sin®t’

5.3. Parametric equations of curves: an example. This example will be done in recita-

tion on Monday, September 20.

Problem 5.4 (Supplementary notes, Exercise 11-4). A roll of plastic tape of outer radius a
is held in a fixed position while the tape is being unwound counterclockwise. The end P of
the unwound tape is always held so that the unwound portion is perpendicular to the roll.
Taking the center of the roll to be the origin O, and the end P to be initially at (a,0), write

parametric equations for the motion of P.

P = (a,0)

Initial position After unwinding 6 radians

29



Solution.
Parameter: The radian measure # of the amount of tape unwound so far.

The length of tape unwound so far is af.
The position of the point where the unwound tape meets the roll: (acos#@,asin6).

Final answer:
r = (acosf,asinf) + ab(cos b, sin )

= (a(1+60)cos, a(l+0)sinb). O

Tuesday, September 21—

6. EIGENVALUES AND EIGENVECTORS

2 0
6.1. Introduction. Recall that the matrix (O 1) stretches in the horizontal direction by

o)

0 )
Y =

a factor of 2.

In particular,

2 0
(S5} = 2 eq.
0 1/ a genvector eigenvalue

The stretching factor (here 2) is called an eigenvalue, and the vector in the stretching direction

(here e;) is called an eigenvector.

Definition 6.1. Suppose that A is a square matrix.
e An eigenvalue of A is a scalar A such that Av = A\v for some nonzero vector v.

(The scalar A may be 0.)
e An eigenvector of A associated to a given A is a vector v such that Av = Av.

(Warning: Some authors require an eigenvector to be not the zero vector.)
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Try the “Matrix Vector” mathlet
http://mathlets.org/mathlets/matrix-vector/

1

—2 2
Problem 6.2. Let A = ( 0 > and let v = ( 1). Is v an eigenvector of A?

Solution. The calculation
1 =2 2 4
Av = = = 2v,
-1 0 -1 -2
shows that v is an eigenvector, and that the associated eigenvalue is 2. 0

Given A, how can we find the eigenvalues and eigenvectors? For this we need some more

concepts of linear algebra.
6.2. Trace.
Definition 6.3. The trace of an n x n matrix A is the sum of the entries along the diagonal:

trA:=ay +axn+- -+ an,

co ©

4 6
Example 6.4. f A= |1 7 ,thentrA=4+7+5=16.
2 3

Ut

6.3. Characteristic polynomial. Use A to denote a scalar-valued variable.
Definition 6.5. The characteristic polynomial of an n x n matrix A is det(Al — A).

The reason for this definition will be clear in the next section when we show how to
compute eigenvalues.

Remark 6.6. We often calculate the characteristic polynomial using det(A — AI) instead. This
turns out to be the same as det(A — A), except negated when n is odd. (The reason is that
changing the signs of all n rows of the matrix A — I flips the sign of the determinant n times.) Usually we
care only about the roots of the polynomial, so negating the whole polynomial doesn’t make
a difference. In any case, det(A — A\I) = det(AI — A) for 2 x 2 matrices (since 2 is even).

Problem 6.7. What is the characteristic polynomial of A := (; g) ?

()00

det(A — M) = (T—A)(5—A) —2(3) = | A2 — 12\ + 29| O
31

Solution. We have



http://mathlets.org/mathlets/matrix-vector/

Here is a shortcut for 2 x 2 matrices:

Theorem 6.8. If A is a 2 X 2 matriz, then the characteristic polynomial of A is
A% — (tr AN + (det A).

b
“ d> . Then the characteristic polynomial is

det(A— A =det (27" 0
c d— M\

=(a—MN)(d—=X) —bc
=\ — (a+d)\+ (ad — be)
= A2 — (tr A)\ + (det A). O

Proof. Write A = <
c

7 2
We can solve Problem |6.7| again, using this shortcut: the matrix A := <3 5> has tr A = 12

and det A = 29, so the characteristic polynomial of A is A\ — 12\ + 29.

For an n X n matrix, the characteristic polynomial is a degree n polynomial in the variable
A and its leading coefficient is 1, so the polynomial looks like A" + .. ..
Remark 6.9. Suppose that n > 2. Then, for an n X n matrix A, the characteristic polynomial has the form
AT — (tr AN+ £ det A
where the + is + if n is even, and — if n is odd. So knowing tr A and det A determines some of the coefficients

of the characteristic polynomial, but not all of them.

6.4. Computing all the eigenvalues.
Warm-up problem: Given a square matrix A, how can we test if 5 is an eigenvalue?
Solution. The following are equivalent:

e 5 is an eigenvalue.

e There exists a nonzero solution to

Av = 5v
5v —Av =0
5Iv—Av=0
(5] —A)v=0.

o det(5] — A) = 0.

e Evaluating the characteristic polynomial det(Al — A) at 5 gives 0.
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e 5 is a root of the characteristic polynomial. U

The same test works for any number in place of 5. (Now that we know how this works, we
never again have to go through the argument above.) Conclusion:

eigenvalues = roots of the characteristic polynomial |

Steps to find all the eigenvalues of a square matrix A:

1. Calculate the characteristic polynomial det(A — A) or det(A — AI).
2. The roots of this polynomial are all the eigenvalues of A.

1 =2
Problem 6.10. Find all the eigenvalues of A := < 1 0 )

Solution. We have tr A =140 =1 and det A = 0 — 2 = —2, so the characteristic polynomial

PN = A2 — (tr A + (det A) = A2 — A — 2= (A —2)(A + 1).

Its roots are 2 and —1; these are the eigenvalues. 0

6.5. Computing eigenvectors.

1 =2

Problem 6.11. Find all the eigenvectors of A := ( 1 0

) associated with the eigenvalue
2.

v
Solution. By definition, an eigenvector associated to the eigenvalue 2 is a vector v = ( >
w

satisfying
Av = 2v
Av—2v=0
(A-2)v=0

(2 3)-6))-
£90-0

—v —2w = 0.
33
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-2
One solution is ( ] ; the other solutions are the scalar multiples of this one. Conclusion:

-2
The eigenvectors with eigenvalue 2 are all the scalar multiples of ( | > : 0

Remark 6.12. In this example, the matrix equation became two copies of the same equation
—v — 2w = 0. More generally, for any 2 x 2 matrix A and eigenvalue A, one of the two
equations will be a scalar multiple of the other, so again we need to consider only one of
them. In particular, the system of two equations will always have a nonzero solution (as
there must be, by definition of eigenvalue).

A similar calculation shows that the eigenvectors of A associated with the eigenvalue —1

1
are the scalar multiples of (1) .

To summarize:

Steps to find all the eigenvectors associated to a given eigenvalue A of a 2 x 2 matrix A:

1. Calculate A — \I.
2. Expand (A — A)v =0 using v = (U) ; this gives a system of two equations in x
w

and y.
3. Solve the system; one of the equations will be redundant, so nonzero solutions will

exist.

v
4. The solution vectors ( ) are the eigenvectors associated to \.
w

Remark 6.13. Let A be a 2 X 2 matrix.

30
o If A is the matrix 3/ = 0 3) then the only eigenvalue is 3, and every vector is

an eigenvector with eigenvalue 3. If A = al for some other scalar a, a similar thing
happens.

e Otherwise, for each eigenvalue A, the system (A — AI)v = 0 amounts to one nontrivial
equation (the other is redundant), so the eigenvectors associated to A will be the
scalar multiples of a single nonzero vector. In this case, if \ is real, then the set of all
real eigenvectors forms a line through the origin, called the eigenline of .

O Thursday, September 23 ————
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7. DERIVATIVES AND INTEGRALS OF FUNCTIONS WITH SCALAR INPUT, VECTOR OUTPUT
7.1. Derivative of a vector-valued function.
7.1.1. Definition and physical interpretation.

Definition 7.1. The derivative of a vector-valued function r(¢) is the vector-valued function

r'(t) := lim

h—0

r(t+h) —r(t)
- .

dr
(Alternative notation: %) It measures the rate of change of r at each time ¢. For example,

if r(¢) is the position of a moving particle at time ¢, then r'(¢) is its velocity at time t.

7.1.2. Calculating the derivative. Derivatives can be calculated coordinate-wise:

, 3 ) 3t?
For example, if r(t) = L) then r/(t) = )
cos —sin

This holds because all the ingredients used in the definition of derivative (vector subtraction,
scalar multiplication by 1/h, and limits) can be calculated coordinate-wise. It’s the same in
3D.

Advice: Use the definition to understand the derivative physically, but work coordinate-wise
to calculate it.

7.2. Integration of vector-valued functions.
Similarly, the definite integral

b
[ 0= >ee

(where [a, b] is subdivided into n subintervals of width At, and ¢],...,t! are sample points,

one in each subinterval) can be computed coordinate-wise: for example,

& : B\ (14
For example, if f(t) = L then / f(t)dt = : = :
CoS 0 sint|, sin 1

Also, there is a fundamental theorem of calculus for vector-valued functions: if () = F’'(¢),
then

/bf(t) i —F(0) - Fla).

a total change
integral of a rate of change

It follows from the scalar function version.
35



7.3. Acceleration. Recall: If r(¢) is the position of an object at time ¢, then its velocity at
time ¢ is v(t) := r'(¢). Next, its acceleration at time ¢ is a(t) := v'(t) = r”(t). All of these are
vector-valued functions.

On the other hand, its speed is |v(t)[; this is a scalar function whose values are nonnegative.

Question 7.2. What does it mean if a particle’s position vector r(t) satisfies d{‘ﬁl = 0 for all
t?

Answer: The length of the position vector is constant, so the particle is staying on a sphere
centered at the origin.

7.4. Differentials. In 18.01, for a function u(x), one defines du := v'(x) dv Here du and dx
are differentials (not numbers, not vectors, not matrices, but a new kind of object — it does

(t)

act like a tiny number, though). Similarly, for a vector-valued function r(t) = | y(¢) |, one

2(t)

defines the “vector-valued differential”

dr =1'(t) dt,
which is the same as
dx x'(t) dt
dy | = | ¥ (t)dt
dz 2/(t)dt

Informally, one imagines dt as being a very tiny number, and dr is a tiny vector measuring

the change in position during the short time interval from time ¢ to time t 4 dt.

7.5. Arc length. Next define

ds = |dr| := |v'(t)| dt = \/2'(t) + 2/(t)2 dt.

Informally, ds measures the distance travelled during the same time interval [t,t 4 dt]. To get
the total distance s(t) travelled along the trajectory from a starting point r(0) to a variable
end point r(t), one “adds up” the distance travelled over all the tiny time subintervals, by

s(t):/otds:/0t|r’(u)|du.

(The w in the integral can be thought of as a variable number increasing from 0 up to ¢;

integrating:

we couldn’t just use t, because the name ¢ is already being used, as the upper limit of the

integration.) This scalar-valued function s(t) is called the arc length function.

¢
/dr?
0

t
Question 7.3. What are the physical meanings of / |dr| and
0
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Solution. The first one is the definition of arc length s(¢), which measures distance along the
trajectory from the starting point r(0) to the end point r(¢). On the other hand, “adding
up” the infinitesimal changes in position vector gives the total change in position vector,

/ dr =r(t) — r(0), by the fundamental theorem of calculus, and the length of this vector is

0
the distance as the crow flies. 0

7.6. Unit tangent vector. Suppose that v(¢) # 0. Then v(¢) is a tangent vector to the

curve.

Definition 7.4. The unit tangent vector at r(t) is the unit vector in the direction of v(¢):
v

Informally, T is also the unit vector in the direction of dr = v(t) dt; then the identity
dr =T ds

is like the expression of a nonzero vector as a unit vector multiplied by a length.

7.7. Foci of an ellipse. (This section is just to help make sense of Kepler’s first law, and
to help with one of the homework problems.)
One way to write down an ellipse is to write an equation

2?2 P
Stn=1l
Here a is half the width, and b is half the height.

But if you were to ask an ancient Greek what an ellipse is, the answer would be:

Fix two points P and () and fix a number ¢ greater than P(). Then the locus
(possible positions) of a point R such that PR + R(Q) = { is an ellipse.

The points P and @ are the foci (plural of focus) of the ellipse.
Another property of the foci: Inside an elliptical room with mirror walls, if you place a
light at one focus, the rays will reflect and meet again at the other focus. (Same for sound.)

7.8. Kepler’s second law. In the early 1600s, Johannes Kepler noticed that Tycho Brahe’s
data on planetary motion was consistent with three laws:

(1) The orbit of a planet is an ellipse with the sun at one focus.

(2) A planet moves in a plane containing the sun, and the line segment connecting the
sun to the planet sweeps out area at a constant rate.

(3) The square of the period of revolution of a planet about the sun is proportional to

the cube of the major semiaxis of its elliptical orbit.

Another law: “Gravitational force F is central”, which in mathematical terms says
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(2") Acceleration is central, that is, the planet’s acceleration vector a is always parallel to

the vector from the sun to the planet.
Theorem 7.5. Kepler’s second law (2) is equivalent to the “acceleration is central” law (2').

Proof. Let the origin be where the sun is. Let r = r(¢) be the position vector of the planet.
Let A = A(t) be the area swept out from time 0 to time ¢.
Between time t and t + dt,

1
dA =~ Area(triangle) = 5 lr x dr|.

Divide by dt to get a rate:
dA dr|
dt dtl
So far, this was just setting things up. Now, to prove equivalence, we prove that each law

1 1
:—‘rx —|r x v].
2 2

implies the other.
A
— : Suppose that Kepler’s second law holds: — is constant. Then |r x v| is constant.
But the direction of r x v is also constant since it is perpendicular to the plane of motion

(and by continuity cannot suddenly switch to the opposite direction). Thus r X v is constant.
So

d
%(r X V) =0.
On the other hand, by a rule for differentiating a cross product (from the textbook reading
for today),
Loy =T v x D (important: keep the r and v in order)
—(r = — rXxX — ortant: keep the r a orde
p v o XV p importan p nd v in order

=VXV+rxa

=r X a.
Combining the previous two equations gives
r xa=_0.

This means that a is parallel to r.
<= The converse, that the acceleration being central implies Kepler’s second law, can
be proved by reversing the steps of the previous paragraph. O

N Friday, September 24 e——
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8. DERIVATIVES OF MULTIVARIABLE FUNCTIONS

8.1. Graphs and level curves of two-variable functions. Three ways to depict a
2-variable function f(z,y):

(1) Map of its values: At many points (x,y) in the plane, write the value f(z,y). For
example, if f(z,y) :=y(y + 1)/2 — = + 10, then the values at integer points are

30 29 28 27 26 25 24 23 22 21 20
25 24 23 22 21 20 19 18 17 16 15
21 20 19 18 17 16 15 14 13 12 11
18 17 16 15 14 13 12 11 10 9
16 15 14 13 12 11 10 9 8 7
15 14 13 12 11 10 9 8 7 6
15 14 13 12 11 10 9 8 7 6
16 15 14 13 12 11 10 9 &8 7
18 17 16 15 14 13 12 11 10 9
21 20 19 18 17 16 15 14 13 12 11
25 24 23 22 21 20 19 18 17 16 15

(the colored entry is f(0,0)).

(2) Graph: Above each point (z,y) in the plane, plot a point in R* whose z-coordinate is
the value f(z,y). Taken together, these points form a surface in R? called the graph
of f. Tt is the set of points in space satisfying the equation z = f(z,vy).

(3) Level curves: For each number h, the level curve at height h is the set of points (x,y)
in the zy-plane such that f(z,y) = h. In the example above, each level curve is a
parabola.

Question 8.1. Consider f(z,y) = 2? + y*. Its graph is a paraboloid. Draw level curves for
equally spaced values of h; these are circles in R? centered at (0,0), namely z? + 3> = h.
Then as one goes out, are the circles

(1) getting closer together
(2) occurring at equally spaced radii
(3) getting farther apart?

Answer: Getting closer together. The farther out you are, the steeper the paraboloid is, so
the shorter you have to go horizontally to get a given increase in height.

8.2. Partial derivatives.

8.2.1. Introduction via an example.
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Here is a map showing values of a function f(z,y) at integer points, with the colored value
at (0,0):
20 19 18 17 16 15
16 16 16 16 16 16
12 13 14 15 16 17
§ 10 12 14 16 18
4 7 10 13 16 19

If one starts at (0,0) and moves to the right, the value increases by 2 for each increase of

0 0
by 1; thus the rate of change, denoted 8_f(07 0), equals 2. (Note: 8_f is often pronounced
x x

0 0 0
“partial f partial ”.) Similarly, (9_f<0’ 0) =3, and 8_f(2’ —1) = 3. Since (9_f has potentially
Y T x

different values at different points, it is itself a function defined on the plane.

8.2.2. Definition.

: . . . .0
Definition 8.2. The partial derivative of f(z,y) with respect to x is a function —f whose

ox

value at (xo, o) is

e the rate of change of f(z,y) when x is varying near = = xy and y is held constant at
the value vy, or,

e more precisely,

of T f(zo+h,y0) — f(xo,%0)
%(%,yo) = }g% h

Other notations:
0
fa)(x())y())a <a_£)0

The 0 subscript on the derivative means “evaluate me at (g, yo)”.

d 0
Question 8.3. What is the difference between d_f and 8_f?
0 T

(if the limit exists).

d,
° d_f is used if f is a function of = alone.
X

e — is used if f is a function of several variables but we are measuring the rate of

change of f arising from a change in only the variable z.

The definition of % is similar to the definition of %
oy ox

8.2.3. How to compute 8_f
ox

View y as a constant and differentiate with respect to z. (And then evaluate at (z,yo) if

desired.) Example: If f(z,y) = 23y°, then f, = 32%y° and f,(2,1) = 12.
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0
Question 8.4. Let f(x,y) = ¥ for (z,y) in the half-plane z > 0. What is a—f?
Y

Possible answers:
(1) 2¥ Inx
(2) y
(3) 0
(4)

0
Answer: (1). Computing 8_f is like computing
Y

¥l

None of the above

d d
— Y = —e¥In2 — yn279 — 9¥ 19

dy dy

except with a “constant” x in place of the 2. So the answer is ¥ Inx.

8.3. Second partial derivatives. To calculate the second partial derivative
0 g (0 0% f
f:ry - (f:r)y - a_yfz - a_y (%f) - m;
first take the z-derivative of f, and then take the y-derivative of the result. The other second
partial derivatives are f,,, fy., and f,,. For example,
0 f
fzx - W
x

For most functions arising in practice, including any function for which all the second partial
derivatives are continuous, fz, = fyz. So usually you don’t have to worry about the order in

which you take derivatives.

8.4. Total derivative. If f: R?> — R is a function of  and ¥, then the total derivative is the

af o
ran = (3 3.

whose value at each input point (2o, yo) is the 1 x 2 matrix of partial derivatives at that point.

1 X 2 matrix of functions

(Alternative notation: (Df)(x).) The dimensions of the matrix are the same as they would
be for a linear transformation R?* — R (but f here doesn’t have to be a linear transformation)

Example 8.5. Let f(z,y) := 23y°. This is a function f: R? — R, but it is not a linear
transformation since z3y° is not just a linear combination of the input variables x and y. The
total derivative of f is

fla,y) = (3272315 5x3y4)
and its value at (2,1) is the 1 x 2 matrix of numbers

F(2,1) = (12 40) .
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In general, for a function

f: R" — R™

I jﬁ(%l,...,In)
— ,

Tn fm(xlw"7$n>

the total derivative of f is the m X n matrix of functions

oh . 0k
8x1 8xn
f'(x) == : : ,

Ofn . O

0xy ox,,
whose value at any input point in R™ is an m x n matrix of numbers. The m rows correspond
to the coordinate functions fi,..., f,, of f, and the n columns correspond to partial derivatives

0
with respect to different input variables —, ..., —.
8$1 6xn
Example 8.6. For the function
f: R* — R’

the total derivative is

2vy 2’
f'(x,y) = ,
(z) (sin Y T CoS y)

and its value at any input point (xg,yo) like (2,3) is a 2 x 2 matrix of numbers.

8.5. Linear approximation.

8.5.1. Warm-up: single-variable function.
Question 8.7. How do you estimate f(x) for « near 37
Another way to state the question:
Question 8.8. How does f(3 + Az) compare to f(3), when Az is a small number?

(Below we’ll use green for constants that do not depend on Az.)
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Answer (assuming that f is differentiable). The change Az in the input gets approximately
magnified by the derivative f’(3):

Af ~ ['(3) Az
B3+ Az) — f(3) = f'(3) Ax
f(3+Ax) = f(3)+ f(3) Ax. O

More generally, for any initial input number z(, there is the relative change formula
Af =~ f'(zg) Ax.

and the linear approximation formula

flzo+Ax) = f(zg) + f(x0)Ax

starting value adjustment

that gives the best linear approximation to f(z) for z := x¢ + Az near x.
Another way to write the linear approximation formula (substitute x = xy + Az, so

Ax = x — x9): When z is close to the number z,
f(@) & f(xo) + f'(20) (x — o).
The following problem was not discussed in lecture.
Problem 8.9. Let f(z) := v/ + 1. Estimate f(3.1).

Solution. We have f(3) =2, f'(z) = L(x+1)7"2, f'(3) = 1/4, s0 f(3.1) = f(3)+ f(3)(0.1)
2+ (1/4)(0.1) = 2.025.

(I

8.5.2. Two-variable function. For f(z,y), the boxed formulas are the same except that x,
and Ax are vectors, and f'(xg) is now the total derivative. For example, the relative change
formula for f(z,y) says

Af =~ f'(x0) Ax
(9, () (%)

_ (o of
= (or), 2+ (), 2

so the relative change formula expands to become

~ (2f of
o= ()4 (),

(it tells you approximately how much f changes in response to changes in = and y).

The new value f(xg+ Az, yo + Ay) is the old value f(xg,yo) plus the change Af; this gives

the linear approximation formula
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: 0 0
flzo+ Az, yo + Ay) = f(zo,%0) + i Azr  + of Ay
starting value al 0 8U

adjustment from Ax adjustment fI()IIl Ay

Another way to write the linear approximation formula:

f(x,y>~f<azo,yo>+<(?f) <x—xo>+(0;f) 0.
oxr ), 9/,

The approximation can be expected to be reasonably good if (z,y) is close to (zg,yo) and the
partial derivatives are continuous in a neighborhood of (xg, o), so that they don’t change
too suddenly.

’I‘uesday, September 28 e—————

Problem 8.10. A point P in R? is near (—12,5), but its coordinates could be off by as much
as 0.1 each. How far is P from the origin? Estimate the maximum error.

Solution. Let f(x,y) = /2> + y%. Then f, = \/x— and f, = _\/Tz/?’ 50

flz,y) = f(=12,5) + f.(=12,5) Az + f,(—12,5) Ay

12 5
3T AT T gAY
which is 13 with maximum error of absolute value
12 5
1 1)~ 0.13.
13 (0.1) + 13 (0.1) ~
(The worst error occurs when (Az, Ay) = (—0.1,0.1) or (Az, Ay) = (0.1,—-0.1).) O

8.5.3. Three-variable function and beyond. This section was not explicitly covered in lecture.

Approximation can be done for functions of more than two variables too.

Question 8.11. What is the best linear polynomial approximation to a 3-variable function
f(z,y, z) for inputs near a starting point (xg, yo, 20)?

As one moves from (zg, yo, 20) to (z,y, z), the relative change formula says that Af is
caused by Az, Ay, Az, each magnified by the corresponding partial derivative:
. Af s ~ (.f:c)O A.CB + (fy)O Ay + (fz)l) AZ
This gives the linear approximation formula

f(.T,y,Z) :f(iCo,yo,Zo)—i‘ Af

starting value change in f

f(z,y,2) = f(x0,90, 20) + (f2)o (. — 20) + (fy)o (¥ — yo) + (f2)o (2 — 20).
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9. MAXIMUM AND MINIMUM

9.1. Review of 1-variable max/min.

1. Identify the function f(z) to be maximized.

2. Identify the domain I on which f is to be maximized. This is the set of inputs of f that are
under consideration. It is not necessarily the whole real line R. For a 1-variable function,
usually the domain [ is an interval in the real line, such as (—o0, 3] or (=4, —3) or ....

3. Check all of the following to find potential maxima:

A. critical points in I (points where f’(x) = 0)

B. points in I where f'(z) is undefined

C. behavior of f(z) as x — 0o or x — —oo (if applicable)

D. boundary behavior (value/limit at the endpoints of 7).

The global max is to be found among these points, so evaluate f at these points to find the
maximum value. ( Warning: If the values of f become larger and larger as = approaches
+oo or an endpoint of I, then the global max does not exist.)

Here are some examples illustrating A—D above:

e The global max of f(x) := —z% on R occurs at # = 0 where the derivative f'(z) = —2x
becomes zero.

e The function f(x) :=5—|z| on R has a global max at « = 0, where f’(x) is undefined.

e Consider the function f(x) := 23 — 3z on R. Its derivative f’(z) = 32? — 3 becomes 0
at x = £1. But neither x = —1 nor = 1 is a global max; in fact, f(z) — +o0 as
x — +00, so a global max does not exist.

e Consider f(z) := x® — 3z again, but this time restricted to the interval [—10,10]. As
before, f'(z) = 0 if and only if x = £1. We have f(—1) = 2 and f(1) = —2, but
the global max on [—10, 10] actually occurs on the boundary of the interval, where
£(10) = 970.

9.2. Constraint inequalities and constraint equations. Not covered at this point in
lecture, though it should have been.
For a function in more than one variable, the domain is typically more complicated than

an interval.

Example 9.1. The set of points (z,y) in R? satisfying the constraint inequalities x > 0, y > 0,
and 2z + 3y < 6 is a solid right triangle T (with the hypotenuse missing). A real-valued
function f could have domain 7', in which case one would write f: T — R.

Example 9.2. The set of points (x, y, z) in R? satisfying the constraint equation z%+y*+2? = 4
is a sphere of radius 2. In contrast, 22 + y? + 22 < 4 defines a solid ball in R3. Similarly,

2% 4+ y? = 9 defines a circle in R?, while 22 + 3% < 9 defines a disk.
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9.3. Dimension. Not covered at this point in lecture, though it should have been.
The dimension of a set is how many parameters are needed to specify a point in the set.
(To make this definition precise would require more care; we won’t worry about this in 18.02.)

Examples:

e Any given circle is 1-dimensional (need only one parameter 6 to distinguish different
points on it).

e A disk is 2-dimensional (need r and 6).

e The plane R? itself is 2-dimensional (need x and y).

e A point is 0-dimensional.

Usually, each constraint equation reduces the dimension by 1. This leads to the following:
Rule of thumb: Usually, if a set defined by e constraint equations in n variables,
it will be (n — e)-dimensional.
Example 9.3. The constraint equation
rT+2y+3z=5

defines a 2-dimensional set (a plane).

Example 9.4. The constraint equations

2 +y? + 22 =100

rT+2y+3z=5
define a 1-dimensional set (a circle, arising as the intersection of a sphere and a plane).
Warning 9.5. Tt is not always true that each constraint equation reduces the dimension by 1.

Constraint inequalities usually do not affect the dimension.

9.4. Boundary. Not covered at this point in lecture, though it should have been.

Rather than define the boundary of a set precisely, let’s give some examples.
Question 9.6. What are the boundaries of the following sets?

e The disk 2% + 92 < 1.
Answer: The circle 22 + y? = 1.

e The first quadrant, where z > 0 and y > 0.
Answer: The nonnegative parts of the z- and y-axes.

e The interval consisting of numbers x such that 3 < x < 5.
Answer: The two points x = 3 and x = 5.

e The circle 2% + y? = 1.

Answer: No constraint inequalities, so no boundary!
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e The arc of the circle 22 4+ y* = 1 given by 0 < 0 < /4.
Answer: The points (1,0) (where § = 0) and (v/2/2,v/2/2) (where 6 = 7/4).
General rule of thumb: To find the boundary, take one of the constraint inequalities and
change it to =; this gives one piece of the boundary. Then do this for each constraint
inequality to get all the pieces of the boundary.

In particular, if there are no constraint inequalities, there is no boundary.
Another rule of thumb: For a set R,
dim(boundary of R) =dim R — 1
(if there is a boundary at all).
Example 9.7. A disk in R? is 2-dimensional. Its boundary is a circle, which is 1-dimensional.
9.5. Critical points.

Definition 9.8. A critical point for f(x,y) is a point (a,b) such that f.(a,b) = 0 and
fy(a,b) =0.

Question 9.9. What are the critical points of f(x,y) := 2% + y3 — 3y?

Solution: Compute the partial derivatives, and set them equal to 0:
4% =0
3> —3=0.
Solving this system gives x = 0 and y = £1. So the critical points are (0,1) and (0, —1).
9.6. Global and local extrema.

Definition 9.10. The function f(z,y) has a global maximum at the point (a,b) if f(x,y) <

f(a,b) for all points (z,y) in the domain of f (that is, for all points (z,y) where f(z,y) is
defined).

Global minimum is similar.

Example 9.11. If f(z,y) = (z — y)? + 5, then every point along the line z = y is a global

minimum.

Definition 9.12. The function f(z,y) has a local maximum at the point (a, b) if there exists
some number € > 0 such that at every point (z,y) in the domain whose distance to (a,b) is
less than €, the inequality f(x,y) < f(a,b) holds. In other words, (a,b) might not be a global

maximum, but it becomes a maximum if one restricts the domain to a small neighborhood of

(a,b).
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Local minimum is similar.
Every global max is automatically a local max.
Drew a level curve diagram, waved the chalk over it, and asked the students to yell whenever

it crossed a local min or local max.

Theorem 9.13. Every local maz (or local min) is a critical point, assuming that the partial

derivatives exist at the point being tested.

Proof. The point has to be a local max for the partial functions obtained by plugging a
number into one of the variables, so by one-variable calculus, the derivatives of the partial

functions are 0 there if they exist. 0

Question 9.14. True or false: Every critical point of a function f(x,y) is either a local min
or a local max. (Hint: What happens for functions of 1 variable?)

Answer: False. Here are two counterexamples.
(1) f(z,y) := 23 has a critical point at (0,0), but it is not a local max (because there are
nearby points to the right where f(z,y) > 0), and not a local min (because there are
nearby points to the left where f(z,y) < 0).

=271 -8 -1 0 1 8 27
-27 -8 -1 0 1 8 27
-2 -8 -1 0 1 8 27
-2r -8 -1 0 1 8 27
=271 -8 -1 0 1 8 27
-2 -8 -1 0 1 8 27
-2 -8 -1 0 1 8 27

(2) f(x,y) == 2* — y? has a critical point at (0,0), but it is neither a local max nor a
local min, because there are nearby points (on one axis or the other) where the value

is larger or smaller than 0.

0O -5 -8 -9 -8 -5 0
5 0 -3 -4 -3 0 5
g8 3 0 -1 0 3 8
9 4 1 0 1 4 9
8 3 0 -1 0 3 8
5 0 -3 -4 -3 0 5
0 -5 -8 -9 -8 =5 0

9.7. Solving unconstrained max/min problems.
General method for solving a max/min problem (without constraint equations):

1. Identify the function f(x,y) to be maximized.
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2. Identify the domain R on which f is to be maximized.

e Easy case: only constraint inequalities or no constraints, so that the dimension
of R equals the number of variables, which for this function is 2. (Example:
constraint inequalities =,y > 0 defining the first quadrant.)

e Hard case: constraint equation(s), so that the dimension of R is less than the
number of variables. (Example: constraint equation z? +y* = 1 defining the unit
circle, which is of dimension only 1.)

Assume that we are in the easy case. (In the hard case, a more sophisticated method

is needed: Lagrange multipliers.)

3. Check all of the following to find potential maxima:

A. critical points in R (points where f, = 0 and f, = 0 simultaneously)

B. points in R where f, or f, is undefined

C. behavior at oo (what happens to f as (z,y) — oo in R?)

D. boundary behavior (if there are constraint inequalities) — this may lead to another,
lower-dimensional max/min problem (and, even in the “easy” case, this might
require Lagrange multipliers if you can’t parametrize the boundary).

The global max (a,b), if it exists, is to be found among these points, so evaluate f at

these points to find the maximum value. (Warning: If the values of f become larger

and larger as (z,y) approaches the boundary or oo, then the global max does not

exist.)

The method also works for finding max/min of functions in 3 variables on a 3-dimensional
region, and so on.

Terminology: the global maximum is the location (a,b), but the maximum value is f(a,b).
In any max/min problem, you will need to determine which is being asked for.

Midterm 1 on Thursday, September 30.

Friday, October 1

Example 9.15. Find the point on the surface xy2? = 2 closest to the origin.

Solution: There is a constraint equation (3 variables, but only 2-dimensional domain), but
fortunately we can eliminate z by solving for z.

Exploit symmetry: The surface lies in the regions where xy > 0, which means that x,y > 0
or z,y < 0. Because of the symmetries



that preserve the equation of the surface, it’s enough to consider the parts with x,y > 0 and
z > 0: this is the set of points of the form

€, Y, —_
Ty

1. What function do we want to minimize? Shortcut: The point where distance is minimized

for x,y > 0.

is the same as the point where distance? is minimized; let’s use distance? since it has a
simpler formula, namely
fa,y) =ty +
xy
2. What is the region R? Since we are considering x,y > 0 only, R is the first quadrant.
(It’s 2-dimensional, so we don’t need Lagrange multipliers.)

3. A. Critical points: solve

2

7y

2

Y p—— |
fy y ny
These lead to

iy =1

zy’ =1,

which imply 23y = 2y3, and we may divide by xy to get 22 = y?, so x = y or z = —.
Since z,y > 0, we must have 2 = y. Then 2* = 1, and z > 0 so 2 = 1. Thus the only
critical point is (z,y) = (1, 1).

B. Points in R where f, or f, is undefined: none. (The points where x =0 or y = 0 are
not part of R.)

C. Behavior as (z,y) — oo: as x or y grows, the function f(x,y) tends to +oo (because
of the z* and y? terms in f(x,y)), so it’s not approaching a minimum out there.

D. Boundary behavior: As x — 0 (from the right, while y is bounded), the function f(x,y)
tends to +oo (because of the %y term in f(x,y)), so it’s not approaching a minimum
there. Same if y — 0.

Conclusion: f(z,y) is minimized at (z,y) = (1,1), and z = v/2 there, so the point is (1,1,v/2).
The other symmetric points are (1,1, —v/2) and (=1, —1,v/2) and (=1, —1, —v/2). (And the
minimum value of the distance is /D(1,1) =v1+1+2=2.)

The following good question came from a student:
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Question 9.16. The point (1,1, \/5) we computed seems to be the point with minimum
height, closest to the xy-plane (among those on the piece of the surface above R), but how
do we know that there isn’t another point on the surface that is even closer to the origin?

Answer: The function we minimized was not the z-coordinate of a point on the surface,

but the squared distance to the origin, so the point we computed is truly the one closest to

the origin.
Another way of saying this: we found the lowest point on the graph z = f(z,y) above R,
2
but this graph is different from the piece of the original surface, which is given by z = 4/ —.
Y

If we had wanted the point closest to the xy-plane, we would have instead minimized the

[ 2
z-coordinate, which is given by the function 4, /—: in that case, the minimum does not exist
Ty

[ 2
since 4/ — can be made arbitrarily close to 0 by taking x and y to be large positive numbers.
xy

9.8. Least squares interpolation. Problem: Given data points (x1,41), ..., (Zn,y,) that
approximately lie on an unknown line y = ax + b, find the line.

What are the unknowns here? a and b!

Given a candidate line y = ax + b, how do we measure how good of an approximation it
is? For each input x;, the line predicts an output of ax; + b, but the actual output was y;, so
the error in the prediction is |y; — (ax; + b)|. Then the total error from all the data points
would be

S Iy — (azi + ),
=1

and we want to find a, b that make this small. Because of the absolute values, the partial
derivatives of this function do not exist everywhere, which complicates the minimization

problem, so instead we try to minimize the sum of the squares of the errors.

Definition 9.17. The least squares line (the “best” line) is the one for which

D= Z(y — (az; + b))

1S minimum.

This D is a function D(a,b).
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The minimum occurs where %—’3 and %—lg are both 0. Instead of expanding out D, use the
chain rule:
oD
e 22(% — (az; +0))(—z;) =0
i=1
oD
= > 2(y; — (az; +b))(~1) = 0.

i=1
This is a system of two linear equations in a and b (remember: the z; and y; are given
numbers). Solving for a and b gives the best line.

The same method can be used to approximate data points by the graph of an unknown
quadratic function y = ax? + bx + c.

How do you know what kind of function to use? Maybe the source of the data suggests
that a particular shape of function is the right answer. Or maybe the data themselves look
as if they can be fitted with a parabola, or . ...

If you suspect that x and y are related by a power law, a function y = cz?, then plot Inx
versus In y so that the relationship is linear again:

Iny=C+dlnz,

where C' := Inc and d are constants to be solved for. In other words, find the line that best

approximates the points (Inx;, Iny;); this gives C' and d.
9.9. Second derivative test for two-variable functions.

9.9.1. Introduction: estimating a two-variable polynomial near (0,0). The degree of a mono-
mial is the sum of the exponents; for example, the degree of 2%y is 5.

The monomials in a two-variable polynomial f(z,y) can be grouped by degree, and in
estimating f(x,y) near (0,0), it is the lowest degree terms that matter most (z is much larger
than z2, for instance).

Example 9.18. Suppose that

flz,y)= 5 (the constant term is f(0,0))
+2x+ Ty (these coefficients are f,(0,0), f,(0,0))
+ 2% + 6y + 1142
4.

After the 5, the terms that matter most for (z,y) near (0,0) are the 2x and 7y. The best
linear approximation is 5 + 2z + 7y. As one moves from (0,0) to the right, f(z,y) increases;
as one moves to the left f(z,y) decreases; and so on — the monomials of degree > 2 are too

small to interfere with this when (z,y) is close to (0,0).
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A linear combination of the variables, like 2x + Ty, is called a linear form. A linear
combination of the degree 2 monomials, like 22 4 6xy + 1132, is called a quadratic form.

Example 9.19. Suppose that

flz,y)= 5 (the constant term is f(0,0))
+ 0z + Oy (f2(0,0) and f£,(0,0) are 0)
+ 2% + 6y + 1197
4.
This time f(z,y) has a critical point at (0,0). To determine whether nearby values are

greater or less than the value f(0,0) = 5, what matters most is whether the nearby values of

the quadratic form z? + 6zy + 11y? are positive or negative.

To understand functions like this, we’ll develop a general method for testing whether a

quadratic form is positive/negative near (0, 0).

9.9.2. Behavior of quadratic forms. Examples of critical point behavior at (0,0):

e 22 4+ 42 has a local min,

e —2% — 42 has a local max,

e 22 — 1 has a saddle point.

(A saddle point is a critical point that is neither a local min nor a local maXED

Example 9.20. f(z,y) = 22 + 62y + 11y*. Complete the square: it’s (z + 3y)? + 2¢?, so it
has a local min at (0, 0).

A general quadratic form can be written in the form
1 1
flz,y) = §Ax2 + Bry + §C'y2.
(The reason for putting % in the formula is so that
frx:Aa fxy:fya::B7 fyy:C
at (0,0).) Let’s suppose that A # 0. Completing the square rewrites f(z,y) as
Al B ? L (AC- B*\ ,
o \" T4 A
and its behavior depends on the signs of the coefficients in front of the squares.

4Sometimes people require more before they call a critical point a “saddle point”: they may require the
graph to curve upward along one line through the point, and downwards along a line in a different direction,

like a saddle on a horse or like a Pringles potato chip.
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Case Conclusion

AC —B?>>0and A> 0| local min

AC — B?>0and A< 0| local max
AC — B? <0 saddle point
AC —B?>=0 inconclusive

The formula AC — B? can be remembered as a determinant:

so_ g |A Bl fal
B C fyo Jyy

L Tuesday, October 5

9.9.3. Second derivative test. The same table lets one analyze functions that are more

complicated than quadratic forms:

Second derivative test: Suppose that f(z,y) has a critical point at (a,b) (that is,
fz(a,b) =0 and f,(a,b) =0), and that all second derivatives exist and are continuous in a

neighborhood of (a,b). Define

A= fu.(a,b), B := fy,(a,b), C = fyy(a,b).

Then the type of the critical point is given by the table above. This works even when A = 0.
“Inconclusive” means that it could be anything: a local min, a local max, or a saddle point

(possibly a weird one).

Warning 9.21. It’s not OK to use the second derivative test when there is a constraint

equation!
9.9.4. An example.
Question 9.22. What kind of critical point does
fla,y) = ay(z —y) = 2%y — xy?
have at (0,0)?

Calculate all the partial derivatives up to second order:

fo=2xy —y°
fy = z? — 2xy
Jaw =2y
Jay = fo =20 -2y
fyy = —22.
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Since f, and f, are 0 at (0,0), there is a critical point there. Next,

A= f,.(0,0) =0
B = £.,(0,0) =0
C:= f,(0,0) =0.

Since AC — B? = 0, the second derivative test is inconclusive.

So, what next? The lines x =0, y = 0 and x — y = 0 divide the plane into six regions on
which f(x,y) is alternately positive or negative (to see which are which, evaluate f at a point
in each region). So f(x,y) has neither a local min nor a local max at (0,0). In fact, it has
what is called a monkey saddle: there are three negative regions, two for the legs and one for
the tail.

Y
left leg
+
_|_
> T
tail —
—|— right leg

Challenge: Find a surface that has an octopus saddle!

10. MORE ON DERIVATIVES OF A MULTIVARIABLE FUNCTION

10.1. Differentials. The total differential of f(z,y) is

df .= fl(x) dx

total derivative

() (3)

df = fydx + f, dy.

This should remind you of the relative change formula

In other words,

Af = f, Az + f, Ay.
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10.2. Chain rule. In 18.01, if f is a function of x, and x is a function of ¢, then the chain
rule says that

d
o/ @) = f(t) /().
If instead f = f(z,y), where z = z(t) and y = y(t), then in terms of the vector quantity

x= "] one has f = f(x) and x = x(t), and the analogous formula is

d ! /
S fx(t) = fix(t) x(t)

total derivative
B (f F ) dx/dt
S\ ) \dy/dt )

Thus the (multivariable) chain rule says

a
dt

dx dy
fxa + fy%

One way to remember this: “divide df := f, dx + f, dy by dt”.
The chain rule can also be written as

df _9fde  Ofdy
dt — Oxdt  Oydt

One can also use a dependency diagram to remember the chain rule:

I
of of
x y
t
t dt

This shows that f is a function of x, y, that x is a function of ¢, and that y is a function of ¢.
A change in t is magnified by the factor dx/dt to produce a change in x, which is magnified
by df/0x to produce a change in f; simultaneously, the change in ¢ is magnified by the factor
dy/dt to produce a change in y, which is magnified by 0f/dy to produce a change in f. Thus
the total magnification factor by which changes in ¢ produce changes in f is

A _0fdr  0fdy
dt  Oxdt Oydt
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Example 10.1 (more complicated version). Suppose that Q@ = Q(u,v,w) where u = u(z,y),
v=1v(x,y), and w = w(z,y). The dependency diagram

shows that
Q) B 8Q8u+0Q@+@8_w

Or  Oudxr  Ovor  Owor

and @ is similar.

dy
Most general chain rule: If f and g are differentiable functions with vector input, vector
output, such that f(g(x)) is defined, then the total derivative of f(g(x)) is the matrix product

f'(g(x)) g'(x).

10.3. Using the chain rule to derive the product and quotient rules.

Example 10.2 (Product rule). If f = uv where u = u(z) and v = v(x), then
df du dv
In other words,

d
dx

The quotient rule can also be obtained this way.

(uwv) = vu' + uv'.

10.4. Review: definitions of cos and sin. What is the meaning of cosf and sin 67

P = (cos@,sin0)

(1,0)
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Definition 10.3. Draw a unit circle centered at the origin. Let P be the point reached by
going 6 units counterclockwise from (1,0). (If 6 is negative, this means going clockwise.)
Then

cos 0 := z-coordinate of P

sin ¢ := y-coordinate of P.
Example 10.4. cosm = (z-coordinate of (—1,0)) = —1.

10.5. Review: polar coordinates. A point P in the plane can be specified in rectangular
coordinates x,y or in polar coordinates r, . Here r means OP, the distance from P to the
origin, and # means the angle measured counterclockwise from the positive z-axis to the ray
ﬁ. The value of # is not completely determined by P, since one can add any integer times

2.
Then
Yy sin ¢
and we get the conversion formulas
x =rcosf
y =rsinf.
for going from 7,0 to x,y.

Problem 10.5. In reverse, given z,y, how can we find r, 67

Solution. Finding r is easy: r = /22 + 2.

Finding 6 is trickier. If z = 0 or y = 0, then (x,y) is on one of the axes and 6 will be an
appropriate integer multiple of 7/2. So assume that x and y are nonzero. The correct 6
satisfies tan § = y/x, but there are also other angles that satisfy this equation, namely 0 + k
for any integer k. Some of these other angles point in the opposite direction. In particular,
tan~!(y/x) might be in the opposite direction. By definition, the angle tan™!(y/x) always
lies in (—m/2,7/2), pointing into the right half plane, so it will be wrong when (z,y) lies
in the left half plane; in that case, adjust tan~!(y/z) by adding or subtracting 7 to get a
possible . Finally, if desired, add an integer multiple of 27 to get the principal value, which is the 6 in the
interval (—m, ). The “2-variable arctangent function” in Mathematica and MATLAB looks not only at y/x,
but also at the point (z,y), to calculate a correct 6:

0 = ArcTan[x,y] = atan2(y,x) .
Mathematica MATLAB
Warning: Some people require 6 € [0, 27) instead.
Warning: In MATLAB, be careful to use (y,z) and not (z,y).

An alternative approach to finding 6 is to use cos = x/r or sinf) = y/r, but again one

may need to adjust to get the quadrant right. 0]
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Thursday, October 7

Problem 10.6. Convert (x,y) = (—1, —1) to polar coordinates.

Solution. First, r = /(=1)2+4 (=1)2 = /2. Evaulating tan~!(y/z) at (—1,—1) gives
tan~!(1) = 7 /4, pointing in the direction opposite to (—1,—1). Subtracting 7 gives —3m/4
as a possible #. (The other possible angles 6 are the numbers —37/4 + 2wk, where k can be
any integer.) O

3
Question 10.7. At a time when a particle is at (4,3) and has velocity vector ( 1> (in

-
rectangular coordinates), what is %?

Solution 1. View r = r(z,y) and @ = z(t), y = y(t). Namely, start with r = /22 + 32, and

apply the chain rule
dr  Ordx Ordy

@t ordt  oydt

Here
or 1, o —1/2 x
- o) = —
92 = 3 H e =
or 1, 2\—1/2 Y
— =—(z"+ 2y) = ——,
oy 2ty () NCEST:
which at (4,3) are 4/5 and 3/5. Also, at the given time da/dt (3 , SO
dy/dt -1
dr  Ordx n or dy
dt — Oxdt Oydt
4 3
=—-3)+ (-1
S(3)+ (1)
_ 0
5
Solution 2 (mostly avoiding square roots). Start with
2= g2 42
d
Apply —:
ppLy dt ] ] ]
r x Yy
2r— = 20— + 2y—.
i a T
At the given time, r = 5, so this becomes
dr
2(5)— =2(4)(3) +2(3)(=1),
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which again leads to
dr 9
- _Z OJ
dt 5
11. COMPLEX NUMBERS

Complex numbers are expressions of the form a + bi, where a and b are real numbers, and
i is a new symbol. Multiplication of complex numbers will eventually be defined so that
i? = —1. (Electrical engineers sometimes write j instead of i, because they want to reserve i
for current, but everybody else thinks that’s weird.)

Just as the set of all real numbers is denoted R, the set of all complex numbers is denoted
C. The notation “a € C” means literally that « is an element of the set of complex numbers,
so it is a short way of saying “a is a complex number”.

Question 11.1. Is 9 a real number or a complex number?

Possible answers:
1. real number

2. complex number

3. both
4. neither

Answer: Both, because 9 can be identified with 9 4 0s.
11.1. Operations on complex numbers.

real part  Re(a + bi) :

a
b (Note: Tt is b, not bi, so Im(a + bi) is real!)

imaginary part Im(a + bi) :

complex conjugate a-+bi=a—bi (negate the imaginary component)
Question 11.2. What is Im(17 — 83i)?

Possible answers:

o 17
o 171
e 83
e —83
e 831
o —83i

Answer: The imaginary part is —83, without the .

(In lecture there was a joke about the Greek letter Z; you had to be there.)
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One can add, subtract, multiply, and divide complex numbers (except for division by 0).
Addition, subtraction, and multiplication are defined as for polynomials, except that after
multiplication one simplifies by using i2 = —1; for example,

(2 +3i)(1 — 5i) = 2 — Ti — 154
=17 - Ti.

To divide z by w, multiply z/w by w/w so that the denominator becomes real; for example,

2+3i 243 1+5 2+13i+152% —13+13i 1 1.

= = = = —= -1

1—5 1-—5 145  1-25%2 26

The arithmetic operations on complex numbers satisfy the same properties as for real
numbers (zw = wz and so On). The mathematical jargon for this is that C, like R, is a field. In
particular, for any complex number z and integer n, the nth power 2" can be defined in the
usual way (need z # 0 if n < 0); e.g., 23 1= 222, 2% := 1, 273 := 1/23. (Warning: Although there
is a way to define 2™ also for a complez number n, when z # 0, it turns out that 2™ has more than one
possible value for non-integral n, so it is ambiguous notation.)

If you change every i in the universe to —i (that is, take the complex conjugate everywhere),
then all true statements remain true. For example, 1> = —1 becomes (—i)> = —1. Another

example: If z = v + w, then Z = ¥ 4+ w; in other words,

for any complex numbers v and w. Similarly,

<
2
I

S
g

These two identities say that complex conjugation respects addition and multiplication.

11.2. The complex plane. Just as real numbers can be plotted on a line, complex numbers

can be plotted on a plane: plot a + bi at the point (a,b).
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Addition and subtraction of complex numbers have the same geometric interpretation as
for vectors. The same holds for scalar multiplication by a real number. (The geometric
interpretation of multiplication by a compler number is different; we’ll explain it soon.)
Complex conjugation reflects a complex number in the real axis.

The absolute value (also called magnitude or modulus) |z| of a complex number z = a + bi

is its distance to the origin:

la + bi| := Va2 + b? (this is a real number).

For a complex number z, inequalities like z < 3 do not make sense, but inequalities like
|z] < 3 do, because |z| is a real number. The complex numbers satisfying |z| < 3 are those in
the open disk of radius 3 centered at 0 in the complex plane. (Open disk means the disk without

its boundary.)
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11.3. Some useful identities. The following are true for all complex numbers z:

z+z z2—Z
, Imz = —
2 24

Also, for any real number ¢ and complex number z,

Rez =

zZ =z, 7z = |z|%.

Re(cz) = cRez, Im(cz) = clmz.

(These can fail if ¢ is not real.)

Proof of the first identity. Write z as a 4+ bi. Then

Rez = a,

z+2z  (a+bi)+ (a— bi) .

2 2

Z+Z
5

The proofs of the others are similar.

so Rez =

+Zz

z
Many identities have a geometric interpretation too. For example, Re z = says that

Re z is the midpoint between z and its reflection Z.

11.4. Complex roots of polynomials.

real polynomial: polynomial with real coefficients

complex polynomial: polynomial with complex coefficients

Example 11.3. How many roots does the polynomial z* — 322 + 4 have? It factors as
(z—2)(z —2)(z + 1), so it has only two distinct roots (2 and —1). But if we count 2 twice,

then the number of roots counted with multiplicity is 3, equal to the degree of the polynomial.
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Some real polynomials, like 22 + 9, cannot be factored completely into degree 1 real
polynomials, but do factor into degree 1 complex polynomials: (z 4+ 3i)(z — 3i). In fact, every
complex polynomial factors completely into degree 1 complex polynomials — this is proved
in advanced courses in complex analysis. This implies the following;:

Fundamental theorem of algebra. Fvery degree n complex polynomial f(z) has exactly

n complex roots, if counted with multiplicity.

Since real polynomials are special cases of complex polynomials, the fundamental theorem
of algebra applies to them too. For real polynomials, the non-real roots can be paired off

with their complex conjugates.

Example 11.4. The degree 3 polynomial 23+ 22 —z+15 factors as (2+3)(z —1—24) (2 — 14-2i),
so it has three distinct roots: —3, 1 + 2i, and 1 — 2¢. Of these roots, —3 is real, and 1 4 2

and 1 — 27 form a complex conjugate pair.

Example 11.5. Want a fourth root of 7 The fundamental theorem of algebra guarantees
that 2z* — ¢ = 0 has a complex solution (in fact, four of them).

The fundamental theorem of algebra is useful for understanding all the eigenvalues, and
this is used in 18.03 for constructing solutions to linear ordinary differential equations (ODEs)

with constant coefficients.

11.5. Real and imaginary parts of complex-valued functions. Suppose that y(t) is a
complex-valued function of a real variable ¢. It can be expressed as
y:R—C
t—y(t) = f(t) +ig(t)
for some real-valued functions f(t) and g(t), namely f(t) := Rey(t) and g(t) := Imy(?).

Differentiation and integration can be done component-wise, as for vector-valued functions of

a single real variable:

t)+ig(t)
/ t)dt = /f dt+z/()d
2+ 30
Example 11.6. Suppose that y(t) = 1—:_ ' Then
it
o 2E3 243 1ot (24304032 (243t (3=
ST T v 1—at 1+ 12 “\1+e 1+e2)

The functions in parentheses labelled f(¢) and g(t) are real-valued, so these are the real and

imaginary parts of the function y(t). O
64



Friday, October 8

11.6. The complex exponential function. Raising e to a complex number has no a prior:
meaning; it needs to be defined. People long ago tried to define it so that the key properties
of the function e’ for real numbers ¢ would be true for complex numbers too. They succeeded,
and we will too!

Definition 11.7 (Euler’s formula). For each real number ¢,

e := cost + isint.

(The reason for this definition will be explained in 18.03. Briefly, it is that a function y(t) = e’ should have
the properties y'(¢t) = iy(t) and y(0) = 1, and the function cost + isint is the unique function with these
properties.)

Remark 11.8. Some older books use the awful abbreviation cist := cost + ¢ sint, but this belongs in a cispool

[sic], since e’ is a more useful expression for the same thing.

. X y — . . V W'
As t increases, the complex number e? = cost + isint travels counterclockwise around the
unit circle.

_E,_ Q //’-// M S
. ! 2 . }47 ///‘ ‘
| 't | ¢ -+ d A
| e =cast + » \
| - A
/ ) / \ &= |
| P =4 Yo
\ 1 | e\ — \ /' o =
| / \ /
\ | \
\ | /
~_ | ~

— \,Te‘\ %) _ .

=\

Definition 11.9. For any complex number a + bz, where a and b are real numbers,

e = b = ¢%(cos b + isinb).

Properties:
ol =1.
o c”e¥ = ¢*™ for all complex numbers z and w.
1 —z
e — = ¢ ° for every complex number z.
e
e ()" = €™ for every complex number z and integer n.

e~ = cost —isint = et for every real number t.

let] =1 for every real number t.
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11.7. Polar forms of a complex number. Given a nonzero complex number z = z + yi,

we can express the point (x,y) in polar coordinates r and 0:
xr =rcosb, y =rsinf.

Then

x+yi = (rcosf) + (rsinf)i = r(cosd + isin@).

In other words,
z=re

0

The expression re® is called a polar form of the complex number z. Here r is required to be a

positive real number (assuming z # 0), so r = |z|.

Any possible 6 for z (a possible value for the angle or argument of z) may be called arg z,
but this is dangerously ambiguous notation since there are many values of 6 for the same z:
this means that arg z is not a function. The 6 in (—m, 7] is called the principal value of the

argument and is denoted in various ways:

0 =Argz = Arg[z] = ArcTan[x,y] = atan2(y,x) .
Mathematica Mathematica MATLAB
Example 11.10. Suppose that z = —3i. So z corresponds to the point (0,—3). Then
r = |z| = 3, but there are infinitely many possibilities for the angle 6. One possibility is
—m/2; all the others are obtained by adding integer multiples of 27

argz = ..., =bmw/2, —m/2, 37/2, Tw/2, ....
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So z has many polar forms:
oo = 3e0(55T/2) — 3oi(=T/2) — 3,i(37/2) _ 3.i(Tn/2) — ..
Test for equality of two nonzero complex numbers in polar form:
rieth = ryei?? <= r;=ry and 0 = O, + 27k for some integer k.

This assumes that r; and 79 are positive real numbers, and that #; and 05 are real numbers,

as you would expect for polar coordinates.

Question 11.11. How do you convert a nonzero complex number z = x + yi to polar form?

Solution. Convert (z,y) to polar coordinates (r,6). Then z = re®. O

11.8. Operations in polar form. Some arithmetic operations on complex numbers are

easy in polar form:

multiplication: (r1e")(roe?) = r172e"®*%)  (multiply absolute values, add angles)

: L,

reciprocal: 5 =€ i
ret r

0,
- rie' L i, - iy
division: = —¢'1=%2) (divide absolute values, subtract angles)
Troet2 9
th . O\n __ _n_inb .
n'' power: (re”)* =r"e for any integer n
complex conjugation: reif = re=",

Taking absolute values gives identities:
‘ 1 1

|z122| = |21] |22], = m = "= 2] =z

)

Question 11.12. What happens if you take a smiley in the complex plane and multiply

each of its points by 3¢7
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Solution: Since ¢ = €™/2, multiplying by ¢ adds 7/2 to the angle of each point; that is, it
rotates counterclockwise by 90° (around the origin). Next, multiplying by 3 does what you
would expect: dilate by a factor of 3. Doing both leads to. ..

p
g

For example, the nose was originally on the real line, a little less than 2, so multiplying it by
3i produces a big nose close to (37)2 = 6i. O
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Question 11.13. How do you trap a lion?

Answer: Build a cage in the shape of the unit circle |z| = 1. Get inside the cage. Make
sure that the lion is outside the cage. Apply the function 1/z to the whole plane. Voila! The
lion is now inside the cage, and you are outside it. (Only problem: There’s a lot of other stuff inside

the cage too. Also, don’t stand too close to z = 0 when you apply 1/z.)
Question 11.14. Why not always write complex numbers in polar form?

Answer: Because addition and subtraction are difficult in polar form!

12. GRADIENT AND ITS APPLICATIONS

12.1. Gradient.

Definition 12.1. The gradient of a scalar-valued function f(z,y,z2) is the vector-valued
function

of
oz

_ | 9f
vi=| g
af

0z
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It contains the same information as the total derivative

x) = (21 28 O
J(x) = ((%U dy (92)’

in fact, Vf is just the transpose of the total derivative f’(x).
There is a similar definition for a function in any number of variables.

Problem 12.2. Let f(x,y,2) = 2%y + 7z, and let P = (2,3,5). What is Vf(P)?

2zy 12
Solution. Vf = | 22 |, so its value at (2,3,5)is | 4 |. O
7 7

We can restate certain theorems and definitions in terms of V:
e Chain rule: If f = f(x,y,2) and r(t) = (x(t),y(¢), 2(t)), then

d

o/ () = f1(x(t)) ¥'(t)
_Ofdr  Ofdy  Ofdz
T Ordt | dydt ' 9zdt

= V[f(x(t) -r'(t).
e Critical points of f(x,y): These are points P where Vf(P) = 0.

A geometric property of V:

Theorem 12.3.

(a) In 2D, Vf(P) is perpendicular to the level curve f(x,y) = ¢ through P.
(b) In 3D, V f(P) is perpendicular to the level surface f(x,y,z) = c¢ through P.
Proof. Both statements follow from the following claim:

If r(¢) is any parametric curve on which f is constant, then at each time ¢, the
vector V f(r(t)) is perpendicular to the tangent vector (velocity vector) r'(t).

Let’s prove this claim. To say that f is constant on the curve means that there is a constant
c such that

fx(@) =c
for all t. Take % and use the chain rule:
Vi(x(t)-r'(t) =0.
This says that V f(r(t)) is perpendicular to r/(¢). O

’I‘uesday, October 12 m—
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Examples 12.4.
2
o If f(x,y,2) = 2z + 3y + 52, then at every point P in R?, the vector Vf = | 3 | is

5)
perpendicular to the level surface 2z + 3y 4+ 5z = ¢ through P (which is a plane).

2
o If f(x,y) = 2®+y? then Vf = ;) , which points out from the origin, perpendicular
)
to the level curves (which are circles).
12.2. Tangent plane.

Definition 12.5. The tangent plane to the surface f(z,y,z) = c at P = (xq, %0, 20) is the
plane with normal vector V f(P) through P:

) =)+ S0P )+ EP) (o= ) =0

(This makes sense only if V f(P) # 0.)
2z

Example 12.6. If f(x,y,2) = 22 +y?> — 22 then Vf = | 2y [, so the cone 22 +y* — 22 =0
—2z

has a tangent plane at each point except (0,0,0). At P = (3,4,5), the gradient vector V f(P)

6
is 8 |, so the tangent plane is
—10

6(x—3)+8(@y—4)—10(z—5)=0.
(Check the answer: (3,4,5) is on this plane, and the normal vector is correct.)

12.3. Directional derivatives. Recall: Given f(z,y), the partial derivatives f, and f,
measure the rate of change of f as one moves in the direction of e; or e,.
What about other directions?

Definition 12.7. Let u be any unit vector. The directional derivative of f(x) in the direction

uis

Duf(x) = S fx+ su)

This is because r(s) := x + su describes the position of a point starting at x and moving
at speed 1 in the direction u.

Why s, and not t?7 Answer: speed is 1, so distance traveled s equals time t.
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Alternative notation: Z—f (P). Sometimes also ﬁ‘ or just % (this presumes that P and
slu ds|pP ds

u are understood).

6
Question 12.8. If f(z,y) = 2? + y* and x = (8) , in which directions u is the directional

derivative maximum?

Possible answers:

(1) e
(2) e
o

o (20)

4/5 —4/5
(5) _3/5> or < 3/5 )

(6) None of these.

To figure out the answer, we’ll use the following:

Theorem 12.9 (Formula for calculating directional derivatives).

Duf(x) = Vf(x) - u.

Proof.

Duf(x) = L f(x + su)

ds s=0
d
= Vf(x+ su)- ﬁ(x—ksu) B
=Vf(x)-u. O

Given f and x, we maximize D, f(x) by choosing u to point in the direction of V f(x), so
that the cos @ factor in the geometric formula for a dot product is cos0 = 1. And if u is so
chosen, then D, f(x) = |V f(x)|, by that geometric formula. Hence:

Geometric interpretation of V f:

e direction of V f = direction in which f is increasing the fastest (perpendicular to level
curve/surface)

e length of Vf = directional derivative of f in that direction
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2
Example 12.10. Back to f(z,y) := 2? + y* and P = (6,8). We have Vf(z,y) = ; ,
Y
3/5

12
which at P is , which is 20 times the unit vector u :=
16 4/5

). So the function is

4/5
20). So the answer to Question [12.8is (3).

. . : o 3/5 . : . P
increasing the fastest in the direction of ( / ) (and its rate of increase in that direction is

Question 12.11. In Question [12.8] in which directions v is the directional derivative 07

Solution. These are the directions v such that

Vf(P)-v=0.

12
We already calculated that V f(P) = (16) , so we want the unit vectors v satisfying

12
v =0.
These are the unit vectors v perpendicular to the vector u := (

3/5
4/5

> in the previous question,

—4/5
SO |v = ( 3/5> orv= ( 3/{5 ) . (Whereas u is perpendicular to the level curve, these

vectors v are tangent to the level curve. This makes sense, since the value of f is constant
along the level curve, so the directional derivative of f should be 0 in either direction along

the level curve.) O

12.4. Constraint equations vs. constraint inequalities.

(1) Find the minimum value of f(z,y) := 22? — Tzy subject to the constraint inequalities
r>1,y>1 and x +y < 4.

This is a standard max/min problem with boundaries to check.

(2) Find the minimum value of f(z,y, 2) := x* +y* + 2? subject to the constraint equation
3r+ 5y +2z=0.

Eliminate z to get an equivalent standard max/min problem: Find the minimum
value of F(x,y) := 2* + y* + (9 — 3z — 5y)? with no constraint equation. (For other
such problems, however, you might need Lagrange multipliers to study the boundary.)

(3) Find the minimum value of f(z,y, z) := 2 +y* + z? subject to the constraint equation

ety — 292 + 2.
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When there is a constraint equation, and you can’t or don’t want to eliminate it,

you need Lagrange multipliers!

12.5. Constraint equations and dimension. (This was discussed in lecture here, but I

have moved it earlier in these notes, to a more logical place.)

12.6. Lagrange multipliers.
Lagrange multipliers — a method for finding max/min of f(z,y) when x and y are required
to satisfy a constraint g(z,y) = ¢ (the “hard” case):

1. Identify the function f(z,y) to be maximized (or minimized).

2. Identify the constraint equation g(x,y) = ¢ and constraint inequalities that define
the domain R of f. Usually the presence of the constraint equation means that the
dimension of R is one less than the number of variables (but constraint inequalities
do not reduce the dimension). The constraint inequalities will be useful later, to
determine what boundaries need to be checked.

3. Compute V f and Vg.

4. Solve the system

g=c
Vf=AVg

in (z,y, ) to find the possible pairs (x,y) (we don’t care about the value of A, so a
good strategy is to eliminate it).
5. Check also

A. points on g = ¢ where Vg =0

B. points on g = ¢ where f or g is not differentiable

C. behavior at oo (what happens to f as (z,y) approaches oo along the constraint

curve g = c?)

D. boundary points (if there are constraint inequalities)
The global max (a,b) is to be found among these points from steps {4| and , SO
evaluate f at these points to find the maximum value.
(Warning: If the values of f become larger and larger as (z,y) approaches the
boundary or oo along g(z,y) = ¢, then the global max does not exist.)

Thursday, October 14 m—

We drew a level diagram for a function f(x,y) representing height of a point on a mountain,
and a level curve g(x,y) = ¢ representing a smooth train track, and we explained why, when
the train is at its highest point on the track, V f (pointing up the mountain) is a scalar times

Vg (pointing perpendicular to the track).
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Why does this work? Why should V f be a multiple of Vg at a maximum (when Vg # 0)?

Answer.

1. The vector Vg is perpendicular to the level curve g = c.

2. At the maximum, V f is perpendicular to g = ¢ too.
(Reason: If not, then for one of the two directions u along g = ¢, the value of Vf -u
would be positive, which says that the directional derivative Dy f would be positive,
so one could increase f by moving in that direction along g = ¢, meaning that we

weren’t really at a maximum of f.)

Since at the maximum both V f and Vg are perpendicular to the level curve, V f must be a
multiple of Vg there (if Vg # 0). O

Sample problem: Find the highest point on the intersection of the cylinder % + y? = 13
and the plane 2z + 3y — z = 8 in R3.

Solution.

Steps 1 and 2: Identify the function f(x,y) to be mazximized/minimized, and the constraint
equation g(x,y) = ¢ and constraint inequalities that define the domain R of f.

We want to maximize z subject to two constraint equations, 2% +y? = 13 and 2243y —2 = 8.
But we can use the second equation to eliminate z and express everything in terms of x and
y; namely, z = 22 + 3y — 8. Now we want to maximize 2x + 3y — 8 subject to the constraint
2?2 +1y? = 13. So take f(z,y) =22+ 3y —8 and g(z,y) := 22+ y? and ¢ := 13. No constraint
inequalities.

Step 3: Compute Vf and Vg.

We get Vf = <2> and Vg = (2x>

3 2y

Step 4: Solve the system

g==¢c
Vf=AVyg
in (z,y,\) to find the possible pairs (x,y) (we don’t care about the value of A\, so a good

strategy is to eliminate it).
The system to be solved is

2? +y* =13
2 = \(2x)
3= A(2y).

Multiply the second equation by y and the third equation by z and equate to get

2y = 3.
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Solve for y and substitute into the first equation:

3 2
x2+-(§x> =13

—z° =13
4&:

2% =

r = £2.

So we get (z,y) = (2,3) or (—2,-3).

Step 5: Check also

A. points on g = ¢ where Vg =0
No such points, since Vg = 0 only at (0,0), which is not on 2% + y* = 13,

B. points on g = ¢ where f or g is not differentiable
No such points.

C. behavior at oo (what happens to f as (z,y) approaches oo along the constraint curve
g=c?)
Not applicable — the constraint curve is bounded.

D. boundary points (if there are constraint inequalities)

Not applicable.

So the only points to check are (2,3) and (=2, —3). We have f(2,3) =5, and f(—2,—3) =
—21, so the maximum is at (z,y) = (2,3). There, z = f(2,3) = 5. So the highest point is
(2,3,5). O

Lagrange multipliers apply also to max/min of functions of more than 2 variables.

(Lagrange multipliers also can be used when there is more than one constraint — this is

discussed in the textbook, but we won’t study such problems in this course.)
The second derivative test as we stated it cannot be used when there is a constraint

equation.

Sample problem 2: Find the point on the surface 2 +y* = (z — 1)3 closest to the origin.

Solution. (We are going to make some mistakes below in red, and then correct them in
green.) We want to minimize f(x,y,z) := 2® + y? + 2% subject to the constraint g = 0 where
g(z,y,2) == 2% +y?> — (2 — 1)3. We need to solve the Lagrange multiplier system

>4y — (-1 =0

2x 2x
2y | = A 2y ,
2z —3(z —1)?
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which, when written out in components, says

P4yt —(2—-1P=0

22 = MN(=3(z — 1)?).

Either the second or third equation implies A = 1. Substituting A = 1 in the last equation
leads to

2z = —3(z — 1)?
3(z—1+22=0
322 —42+3=0
but 4% — 4(3)(3) < 0, so there are no solutions.
Oops, we divided by either x or y to obtain A = 1, so that was valid only if x # 0 or
y # 0. Thus to finish finding all solutions to the Lagrange multiplier system, We also need

to consider the case in which x = y = 0. Then the constraint equation implies z = 1, and

substituting this into the last of the four equations in the Lagrange multiplier system says
2 =X\ (0)

which is impossible. So there is no minimum.

Oops, we forgot to check points where Vg = 0. This says

2 0
2y =101,
—3(z — 1)? 0

which leads to (z,y, z) = (0,0,1). (The other parts of Step 5 do not give anything additional.)
By the geometry, there has to be a minimum somewhere, and (0,0, 1) is the only candidate,
so (0,0,1) is the closest point. O

The surface could be sketched by considering the slices obtained by intersecting with
horizontal planes z = ¢. The z = 1 slice is a point, and the z = ¢ slice for each ¢ > 1 is a
circle. The point (0,0, 1) turns out to be what is called a singularity (it turns out to be a
sharp point on the surface).

Friday, October 15 m—

In general, if you see something that is affecting the climate at MIT and you don’t feel
comfortable discussing it directly with the people involved, there are resources at MIT that

you can reach out to. Here are some of them:
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e Student Support Services (S?), |studentlife.mit.edu/s3
e Office of Minority Education (OME), ome.mit.edu

e Institute Discrimination & Harassment Response (IDHR), idhr.mit.edu

12.7. Review: gradient and directional derivatives.
Geometric interpretation of V f:

e direction of V f = direction in which f is increasing the fastest (perpendicular to level
curve/surface)
e length of V f = directional derivative of f in that direction

Formula for directional derivative of f(x), starting at x and moving in the direction of the
unit vector u:
Dyuf(x) = Vf(x)-u.
Just as the value of a partial derivative df/0x at a point is a scalar, the value of a directional
derivative is a scalar.
What does D, f mean? If you travel a distance s in the direction of u, then the value of f

increases by approximately (D, f)s.

Example 12.12. Suppose that f(z,y) = 22 + 5y.

What is (V f)(6,1) and what does it say geometrically? Well, V f = (2z,5), so (Vf)(6,1) =
(12,5). This has length /122 4+ 52 = 13 and direction <%, %> This says that f is increasing
the fastest in the direction of (12, =), and that the directional derivative (rate of change) in

137 13
that direction is 13.

We have f(6,1) = 41. What is the nearest point to (6,1) where f takes the value 41.26,
approximately? If from (6,1) we move a distance € in the direction of fastest increase, the
value of f increases by 13¢, so we need 13e = 0.26, so € = 0.02. The point reached from (6, 1)
by moving 0.02 units in the direction of <2 i> is

137 13
12 5
(6,1) +0.02 <E E> ~ (6,1) +0.02(1,1/2) = (6.02,1.01).

(The approximation of 5/13 by 1/2 was pretty rough, but good enough for blackboard work.)

What is the equation of the level curve through (6,1)¢
The value of f at (6,1) is 41, so the level curve has equation 2% + 5y = 41.

What is the slope of the level curve at (6,1)?
Solution 1: It is perpendicular to V f, so the slope is —12/5.
Solution 2: The level curve is y = —%xZ + 4 ie., the graph of /(1) := —%xz + 4 and

5 5
'(x) = —Z2x, so the slope is £'(6) = — 2.
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In which direction(s) u is the directional derivative of f at (6,1) equal to 56/57
If u = (a,b), then we need a®+b? = 1 (so that u is a unit vector), and (V f)(6,1)-u = 56/5,
which says 12a 4+ 5b = 56 /5. Solving this system (many algebra details skipped) leads to two

34\ /s 1
55/ 8457 845/
In which direction(s) u is the directional derivative of f at (6,1) equal to 147

Solution: None, because the maximum directional derivative was 13!

possibilities

In which direction(s) u is the directional derivative of f at (6,1) equal to —137
Solution: Since (V f)(6,1) had length 13, the only unit vector u that dots with it to give

—12/13
—13 is the unit vector in the opposite direction, namely ( . //13 )

What does the graph of f look like?

The part above the horizontal line y = 0 is the parabola z = 22
The part above the horizontal line y = 1 is the higher parabola z = 22 + 5.
All these parabolas together form the biggest slide ever.

Example 12.13. Let f(z,y) = 2? + 2y?. What is Dy f at (1,3), where u is the direction
that is 45° counterclockwise from V f at (1,3)?

2z 2
() (2)
Dyf=(Vf)-u
= |V f| |u| cos45°
= V221122 (1) (vV/2/2)
_VEFE
= V74 O

12.8. Review: level curves and graph.

Solution. At (1,3),

SO

Problem 12.14. Draw the level curves of f(z,y) := 2% —y*. What does the graph look like?

Solution. The hyperbola 2% — y? = 4 is the level curve corresponding to the value 4, the
union of two lines 2% — y? = 0 is the level curve corresponding to the value 0, and so on.
To draw the graph, by visualizing a point above (or below) each point on the xy-plane,

with height given by the value of the function there: the result is a saddle, with critical point
79



at (0,0). The point (0,0) is not a local max since there are larger values in any neighborhood
of (0,0) (for example, just to the right). It is also not a local min since there are larger values
in any neighborhood (for example, just above). A critical point that is neither a local max
nor a local min is called a saddle point, so that is what we have. O

12.9. Review: complex exponential.

Problem 12.15. Sketch the trajectory of

fiR—C

t— (=342t

in the complex plane.

Solution. To understand f(t) geometrically, write it in polar form:

f(t) — e(73+21;)t — 673tez‘(2t)

Thus the radius is the exponentially decreasing function e=3, and the angle is the steadily
increasing function 2¢. This means that the trajectory is spiralling in counterclockwise
towards 0, going around infinitely many times but never reaching 0. Going backwards in
time, the trajectory spirals outward clockwise to oo. 0

12.10. Review: roots of unity.

Problem 12.16. Find all complex solutions to z® = 1, and plot them in the complex plane.
(These are called the 8th roots of unity.)

Solution. Write both sides in polar form. Thus z = re?, with the unknowns r and 6 to be
solved for instead of z, and 1 = 1e/®). Now we can rewrite the equation:

2 =1
(T€i9>8 _ 161’(0)

1 8i(89) — 1,i(0)

Does this mean that r® = 1 and 80 = 0?7 Not quite, since it could be that 80 = 0 + 27k for
some integer k, and we need to consider all values of k in order to get all solutions.

The equation r® = 1 implies r = 1, since the distance r in polar form is always a nonnegative
real number.

The equation 80 = 0 + 27k implies § = kx /4, so the possibilities for # are

., —2m/4, —m/4, 0, w/4, 2m/4,

i(km/4)

Reassembling r and 6 into z shows that z = e , so the possibilities for z are

LI i) i) /) i)
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These are points along the unit circle in C, equally separated by an angle 7/4. But they are
not all different! They repeat after every 8 terms, so there are only 8 distinct solutions. In

i(km/4)

other words, adding 8 to k£ does not change e , so one gets all the solutions by taking

the ones with £k =0,1,2,...,7, say. These are

¢ = cos0 +isin0 =1

, 2 2
™Y = cos(m/4) + isin(n/4) = \/7_ + zg
'@/ = cos(2m/4) + isin(2n/4) =i

V2, V2

pi3m/4) _ cos(3m/4) + isin(3w/4) = T + 9
U = cos(4m /4) + isin(dm/4) = —1
Vi 3

'O/ = cos(5m/4) + i sin(5r/4) = —5 i
O = cos(6m/4) + isin(6/4) = i

V2 V2
5

T4 = cos(Tm/4) + isin(7r/4) = - ¢ O

Remark 12.17. One could have predicted in advance that 2® = 1 would have 8 solutions, since

1. they are the roots of the degree 8 polynomial z® — 1, and
2. none of the roots are multiple roots, because at a multiple root the derivative would have

to be 0, but the derivative is 827 which is nonzero at every root (0 is not a root).

Midterm 2 on Tuesday, October 19.

Thursday, October 2] m——

13. INTEGRALS OF MULTIVARIABLE FUNCTIONS

13.1. Double integrals. Let R be a region in R?, cut into tiny regions Ry, ..., R,. Choose
(r1,y1) in Ry, ..., (Tn,yn) in R,. Then

Jf @y dA~ flar ) Area(Ry) + -+ f(2n,ya) Area(R,).

It’s a number. (The actual definition involves a limit as the maximum size of the R; goes to
0.)
If f > 0 everywhere on R, then ffR f(z,y) dA can be interpreted geometrically as the

volume under the graph of f (above R).
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13.1.1. Computing double integrals as iterated integrals.
Suppose that R is a rectangle [a, b] X [c, d]. Partition [a, b] into tiny subintervals, so R gets
sliced into thin rectangles, and the volume above it gets sliced like cheese, into slabs. Then

f f(z,y)dA = /x b(yy_df(a: y)dy) dx
//fxydydx

Think of the inner integral (with x treated as a constant) as the area of a slab; multiplying it
by the width “dz” of a slab gives the volume of the slab and we sum these (“integrate”) to
get the total volume.

Similarly,

[ rewar= [ [ segavay
. oo

13.1.2. Non-rectangular regions.

Problem 13.1. Let R be the bounded region between y — x = 2 and y = 2z?. Find
[z (22 + 4y) dA.

Solution: We’ll compute it as [[(2z + 4y) dy dz. What are the limits of integration?

Step 1: Sketch the region. Solving y —x = 2 and y = 2 shows that the line and the
parabola intersect at (—1,1) and (2,4).

Step 2: The outer integral goes from the smallest x-coordinate of a point in R to the largest
x-coordinate.

The smallest x-coordinate is —1 and the largest x-coordinate is 2. So the outer integral

will look like
r=2
/.

Step 3: Hold z fixed, and increase y; look at the y-values where the line enters and leaves R
— usually these depend on x. The inner integral goes from the smaller y-value to the larger
y-value.

It enters at y = 2% and leaves at y = z + 2, so the iterated integral is

y=z+2
/ / (2x + 4y) dy dzx.
=1 Y

Then how do you evaluate the iterated integral?

Step 4: FEvaluate the inner integral first, treating x as constant. The result will be a function

of x.
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It’s

y=a+2 =r+2
/ 2 (22 + 4y) dy = 2y + 2y2‘z;x2
y=z

= (2z(x +2) + 2(x + 2)%) — (22° + 22%)
= 22" — 22° + 42® + 122 + 8.
Step 5: Then evaluate the outer integral, which is just a definite integral of a 1-variable

function of x.

Answer:

y=z+2 2
/ / (22 + 4y) dyd:z::/ (—2z* — 22 + 42 + 122 + 8) dx
y=x2 -1
333
10

13.1.3. Dividing the region into pieces. Sometimes to compute a double integral, the region

needs to divided into two or more pieces. The integral is then the sum of the integrals over
the pieces.
Example: rectangle with a smaller rectangle removed from its center.

13.1.4. Volume between two surfaces. If f(x,y) and g(z,y) are functions on a region R and
f(z,y) > g(z,y) for all (x,y) in R, then the volume of the solid between the graphs of f and

gis [[x(f(x,y) —g(x,y)) dA.

Problem (p. 960, #44): Set up an iterated integral that computes the volume of the region
bounded by the surfaces z = 2% + 3y? and 2z = 4 — 3%
Solution: The intersection of the two surfaces is defined by the system

The projection to the xy-plane of this is obtained by eliminating z:
2?4 3yt =4 — 12
So R is the region bounded by the ellipse
r? +4y? =4

Inside this ellipse the function 4 — y? is larger than x2 + 3y? (as you can see by comparing
their values at (0,0)). So we want

Va2
f (4 —1?) — (2* +3y%)) dA = // (4 — 2 — 4y*) dx dy.
44y
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(Note: it is OK to write fj1 instead of fyy:ill, since the variable is determined by the
matching differential: the integrals are nested, so the leftmost [ corresponds to the rightmost

differential dy, and so on.)

Example 13.2. What’s wrong with the following?

5 px+T7
/ / (2% + 2y) dx dy
2 z+3

Since the outer differential on the right is dy, this would mean

y=5 r=x+7
/ / (2% + 2y) dx dy,
y=2 r=x+3

but the inner limits make no sense. In the inner integral, y is constant, and the range for z

could depend on g, but the range for x cannot be expressed in terms of x!

13.2. Area in polar coordinates. Question: What is the area of the region described in
polar coordinates by r € [3,3.2], 0 € [n/4,7/4 + 0.1], to the nearest hundredth?

Answer: 0.06.

Why? In general, the region with polar coordinates in [r,r + Ar] and [0,0 + Af] is
approximately a rectangle with sides Ar and rA# (the latter is the length of an arc of radius
r and measure Af, by definition of radian). So its area is approximately r Ar Af, which in
our case is 3(0.2)(0.1) = 0.06. (To be more precise, the area is between the areas of two
rectangles, between 0.2(3(0.1)) = 0.06 and 0.2(3.2(0.1)) = 0.064.)

To remember:

(dA = dxdy = rdrdo.]

Friday, October 22 m——

13.3. Double integrals in polar coordinates.

Problem 13.3. Re-express

V2 py/2—y2
/ / z\/ 2?2 + y? dx dy
1 —\/2—y?
as an iterated integral in polar coordinates.

Solution. Substitute

xr =rcosf
y =rsinf
dx dy = rdrdf
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but also re-compute the limits of integration.

—«/2—y2§x§ 2_y2

The inequalities

are equivalent to

2? <2 -y,
and to
2 +y* <2
Thus the region is defined by
2 + y2 <2
1<y<v2.

In the circle of radius /2 centered at (0,0), our region is the upper segment obtained by
cutting the circle with the chord from (—1,1) to (1,1). (Draw it!)

So 6 € [r/4, 37 /4], and the upper limit for 7 is v/2, but what is the lower limit for 7? The
inequality y > 1 becomes rsinf > 1 in polar coordinates, so r > 1/sin 6.

Final answer:
3mw/4

V2
/ (rcosO)r rdrdb. O
w/4 1/sin6

13.4. Applications of double integrals.

13.4.1. Awverage value. Warm-up: The average of numbers x4, ..., x, is
Ti 4+ T
—

Definition 13.4. The average value of f(x,y) on a region R is

Jg fdA
Area(R)

13.4.2. Mass and centroid. For a metal plate in the zy-plane,

mass = (mass per unit area)(area)

der:gity
But if its density is not constant, § = §(x,y) (in g/cm?, say), then each piece of area must

be multiplied by the density there.

Definition 13.5. The mass of a 2-dimensional object is
m = jj d(x,y)dA.
R d

The z-coordinate of the centroid is the average of the z-coordinates of the points in the

region, weighted by density. Same for the y-coordinate. So:
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Definition 13.6. The centroid of a 2-dimensional object is the point (Z,y) where
Mmooy da

mo [[po(e,y)dA
__ fJgydm _ [Jpyi(z,y)dA
m JIRé(x’y) dA .

(If density is not specified, assume 6(z,y) = 1.) The centroid is also called the center of mass
or the center of gravity.

Sometimes symmetry gives a shortcut. For example, the centroid of an equilateral triangle
(of constant density) has reflectional symmetry in each of its three altitudes, so the centroid
must lie on all three altitudes, hence at the center. Another example: A parallelogram has
180° rotational symmetry around the point where the two diagonals meet, so that point must
be the centroid.

13.4.3. Moment of inertia. The moment of inertia of an object with respect to an axis measures
how difficult it is to rotate it (around that axis).
For a point mass:

I = (distance to axis)* m

In general (since different pieces are at different distances to the axis):

. . S \2
I= {J(dlstance to axis)” dm.

Special case: The polar moment of inertia of an object in the zy-plane is its moment of
inertia around the z-axis. The distance from (z,y,z) to the nearest point on the z-axis

namel s 0, O, z)) is x? 5 27 S0
(distance to axis)2 = 1’2 + y2

in this special case.

Example 13.7. Polar moment of inertia of a triangle R of constant density 1 with vertices
at (£3,0) and (0,2)?
Answer: Since density is 1, we have dm = dA. The polar moment of inertia is

3-3y/2

£j(x2+y2)dA:/o / (2 + ) dedy = - --

—(3-3y/2)

13.4.4. Volume of revolution.

Theorem 13.8 (First theorem of Pappus). A plane region R lies on one side of an azis, and
is then rotated 360° around the axis. Let A = Area(R), and let D be the distance traveled by

the centroid of R. Then the solid of revolution has volume V = AD.
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Why is this true? Set up a coordinate system so that the axis is the y-axis, and R is in the
half-plane x > 0. A little rectangle of area dA sweeps out a ring of volume approximately
2mx A A since the ring can be cut into approximate rectangular parallelepipeds with base
dA and heights summing to the length of the ring (27rz). Summing over all rectangles and

taking a limit as their size goes to 0 yields

V= jj2wdi 2A)‘H ZdA A(2r%) = AD.

L Tuesday, October 26 m————

13.5. Change of variables in double integrals.

13.5.1. Review of change of variables in one-variable integrals. For example,

1 1 w/2
/ ——dx = (cosudu) .

12 V1 —a? /6 \/1—s1nu

where

T =sinu

dx = cosu du.
The boundary points were re-expressed in terms of u:

x =1 corresponds to wu=m/2

x=1/2 corresponds to u = /6.

Today: The 2-variable analogue.

13.5.2. Transformations. View (u,v) as input variables, and (z,y) as output variables:
(z,y) = F(u,v).

Example 13.9 (from long ago). The linear transformation F(u,v) := (2u,v) (that is, x = 2u,

y = v) stretches in the horizontal direction. The smiley becomes wider.
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v 2.0 Yy
0 1

Example 13.10. The nonlinear transformation F(u,v) := (u,v — 3u?) (that is, z = u,
y = v — 3u?) does something worse. One way to visualize F: Plug in various input points
(u,v) and see where they get mapped to. Another way: Draw images of the lines u = ¢ and
v = ¢. The smiley is not smiling anymore. But if you had to do an integral over the deformed

smiley, you could convert it into an integral over the original smiley, as we’ll explain.

v Yy

Important: From now on, F should give a bijective transformation from a region S in
the uv-plane to a region R in the zy-plane. Bijective means that F matches the points in
S with the points in R perfectly: each point in R comes from exactly one point in S. In
particular, different points in S are mapped to different points inside R (this last condition
is called one-to-one in Edwards & Penney). Without this condition, the uv-integral might
double-count some parts of the xy-integral. If the condition is violated only the boundary,

it’s still OK.
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13.5.3. Jacobian determinant and area scaling factor. The Jacobian determinant of the trans-
formation F is the determinant of the total derivative:

O(z,y)
d(u,v)

:=det F'(u)

—det [T+ ).
Yu Yo

It is a scalar-valued function of (u,v). The area scaling factor is the absolute value of the

‘ det Tu Lo
Yu Yo

This too is a scalar-valued function of (u,v). A linear transformation has a constant area

Jacobian determinant:

Q

(2, y)
(u,v

Q

scaling factor, but a nonlinear transformation can stretch different parts of S differently.

Remark 13.11. If for some reason you instead have u, v as functions of x,y, and don’t feel like
solving for x,y in terms of u, v, then first compute the upside-down Jacobian determinant

d(u,v) — det Uy Uy
a(x,y) Vg Uy

and then use the identity

2oy (Y™

The exponent ~! here denotes the reciprocal of the function (1 divided by the function), not

the inverse function.

13.5.4. Steps for changing variables.
Goal: Re-express
{[ £tz y) dedy
R
as a double integral in new variables u, v.

(1) Choose a transformation x = z(u,v), y = y(u,v) in order to make the integrand
simpler or the region simpler.

(2) Find the equations of the boundary curves of R in terms of x,y.

(3) Rewrite these in terms of u, v to find the corresponding region S in the uv-plane.

(4) Compute the Jacobian determinant

Az, y) Ty Ty
= det
O(u,v) (yu yv>
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(5) Take the absolute value of the Jacobian determinant to get the area scaling factor:

O(z,y)
I(u,v) |
Area is always nonnegative!
(6) Substitute
= (u,v)
= y(u,v)
9(z,y)
dx dy = B, ) du dv.

into the integral, and remember to use the equations of the boundary curves in terms
of u,v to describe the new region S in the uv-plane, and hence determine the new

limits of integration.

Remark 13.12. For the change of variable

x =rcosb, y =rsinf

d(z,y)
d(r,0)

this yourself!) This gives another explanation of the conversion formula

dx dy = rdrdb.

(with r, 0 playing the roles of u, v), the area scaling factor turns out to be r. (Check

Problem 13.13. Let R be the square with corners (il, 0) and (0,+1). Evaluate

I —ffs;n+ ) dxdy

Solution. It’s often a good idea to choose u,v so that the sides of R correspond to u = constant,
v = constant.
In this problem: Try u=z+y, v =2 —y,sox = (u+v)/2, y = (u—1v)/2.

Boundary curves: u=1,u=—-1,v=1,v = —1.
Jacobian:
o(z,y) _ det /2 1/2 — 1)
d(u,v) 1/2 —1/2
SO
1 1
dx dy = ’——‘ dudv = = dudv.
2 2
So

1
[—/ / sin” v —dudv.
g u+22

To finish, one should evaluate the inside integral (with variable u), and then the outside

integral (with variable v). O
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Az, y)

13.5.5. Why is the area scaling factor equal to
0(u,v)

? The rectangle [u, u+ du] x [v, v+ dv]

wd
maps to (approximately) a parallelogram whose sides are given by the vectors (x du> and
Yu AU

T, dv

Yo dv
output changes by approximately x, du, and so on, because x,, is the rate of change of x with

In other words, as the input moves du in the u-direction, the z-coordinate of the

respect to u (as v is held constant).
The area of the parallelogram formed by those two vectors is the absolute value of the

et T, du x,dv ot Ty Ty
Yo du Yy, dv Yu Yo

(Here we used twice that if one multiplies an entire column of a matrix by a “number”, the

determinant:

du dv.

determinant gets multiplied by that number.) This explains why

U

(z,y)
(u,v

du dv.

S5

dr dy = ’

~—

Problem 13.14. Let R be the region in the first quadrant inside the ellipse 22 + 9y? = 12
but outside the circle 2% + y? = 4. Evaluate

i flf; di dy.
R

Solution. Since z? and y? appear in the equations of the boundary curves, and since 1>

appears in e’ in the integrand, let’s use the change of variables u = 22 and v = 32, so
r = \/u and y = \/v. The original region R is described by 2? + 9y? < 12 and 2% + ¢y*> > 4
and z,y > 0. The corresponding region S in the uv-plane is described by u + 9v < 12 and
u+v >4 and u,v > 0; this is a triangle with vertices at (4,0), (12,0), and (3,1). We have

0(u,v) et [ W gt 2r 0 g,
0(z,y) Uy Uy 0 2y
Oz,y) 1

O(u,v)  Adxy’

which is positive, so its absolute value is also ﬁ, which is the area scaling factor:

SO

1
dr dy = — du dv.
dxy

Thus the integral becomes

vl 1 v
jsf fy_eyQMdudv = Zfsj 1e_v du dv.
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(We re-expressed everything in terms of w and v.) At this point, we have the option of doing
the integration in the order dv du instead of du dv, but the order dv du would require dividing
the triangle into two triangles, so it is easier to keep v as the outer variable. The range for
v is [0,1]. For each v, we get the lower and upper limits for u by solving v + v = 4 and
u + 9v = 12 for w in terms of v. This leads to

1 v=1 u=12—9v v 1 ev
—/ / ¢ dudv = —/
4 v=0 u=4—v I—w 4 1— U u=4—v
1
= - (8 —8v)d

[

=2 ev‘v:(]
= 2e — 2. O

u=12—9v

dv

1 Thursday, October 28 m———

13.6. Triple integrals. Triple integral:

jj flz,y,2)dV

where f(x,y,z) is continuous on a 3-dimensional region T'. (Think of dividing 7" into tiny
blocks, multiply the value of f at a sample point in each block by the volume of the block,

and add the results to get an approximation.)

Problem 13.15. Let T be the region in R? where 22 + y? + 22 <1 and 2 > 0. So T is the
upper half of the unit ball in R®. Find the centroid of 7. (Assume constant density.)

Solution. By symmetry, it must be of the form (0,0, z), where Z is the average value of z on

the half-ball:
[feav
2 (571°)
At a given height z, the cross-section is the disk D, defined by z? + y* < 1 — 2? (with z

viewed as constant), a disk of radius v/1 — 22. So

gpwel:<gwmgw.
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At this point we could write the inner double integral as an iterated integral and obtain the

y=v1—22 1 y fz2
/ / / zdxdydz.
z V122 Jz= 1 —y —22

But it is easier instead to factor the z out of the inner double integral (z is a constant for the

following:

inner integral, in which z and y are the variables), and to recognize what remains as an area:

z=1

jjj zdV = /zo z Area(D,) dz

= /Z1 z <Wm2> dz
2=0

:W/Ol(z—z3)dz

™
47

SO

/4

(571°)

z =

O

0| W Nl

13.7. Cylindrical coordinates. In R3, replace x,y by polar coordinates, but keep z: this
leads to cylindrical coordinates.

To convert from cylindrical coordinates (r, 6, z) to rectangular coordinates (x,y, 2):

T =rcosf
y =rsinf
z=2z.

The other way: Given (z,y, z), compute

N

tanf = (check quadrant)

SIS

z =

What happens to volume?
dV =dxdydz = dzrdrdf.

This can also be visualized geometrically.
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Let’s redo the half-ball integral: In cylindrical coordinates, the half-ball is given by
r? + 22 <1 and z > 0. For each fixed point (r,6) in the plane, look at the vertical segment
above/below it contained in 7" to get the range of integration for z:

fjjzdv /090%/_ / Omzdzrdrde

2 1 .
/ /1 r rdrdf
0 0
_\/2%1
0 8

m
47

which agrees with what we got before.

13.8. Spherical coordinates.

Spherical coordinates are (p, ¢,6) (pronounced “rho, phi, theta”), where

p = distance to (0,0,0)
¢ := angle down from z-axis (angle between position vector and positive z-axis)

0 := same 6 as in cylindrical coordinates, “longitude”, depends only on z, .

Warning: Some books use different Greek letters here, so when reading another book, check
the definitions of the variables.

Imagine an r X z swinging door hinged along the z-axis, with one corner at (0,0,0) and
opposite corner at (x,y, z), so p is the length of the diagonal of the door, and ¢ is the angle
the diagonal forms with the positive z-axis. By trigonometry in the upper half of the door
(above the diagonal), r = psin ¢ is the width, and z = pcos ¢ is the height (or —height if

¢ > m/2). Finally, 6 controls how far counterclockwise the door has swung.
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(2,9, 2)

Range of possible values:

p € [0,00)
¢ € [0,7]
6 € [0,2n] (or [—m,m] or...)

(Along the z-axis,  is indeterminate — it can be any value. At the origin, ¢ is indeterminate
too.)

13.8.1. Conwversion between spherical coordinates and rectangular coordinates.

e Given (p, ¢, 60), we have r = psin ¢, so
x =rcost = psin¢cost
y =rsinf = psin ¢sin 6
z= p COS ¢.

e Given (z,y, z), compute

pi= a2,
then convert (z,y) to polar coordinates (r,6) to get 6, and finally get ¢ from

z
cos p = —.
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(That is better than using

r
sin¢g = —
since the latter cannot distinguish between ¢ and ™ — ¢.)

13.8.2. Relationship to latitude and longitude. A great circle on a sphere S is the intersection
of S with a plane through the center. If P, ) are in S, the shortest path along the sphere
connecting P and @) is an arc of a great circle. (To visualize this, rotate the sphere so that P
and @ are on the equator.)

Set up an zyz-coordinate system with the origin at the center of the earth, with the positive
z-axis passing through the North Pole, with the xy-plane containing the Equator, and with
Greenwich (near London) contained in the zz-plane. Then 6° (i.e., § measured in degrees) is
longitude (east if € > 0). And 90° — ¢° is latitude (number of degrees up from the Equator).

Friday, October 29 m—

13.8.3. Volume in spherical coordinates. The region with spherical coordinates in the intervals
[p, p+dpl, [, p+do], [0, 6+db] defines a tiny box of volume approximately dp times the surface
area of a little “rectangle” on the sphere of sides pd¢ and rdf (these “sides” are actually
tiny arcs of circles, and the formula for the length of such an arc is (radius)(arc measure)).

The volume of the box is approximately

(dp)(pde)(rdf) = p*sin ¢ dpde db,

SO

dV = dx dydz = p?sin ¢ dp de db.

Another way to find this formula: use the change of variable formula

drdydz = '—8(33, Y, 2)

A(p, 9,0)

(The volume scaling factor is the absolute value of the 3 x 3 Jacobian determinant.)

dp de do.

13.9. Gravitation.

13.9.1. Gravitational force exerted by a point mass. Let F be the gravitational force of a
point of mass M with position vector r acting on a point of mass m at (0,0,0), so F is in the
same direction as r, which points from m to M. Let p = |r|, which is the distance between

the two masses. Then Newton says
GmM r
= 2 - (2)
P P
magnitude direction

96

F




13.9.2. Gravitational force exerted by a solid body. Now suppose that instead of a point of
mass M, there is a solid body T" whose density is given by 6 = §(z,y, 2z). Now what is the
total force F that T" exerts on a point mass m at (0,0,0)? Each little piece of T" will be
pulling m, in different directions, and we need to add up (integrate) these little force vectors
to compute the total force. A little piece of volume dV at position r has mass dM = § dV/,
so by formula , the force it exerts on m is

To integrate this would involve a triple integral of a vector-valued function but we’ve only
talked about triple integrals of scalar-valued functions in lecture so far, so let’s instead just

compute the z-component of F:

(2-component of F) = comp,, F

S
- [y G

=Gm fff Cos;bdM (since z = pcos )
T

.eg

DI D=

p

=an If sy

=Gm jff dcospsinpdpdedl (since dV = p*sin ¢ dp do df).
T

Example 13.16. Suppose that 7" is a solid sphere of radius a centered at (0,0, a), of constant
density 0 = 1, and suppose that m = 1. Warning: The (0,0, 0) for our spherical coordinates
is not at the center of T', but at its south pole, where m is! This means that if r is the
position vector of a point P inside T, then r is pointing from the south pole to P, and the

angle ¢ that r and the positive z-axis form will be in the range [0, 7/2], not [0, 7].
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By symmetry, the gravitational force F is pointing straight up, so

|F| = (2-component of F)
=G jjf cos ¢sin @ dp do db (by the previous calculation)
T

27 pmw/2  p2acos¢
:G/ / / cos ¢sin @ dp deo db
0=0J¢=0 Jp=0

2r /2
= G/ / 2a cos® ¢ sin ¢ do df
o Jo

w/2

21 1
= 2Ga/ ——cos® ¢ db
0 3

2w 1
:2 —_—
Ga/o 3d9

ArGa

5
On the other hand, since § = 1, the total mass of T" is M = Volume(T') = %mﬁ, so if all the
mass of T were concentrated at its center, then Newton’s law of gravitation for a point mass

0

would give
GM  4nGa

a? 3

F| =
Same answer!
Remark 13.17. Newton proved more generally that a solid sphere of constant density exerts

the same force on any external mass m (not necessarily on the surface) as would a point

mass M placed at its center.

1 ’I‘uesday, November 2 m—————

14. VECTOR FIELDS

Definition 14.1. A vector field is a function whose value at each point of a region is a vector.

It could be showing, for example,

e the wind velocity at each point,
e the velocity of a fluid at each point,
e the strength and direction of an electric field or magnetic field,

e or the gradient of a function at each point.
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Mathematically, a 2-dimensional vector field has the form

F: R? — R?

(3,) (ggjgi) = Py)e+ QU y)e

where P: R? = R and Q: R?> — R are functions.

Example 14.2. Consider the vector field F(x,y) := _Oy . Its values in the upper half

plane are vectors pointing to the left, and its values in the lower half plane are vectors
pointing to the right. (The students in class demonstrated this by forming one big vector
field with their hands.)

2
Example 14.3. The gradient field of f(x,y) := 2? + 4 is F(z,y) := (;), which is always
Y

pointing outward. Think of the direction of fastest increase, looking at a top view of a
paraboloid. The gradient field is everywhere perpendicular to the level curves, which are

circles.

F is continuous <= P and () are continuous.
F is differentiable <= P and @ are differentiable.
F is continuously differentiable <= P and @ are differentiable,

and their partial derivatives are continuous.

14.1. Line integrals. Let C be an oriented curve in R?. (Oriented means that one of the
two directions along the curve has been chosen.)
Three kinds of line integrals:

e Line integral with respect to arc length: [, f(z,y) ds.
(Remember: s = distance traveled = arc length.)

e Line integral with respect to coordinate variables: [, f(z,y)dx or [, f(z,y)dy or
[ P(z,y) dz + Q(z,y) dy.

e Line integral of a vector field: fc F -dr.

Which are vectors and which are scalars? They are all scalars!

14.1.1. What do these mean? Divide C' into n pieces by labelling points Fy, P, ..., P, in

order along C' where P, and P, are the endpoints. Choose a sample point P on the arc from
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P,_1 to P,. Let As; be the arc length of that arc. Then

/Cf(x,y)ds:: lim  (F(PY)Ast+ -+ F(P*)Asy)

max As;—0

/C fag)dei=  lim  (F(P) () — 2(B)) + - + F(P) () — 2(Pay))

max As; —0
/F-dr = lim O<F(P1*)-P0P1+---+F(P;)-Pn_1pn>.
c max As;—

Example 14.4.
/ 1ds = arc length of C.
c

14.1.2. How do you compute these?

t
(1) Choose a parametrization of C| say r(t) := (xEtD for ¢t € [a,b]. Now z,y, s,r are all
Y
functions of ¢.
(2) Substitute x = z(t) and y = y(t¢) in the integrand.
(3) Also substitute

ds = \/da? + dy? = /o' ()2 + y (t)2 dt

b
(4) Change [, to [ .
(5) Evaluate the resulting 1-variable integral in t.

Problem 14.5. Let C be the upper half of the circle 22 4+ y? = 4, oriented counterclockwise.

Let F(x,y) = (_Oy> Compute [, F - dr.

Is the answer going to be positive or negative? Positive, because everywhere along the

curve, F and dr form an angle less than 90°.
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cost

2
Solution. Choose the parametrization ( ) for t € [0, 7]. Then
S

int
/F-dr:/ AT
c c\ 0 dy
w [ o 0w
_/ ( Slnt>.< 281nt> i
0 0 2cost
:/ 4sin’t dt
0

= / (2 —2cos2t)dt
0
= 2m. 0

d
14.1.3. Geometric interpretation. Recall that dr = T ds = (dx

> , where T is the unit tangent
Y

vector. So if F = (g) , then

/ F.dr = / F-T ds
C ¢ tangential component of F
= / Pdr+ Qdy.
C

14.2. Applications of line integrals.

14.2.1. Applications of line integrals with respect to arc length. If C'is a wire whose density
(mass per unit length) is §(z,y), then dm = § ds, so the quantities

mass m = / dm
c
fcfdm

m
centroid := (7, %)

mass-weighted average f :=

moment of inertia [ := / (distance to axis)? dm
c

all involve line integrals with respect to arc length.

14.2.2. Work. Given a force field that is constant (independent of position),

work := force - displacement
=F . Ar,
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More generally, for an object moving along C', the work done by a not necessarily constant

force field F is
W .= / F - dr.
c

(Think of adding up the work done over each little piece of C'.)

14.3. Adding and reversing paths. If the endpoint of path C; equals the start point of
(5, then concatenating gives a path C; + Cs, and

C1+Cs C1 Ca

Let C be a piecewise differentiable oriented curve. Then —C' denotes the same curve with
the reverse orientation. For each piece of C, the “tiny change in position” dr changes sign, so
its components dx and dy change sign too, but the “tiny length” ds = |dr| stays the same.

Thus
e

/ de+Qdy:—/de+Qdy
—C c

/ F-dr:—/F-dr.
—C c

Thursday, November 4 m————

14.4. Fundamental theorem of calculus for line integrals.
1%t FTC: If f(x) is a continuous function on [a, b], and

0= [ 10
then F'(z) = f(z).

Main purpose: Construction of an antiderivative of f(z).

2" FTC: If G(x) is such that G'(x) is continuous on an interval [a,b], then
/ G'(t)dt = G(b) — G(a).

Main purpose: Evaluation of a definite integral fa G'(t) dt.

FTC for line integrals: If C' starts at A and ends at B, and f is a function that is continuously
differentiable at each point of C', then

/C Vf-dr = f(B) — f(A).



The left side is adding up the change in f along each piece of the curve, and the right side is
the total change in f. The formula is the same for a function f in any number of variables.

Proof. Let r(t) for t € [a,b] be a parametrization of C'. Let G(t) = f(r(t)). Then

/CVf‘dr:/abe‘r’(t)dt
b

= / G'(t)dt (by the gradient form of the chain rule)

=G(b) —G(a)  (by the 2" FTC)

Consequences for gradient fields:

e It is very easy to compute a line integral of a gradient field. There’s no need to
parametrize the curve — the FTC gives the answer directly!

° ff V f - dr is path independent for each pair of points A and B: this says that the
value of [, o V[ - dr is the same for every curve C' from A to B!

o If C'is a closed curve (starts and ends at the same point), then ¢,V f-dr = 0. (There
is no difference between ¢ and [: the former is just a notation to help remind you
that the curve is closed.)

These are properties special to gradient vector fields.

Example 14.6. Let F = ‘g . Let C be the upper half of the unit circle, and let C’ be

the lower half, both oriented from (1,0) to (—1,0). The geometry shows that [, F - dr is
negative, but [ o F - dr is positive. So line integrals of F are not path independent. Thus F
cannot be V f for any function f.

14.5. The operator V. Introduce the notation
9
ox
0
9y
9
0z

The symbol V is sometimes pronounced “nabla” (ancient Greek word for harp). It is not an

actual vector, since its entries are not numbers (or functions). But it helps us remember the
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definition of gradient of a function f(x,y, z),
of
ox
of
Vi=1]1=1,
f 9y

of
0z

which is a kind of derivative of f (it is the transpose of the total derivative f'(x)).

14.6. Divergence of a 3D vector field. For a differentiable 3D vector field

P(z,y,z)

F(z,y,2) = | Qz,y,2) | ,
R(z,y, z)

we can now use V to define two new fancy kinds of derivative, called divergence and curl.

Definition 14.7. The divergence of F' is the function

divF =V F
9
ox P
_ 19|
SMFARE
o0 R
0z
=P, +Qy+ R..

Vector or scalar? The divergence of F is a scalar (at each point), just like any dot product.
Py
So don’t make the mistake of thinking that divF is | @, |!
R,

Problem 14.8. Let F(z,y, z) := , a 3D vector field that is pointing radially outward

[ IS

at each point. What is div F?
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Solution. By definition,

divF =V .F
0

Oz
| o
dy
8
+ 9
oy

0

%() ()+$()

(Usually divF is a function taking different values at different points in R?, but in this
problem, div F turned out to be a constant function.) 0

Physical interpretation of divergence:
Let F be the velocity field of a fluid of density 1. Then, at each point, think of divF as
measuring

the net amount of fluid exiting a tiny cube per unit volume and per unit time.

(If more fluid is entering than exiting, then the net amount will be negative.)
It is not obvious from the formula for divF why div F measures this. We’ll explain this
later, using the concept of fluz.

Example 14.9. Suppose that the velocity field F is the vector field of Problem [14.8
x

F(x,y,z) == | y |. For a tiny cube centered at (0,0,0), the net flow is outward. For a tiny
z

cube centered at (0,0, 1), the net flow is again outward, since the rate of flow out the top is

slightly greater than the rate of flow into the bottom (and there is also fluid flowing out the

sides). These observations are consistent with div F being positive at these points.

14.7. Curl of a 3D vector field. Again assume that

P(zr,y,2)
F(z,y,2) = | Q(z,y, 2)

R(z,y,2)
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Definition 14.10. The curl of F is the function

curl F :=V x F
€e; €y e3
— |8 02 4
oxr Oy 0z
P @ R

= (Ry — Qz)el + (Pz — Rm)eg + (Qx — Py)eg.
Vector or scalar? The curl of F is a vector (at each point), just like any cross product.

Theorem 14.11 (Curl of a gradient field is zero). For any function f:R3 — R with
continuous second partial derivatives,

curl(Vf) = 0.
Proof. By definition,

curl(Vf) =V x Vf

€ € €3
_lo o o
T |0z Oy Oz
fe fy T

= ( 2y fyZ)el + (fIZ - fZ?C)e? + (fyw - fmy)e?)

Physical interpretation of curl:
Let F be the velocity field of a fluid again. Through any given point, there is an axis

around which a tiny paddlewheel in the fluid would rotate the fastest. Let w be the angular
speed in radians per second.

e The direction of curl F is along this axis, with direction given by the right hand rule

(if your fingers are in the direction of rotation, your thumb gives the direction of
curl F).

e The length of curl F is 2w.

If instead F is a force field (measuring force exerted per unit mass), then curl F measures
the torque per unit of moment of inertia exerted on a tiny dumbbell. An analogy:

s
force. ———— d,—
= acceleration := E(Velomty)

mass

—
torque

> d >
= angular acceleration := — (angular velocity).
moment of inertia & dt( & y)
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(The direction of rotational quantities like torque or angular velocity is along the azis of
rotation, given by the right hand rule.)

L Friday, November 5 m—————

14.8. Simply connected regions. Suppose that T is a connected region in R? or R3. Let’s
say that a closed curve C' inside T is shrinkable in 7" if it is possible to continuously shrink C'
to a point within T.

Example 14.12. If T is R? with the unit disk removed, then a circle of radius 2 centered at
the origin is contained in 7" but is not shrinkable in 7T". (To shrink it, the curve would have to

enter the unit disk, at least temporarily, and that is not allowed.)
Definition 14.13. Call T simply connected if every closed curve C' in T is shrinkable in T'.

Question 14.14. Which of the following are simply connected?

e The annulus in R? defined by 1 < 22 + y? < 9? No, because the circle 22 + y? = 4 is
not shrinkable inside the annulus.

e R? with a point removed? No, for the same reason.

o R3? Yes.

e a solid ball? Yes.

e a solid torus (donut)? No, because a curve going all the way around the donut is not
shrinkable.

e R3 with a solid ball removed? Yes, since a curve going around the ball can be slipped
around the ball.

e R3 with a point removed? Yes, for the same reason.

e R? with an infinite cylinder removed? No, because a curve going around the cylinder

is not shrinkable.

15. CONSERVATIVE VECTOR FIELDS

All vector fields F today are assumed to be continuous in a 3D region T'. If considering

curl F, then F is assumed to be continuously differentiable.

15.1. Equivalent conditions. Here are four conditions that F might or might not satisfy:

(1) F is a gradient field (equal to V f for some f = f(x,y,z) on T).

(2) ff F - dr is path independent for every A and B in T' (for paths inside T').
(3) $F - dr =0 for every closed curve C inside 7.

(4) curl F = 0 at every point of 7.

Theorem 15.1 (Equivalence of conditions).
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e Conditions (1), (2), (3) are equivalent.

o Any of (1), (2), (3) implies (4).
o [f T is simply connected, then all four conditions are equivalent.

Example 15.2. Suppose that F is a vector field that satisfies condition (2), the path
independence condition. Then the equivalence of (1), (2), (3) means that F also is a gradient

field, and F also satisfies the closed curve condition. Moreover, any of those conditions implies
(4), so curl F = 0 too.

Example 15.3. Suppose that F is a vector field that satisfies condition (4), that curl F = 0
at every point of 7. There is no guarantee that F satisfies conditions (1), (2), (3) too (the
implication goes the wrong direction). But if we also know that 7" is simply connected, then

F satisfies all four conditions.

Definition 15.4. Say that F is conservative if it F' satisfies any of conditions (1), (2), (3) (it
doesn’t matter which, since they are all equivalent!). Any differentiable function f such that
V f =F is called a potential function for F — the multivariable analogue of an antiderivative.

Problem 15.5. Consider a solid spherical planet of mass M. Let the region T be all space
outside the planet. The gravitational field F at each point of T" represents the force that the
planet would exert on a unit mass at that point. In terms of spherical coordinates (p, ¢, 6)
with origin at the planet’s center, Newton’s inverse square law says

GM .

2 P

F=-—

Is F conservative?

Solution. It is enough to check any of conditions (1), (2), (3). In fact, since 7" is simply
connected, we can check any of (1), (2), (3), (4). Usually (2) and (3) are hard to check,
because they involve the integrals along many paths. Usually (4) is the easiest to check since
it just involves calculating a curl, but we didn’t ever work out the formula for curl in spherical
coordinates.

So let’s instead check (1), that F is a gradient field. To do this, we’ll guess f and then
verify that F = V f. Let
_GM
=

f

Is it true that Vf = F? Yes, because
e Vf is radially inward, in the direction of —p, just like F, by symmetry; and

e Vf has the same p-component as F:

R 0 GM GM
Vfp=Dpf =" =

op p P
Thus F is a gradient field. In other words, F is conservative. 0]
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Remark 15.6. Another way to verify that V f = F would have been to use the general formula
for Vf in spherical coordinates:

_of . 10f 4 1 9Of
Vf_@pp+p8¢ +psinqb890

GM A .
=——5p+0¢p+00
P

=F.
15.2. Proof of equivalence. Why are conditions (1), (2), (3) equivalent?

Proof.

(1) = (3): We already showed that a line integral of a gradient field along a closed curve
is 0.

(3) = (2): Suppose that fo F - dr = 0 for every closed curve C. We need to prove path
independence. So suppose that C} and C5 are two paths from A to B. Then Cy 4 (—C3) is a

0:]4 F-dr:/ F-dr—/ F . dr.
Ci1+(—C2) Ch Ca

So fo,F-dr= [, F-dr.
(2) = (1): Suppose that line integrals of F are independent of path. Choose a start point
ain 7. Define

closed loop, so

f(x):= /:F-dr.

(This makes sense since the value is independent of the path.) We will check Vf = F
coordinate by coordinate. To calculate the first coordinate f, at a point b, we need the
values of f along the horizontal line through b, so define

(z,b2,b3)

b
g(x) = f(l’,bg,bg):/ F-dr+/b F - dr.

Along that line,

dg
fa: - %
d (z,b2,b3)
=0 F - dr (the first term of g(x) is a constant)
b
PR p dt
= — 0 (using r(t) := (¢, by, b3))
dx Jy,
R 0
d x
=— [ Pdt
dx b1

=P by the one-variable 1** FTC).
109



Similarly, f, = @ and f, = R. Thus Vf =F. U

Also, Theorem [14.11| shows that if F is a gradient field, then curl F = 0, so (1) = (4).
To finish the proof of Theorem we need to explain why if 7" is simply connected, (4)
implies one of the first three conditions. This requires Stokes’ theorem, so we’ll postpone this.

15.3. Finding the potential. We had time only to sketch the first solution to Problem 2
below. The details of this section will be covered in recitation on Monday, November 8.
Consider the vector field
3z2y + byz
F=|2>+72+5z2
Ty + dxy + €*

on R3.

Problem 1: Is there a function f such that Vf =F?
Solution: Since R? is simply connected, we can check any of the four conditions. Let’s
test (4):

curl F :=V x F
(S31 €9 €3
9 9 9
ox oy 0z

3z2y + 5yz 23+ Tz +5xz Ty + dry + €°
=e,((T+57) — (7T+52)) — ex(5y — 5y) + e3((32° + 52) — (32* + 52))
= 0.

So the answer is yes.
Problem 2: Can you find such a potential function f?

First solution (FTC in reverse): If Vf =F, then

f((l,b,C)—f(0,0,0) :/Vfdr

C

:/F-dr
c

(a,b,c)

= / (32%y + 5yz) do + (2 + Tz + bxz) dy + (Ty + 5wy + €°) dz.
(0,0,0)

Choose the path C; + Cy 4+ C3 where Cy goes from (0,0, 0) to (a,0,0), Cy goes from (a,0,0)

to (a,b,0), and C3 goes from (a,b,0) to (a,b,c). Add up the three integrals. For Cj, use
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the parametrization r(t) := (¢,0,0) for t € [0,a]; then x = ¢, y =0, 2z =0, de = dt, dy = 0,

dz =0, so
/ F-dr:/ 0dt = 0.
Cq 0

Similarly, for Cy use (a,t,0) for t € [0,b]; then z = a, y=t, 2 =0, dz =0, dy = dt, dz =0,

SO
b

/F-dr:/a:gdt:a%.
Co 0

Finally, for Cs, use the parametrization (a, b, t) for t € [0,¢|], so x =a,y=b, z=t, dr =0,
dy =0, dz = dt, so

/ F-dr:/(7b—|—5ab—|—et)dt
C3 0
= Tbc + babc + e — 1.

Summing yields
/ F - dr = a®b + Tbe + babe + e — 1.
c
Thus
f(z,y,2) = 2®y + Tyz + 5oyz + e* — 1

is one possibility. (The others are obtained by adding any constant.)

Second solution (antiderivative method): We know

fo = 32%y + 5yz
fy =2+ 72+ 52z
f. =Ty + bxy + €.

The f, equation implies
f =2y +5ryz +g(y, 2) (3)

for some ¢(y, z). Taking 6% gives f, = 2+ 522+ g, and comparing with the given f, equation
shows that g, = 7z, so g = Tyz+ h(z) for some function h(z). Substituting back into equation
B) sives

f = 2% + 5xyz + Tyz + h(2). (4)
Taking % gives f, = bxy + Ty + h, and comparing with the given f, equation shows that
h, = e* + ¢ for some constant c. Substituting back into equation gives

f=a%y +bryz + Tyz + e +c.

We check that this really has the right gradient.
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Third solution (quess and check): Just guess one possible potential function f, and check
that it has the right gradient; then the complete set of solutions is the set of functions of the
form f + ¢, where ¢ is any number.

Midterm 3 covers up to here.

1 Tuesday, November 9 m———

15.4. Conservative force fields in physics. In physics, kinetic energy is %m|v|2 = %mv-v7
and if F is a force field (e.g., gravitational force) and F = —VV, then the scalar-valued
function V' is called potential energy. If an object moves from A to B along a path C,

B
gMmv v )

increase in kinetic energy

FIe / mv'(t) - v(t) dt (by the product rule for the dot product)

= / mal(t) - r'(t) dt

= /F-dr

work done by F on the object

FTC
= Vi

decrease in potential energy

SO

kinetic energy + potential energy is constant:

conservation of energy! That’s why F is called conservative. And this also explains why
physicists like to write F as —VV instead of just VV.

16. REVIEW

16.1. Equivalent conditions for a vector field to be conservative. A gradient field
(one that is V f for some differentiable function f(x,y,2)) is a special kind of vector field.
What is another name for gradient fields? Conservative vector fields. Most 3D vector fields
are not conservative, not gradient fields. If F is a gradient field, any function f such that
V f =F is called a potential function.

Question 16.1. Can a vector field F have more than one potential function?

Answer. Yes, if there is any potential function at all, say f, then f + ¢ for any number
¢ is another one, since V(f + ¢) = Vf. In fact, these are all the potential functions for
F: if fi, fo are both potential functions for F, then the function g := f; — fy satisfies
Vg=Vfi —Vfy=F —F = 0 everywhere, so all partial derivatives of g are 0, which means

that ¢ is constant. 0
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Given a 3D vector field F, why is it helpful to know whether F is conservative?

e It makes computing line integrals [ o F - dr easy, at least if one can find a potential
function f, because of the FTC for line integrals.
e It has other nice consequences, such as path independence and the closed curve

property.
Here are the four conditions that F might or might not satisfy:

(1) F is a gradient field (equal to V f for some f = f(x,y,z) on T).

(2) ff F - dr is path independent for every A and B in T (for paths inside T').
(3) $F - dr =0 for every closed curve C inside 7.

(4) curl F = 0 at every point of 7.

Case 1: T 1s simply connected. Then all four conditions are equivalent. Does this mean
that every F satisfies the the four conditions? No. What it means is that if F satisfies any
one of the conditions, then F satisfies all four conditions. The easiest one to check is usually
(4) (because one just has to compute curl F) or sometimes (1) (if one can find a potential
function f).

Case 2: T is not simply connected. Then the first three conditions are equivalent, and
they imply the fourth. If one knows only that the fourth condition holds, then the first three
might hold, or they might fail.

16.2. Example in which equivalence fails. This example was rewritten from what was
said in class, to hopefully make it clearer.

Consider R? — {(z,0) : x > 0}, which is the plane with a slit along the nonnegative z-axis.
Let 0(z,y) be the scalar-valued function with domain R? — {(z,0) : x > 0} that gives the
value of the polar coordinate 6 in the range (0,27). It cannot be extended to a continuous
function on the punctured plane R?* — {(0,0)} because its values jump as one crosses the
positive z-axis. Let 0o(x,y) be the function with domain R? — {(z,0) : z < 0} that gives the
value of @ in the range (—m, 7). The functions #; and 65 do not come from a single function
defined on R? — {(0,0)} because they do not agree in the lower half-plane.

On the other hand, they differ there only by a constant (namely, 27), so V6, and V6, do
agree at every point where both are defined. Thus there is a 2D vector field F defined on
R?—{(0,0)} that agrees with each of these. We drew F: it is pointing in the counterclockwise
direction, and is stronger at points closer to origin, like a whirlpool.

What is the formula for F? At a point in R?* — {(0,0)} with position vector r,

e the direction of F is the direction in which 6 increases the fastest, which is 90°
counterclockwise from r, and

e the length of F is the rate of increase in that direction, which is the directional

1
derivative 5 which equals —, since the little piece of arc length ds is r d#.
s r
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Thus

r
F = (90O counterclockwise rotation of the outward unit vector —)

r

(90° counterclockwise rotation of r)
1 0 -1 x
Sz +y2\1 0 y

4y \ oz

Y
x? + y?
x
x2 4 y?

ﬁwl,_.ﬁlr—\

(Another way to get the formula for F would be to take the gradient of tan~!(y/z) + constant
or m/2 — tan~!(x/y) + constant; at least one of these formulas makes sense at each point
(2,9) # (0,0).

Now let us add one dimension, and think of 0y, 62, F as functions of (z,y, z) that happen
not to depend on z, with F having a horizontal value at each point. The new F is a 3D
vector field defined on the region T := R® — (z-axis), given by

Y
22 + 42
x
F(z,y,2) = e
0

Question 16.2. Is 7" simply connected?

Answer. No, because a closed curve that goes around the z-axis is not shrinkable inside

T. O
Question 16.3. Does curl F = 0 hold at every point of 17

Answer. Yes, because in a neigborhood of each point of T', the vector field F agrees with
either VO, or Vés,, and the curl of any gradient field is O. 0

Question 16.4. Is F conservative on 1?7

This does not follow automatically from curl F = 0 since (4) does not necessarily imply
(1), (2), (3) on a region that is not simply connected.

Answer. No. Let us check that the closed curve condition (3) fails. If C'is the counterclockwise

unit circle, then F and dr point in the same direction along C', so the geometric interpretation
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of the dot product shows that fc F - dr > 0. (In fact, the value of the integral is 27, because
it is adding up the change in 6 along C.) Thus it is not true that fCF -dr = 0 for every
closed curve C' in T'. This means that (3) fails. Since (1), (2), (3) are equivalent, they all fail,

and F is not conservative. O

Conclusion: F: T — R3 is a vector field for which conditions (1), (2), (3) fail, but (4)
holds.

16.3. Cylinder in spherical coordinates.

Problem 16.5. Let T be the 3D region defined by 22 +y? < 3 and 0 < z < 1. Find limits

of integration for an iterated integral over T" in spherical coordinates.

Solution: The iterated integral should have the shape

/9/¢/p"’/)25m¢dpd¢d6

The range for 0 is [0, 27]. For each 6, the range for ¢ is [0, 7/2] (from straight up to horizontal).
For each 6 and ¢, the range for p is from 0 up to something, but the upper limit has a different
formula depending on whether the ray outward from the origin hits the top surface or the
lateral surface of the cylinder, which depends on how ¢ compares to 7/3 (an angle of a right
triangle of width v/3 and height 1). This means the integral must be broken into two. If
¢ < 7/3, then the upper limit for p satisfies z = 1, which is pcos¢ =1, s0 p = 1/ cos ¢. If
¢ > m/3, then the upper limit for p satisfies r = V3, which is psin ¢ = v/3, so p = v/3/ sin ¢.
Thus the answer is

w/3 1/cos¢ w/2 V/3/sin ¢
/ / / p sm¢dpd¢d9+/ / / - prsingdpdedo.
0 P= ¢p=m/3

Tuesday, November 16 m————

17. SURFACES
17.1. Parametrized curves again.
Problem 17.1. Parametrize the upper half of the circle 22 4 y? = 9, counterclockwise.

To parametrize a curve in R?, the parameter needs to be one variable ¢ that has a different
value at each point of the curve, so that the different values of the parameter correspond

to the different points on the curve. Then express the z-coordinate and y-coordinate of the

y(t)
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Solution 1. Let t be the counterclockwise angle from the z-axis, so t is the 6 of polar
coordinates. The range for ¢ is the interval [0, 7], and each number ¢ corresponds to the point

3cost
r(t) := . :
3sint
The function r maps [0, 77| in the ¢-line to the semicircle in the zy-plane. O

Solution 2. Let t = —x; we use —x instead of x so that as the parameter increases, the point
moves counterclockwise. The range for ¢ is the interval [—3,3]. What is the point on the

curve with a given t-value? Well, it has 2 = —t and then solving 22 + y? = 9 for y gives

y =9 — 22 = /9 — t2; we use the positive square root since we are parametrizing the upper
half of the circle. Thus the parametrization is

for t € [-3,3]. O

17.2. Examples of parametrized surfaces. To parametrize a surface S in R?, one needs
two parameters that together specify a point on the surface, and then one needs to express

the z-, y-, and z-coordinates of the point in terms of the two parameters.

Problem 17.2. Let S be the lateral surface of the cylinder 2% + y?> = 9 for 0 < z < 5.
(Lateral means “on the side”. In cylindrical coordinates, the equation would be r = 3; that’s
why it’s a cylinder.) What is a parametrization of S7

Solution. We can try to use cylindrical coordinates (7, 6, z), but r is not helping to distinguish
different points on the cylinder because it has the same value 3 at every point of S. So use
0 and z as the parameters. What are x, y, z of a point on S in terms of the parameters?

Answer: x = 3cosf, y = 3sinf, and z = z! So the parametrization is

3cosd
r(f,z):= | 3sinb
z

The range for 6 is [0, 27] and the range for z is [0,5]. The function r maps the rectangle
R :=10,2r] x [0,5] onto S. (Strictly speaking, the points with # = 0 duplicate the points with
0 = 27, so the vertical segment on the right of the cylinder has been doubly parametrized, but
we won’t worry about this, because we are interested in surface area, and the doubly-counted
segment has zero area.) O

Problem 17.3. Parametrize the surface S of the Earth, assuming that it is perfectly spherical.
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Solution. One could use latitude and longitude as the two parameters, but let’s use ¢ and
f. One would not include p because it does not help specify the position of a point already
known to be on the surface. The x-, y-, and z-coordinates can be expressed in terms of ¢

and @, using formulas we have seen before:
x =rcos = psin¢cosl

y =rsinf = psin ¢sin 6

z= p Cos ¢
SO
psin ¢ cos
r(¢,0) = | psingsind
pcos @,

for ¢ € [0, 7] and € € [0, 27]. (In these formulas, p is not a variable: p is a constant, namely
the radius of the Earth.) The function r maps the rectangle R := [0, 7| x [0,27] onto S. O

Problem 17.4. Let S be the lateral surface of the cone x* + y? = 2% for 0 < z < 5. (In
cylindrical coordinates, the equation would be r = z; that’s why it’s a cone.) What is a
parametrization of S7

Solution. Use the r and 6 of cylindrical coordinates. (Using 6 and z would also work.) The

parametrization is

rcosf
r(r,0) = | rsinf |,
r
for r € [0,3] and 6 € [0, 27]. Thus r maps the rectangle R := [0, 3] x [0, 27] onto S. O

17.3. Parametrized surfaces in general. A region R in R? can be mapped to a curved
surface S in R3. Example: A disk can be mapped to a Salvador Dali watch.
In general, a parametrized surface S is the image of a region R in the wv-plane under a

function
r: R —R?
x(u,v)
(u,v) — r(u,v) = [ y(u,v)
z(u,v)

Ty Ty
ry =\ Yu | > ry '= | Yo
Zu )
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(these are the two columns of the total derivative of r). At each point (u,v) in R, one can
evaluate r,, and r, there to get two vectors in R3. The parametrized surface S is smooth at
the point corresponding to (u,v) if these two vectors are linearly independent (i.e., nonzero
and nonparallel). This condition guarantees that tiny rectangles in R get mapped to tiny
“parallelograms” in S (instead of being compressed into a 1-dimensional object, for example).
The quotation marks are there because the “parallelograms” in S could be slightly warped

and hence are not actual parallelograms.

Problem 17.5. Parametrize the lateral surface S of the cone 22 4+ y? = 22 for 0 < 2 < 5 as
before. Is S smooth?

Solution. Our parametrization was

rcosf
r(r,0) = | rsinf |,
r
Then
cos 6 —rsinf
r,= | sinf |, rg = | rcosf
1 0

At a point where r = 0, we get ry = 0. But at a point where » # 0, we have that ry is
a nonzero vector in the xy-plane while r, has a nonzero vertical component so r, and ry
are nonzero and nonparallel. Thus S is smooth except at the points where r = 0, which
corresponds to r = 0. This makes sense: the cone is smooth except at its vertex. 0

17.4. Surface area. Suppose that S is a surface parametrized by r: R — S. To approximate
the surface area of S, we cut R into tiny rectangles, look at their images under r, and add
up the areas of these tiny “parallelograms” covering S.

Imagine a tiny rectangle [u,u 4 du] X [v,v + dv] in the uv-plane. It will be mapped to a
“parallelogram” whose sides are the vectors r, du and r, dv. Define

ds := (r,du) x (r,dv)
=r, Xr, dudv,

which we imagine as a tiny vector. What is the geometric meaning of dS?

e The length of dS is the area of the parallelogram, which should be thought of as a
piece of surface area, denoted

dS = |r, x r,|dudv.

e The direction of dS is a unit normal vector n to the surface.
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So

dS =ndS.

Define the surface area of S to be

Area(9) = fj dsS = fj v, X r,| dudv.
R R

N Thursday, November 18 m——

17.4.1. Surface area of a hemisphere.

Problem 17.6. Let S be the upper half of the unit sphere centered at the origin. What is

its surface area?

(There are many ways to do this; our purpose here is to use the general method for

calculating surface area via a parametrization.)

Solution. We already know a parametrization of S: the function
sin ¢ cos 6
r(¢,0) := | singsinf

cos ¢

maps the rectangle R := [0,7/2] x [0,27] in the ¢f-plane onto S. Then

cos ¢ cos 6 — sin ¢ sin 6
r, = | cos¢sinf |, rg = | sin¢cosf |,
—sin ¢ 0
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SO

€1 €2 €3
ry XTIy =|cos¢cosf cospsinf —sing
—singsinf sin ¢ cos 6 0

= (sin® ¢ cos )e; + (sin® ¢ sin f)e, + (sin ¢ cos ¢ cos® @ + sin ¢ cos psin® f)es
= (sin® ¢ cos f)e; + (sin® ¢ sin f)e, + (sin ¢ cos ¢)es
= (sing)r

lry X rg| =sing

dS = sin ¢ d¢ do

w/2
Area(S) :/ / sin ¢ d¢ db
o Jo
df

2w

21
-
= 2. ]

Note: The geometric interpretation of the cross product shows that the vector ry X ry is
perpendicular to the sphere at each point; this explains why it turned out to be a scalar

multiple of r.

17.5. Surface integrals.
Recall: For a curve C,

L= ') () .

(That is, we compute the left side by choosing a parametrization r(t) of C, for ¢ € [a, b].)
Similarly: If S is a surface, and f = f(z,y, 2), then

[[ £ds = [[ £, 0) v, x x| dudv,

where r(u,v) is a parametrization of S, mapping the points (u,v) € R to the points of S.

To be remembered:

1. To compute a 1-dimensional integral on a curve C, you must choose a parametrization
r(t) to convert it to an integral on a straight interval [a, ] in the real line.

2. Generally, to compute a 2-dimensional integral on a curved surface S, you must
choose a parametrization r(u,v) to convert it to an integral over a flat region R in

the uv-plane.

The only exceptions to this are:
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o If the integrand is a constant ¢, then

/ cds = ¢ Length(C)
c

ff cdS = c Area(S),

and you might know Length(C') or Area(S) already by geometry.

e Sometimes you can use the fundamental theorem of calculus to calculate a line integral.
Similarly, sometimes you can use fancy versions of the fundamental theorem of calculus
called the divergence theorem and Stokes’ theorem (coming soon), to convert the
integral to some other kind of integral.

17.6. Applications of surface integrals.

Definition 17.7. The average value of f on a surface S is

- s fdS
" Area(9)

If S is a metal surface whose density (mass per unit area) at each point is given by a
function §: S — R, then dm = 0 dS, so the quantities

mass m = f dm

S

- dm

mass-weighted average f = M
m

centroid := (Z, 9, 2)

moment of inertia I := ff(distance to axis)? dm
S

all involve surface integrals.

17.7. Flux. Suppose that F is a continuous 3D vector field, and S is a parametrized surface.
Then one gets dS = ndS, where n is a unit normal at each point of S. The flux of F across
S is a special kind of surface integral:

flux of F across S = ﬂ F-n s = HF - dS.
S S

normal component of F

There are actually two choices for n at each point, and the parametrization is specifying one
of them; if one wants flux for the opposite direction of flow, negate the integral. If S bounds
a 3D region (like a sphere enclosing a ball), then one usually chooses n to be the outward

unit normal.
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17.7.1. Physical meaning of flux. Intuitive explanation: Imagine a 3D fluid with constant
velocity field F. The amount of fluid that flows across a tiny parallelogram of area dS in
unit time is the fluid in a parallelepiped of base dS and height F - n. Summing over all tiny
parallelepipeds comprising a surface S gives

ijF-nds.

That’s flux!

This intuition works more generally for any continuous F and smooth S, since F is almost
constant on small regions, and .S is well approximated by tiny parallelograms. Flux measures
the rate of flow (volume per unit time, measured in m?/s, say).

17.7.2. Computing 3D flux. To compute a flux integral

LfF-dS:

(1) Choose a parametrization of S, say r(u,v) for (u,v) in the flat 2D region R. (The
whole point is to convert the surface integral over the curved surface S into a double
integral over the flat region R.)

(2) Compute the partial derivatives r,, r,, and their cross product r, X r,.

(3) Make sure that r, X r, is in the same direction as the desired unit normal n. (If it is
in the opposite direction, negate your answer at the end.)

(4) Substitute

dS =r, xr, dudv.

to get

ij -dS = ffF(r(u,v)) - (ry X 1) dudv.

(5) Evaluate the double integral over the flat 2-dimensional region R; usually this will be

done by converting it to an iterated integral.

Example 17.8. Let S in R? be defined by 22 + > =4 and 0 < z < 3. (So S is the lateral
yz

surface of a cylinder.) Let F(z,y,z) = | 2 4+ 2 |. What is the outward flux of F across S?
5

The solution below was finished on the next day.

Solution. Use the 6 and z of cylindrical coordinates as parameters (r is the constant 2, hence

not usable as a parameter). The parametrization is

2cosf
r(0,z) = | 2sinf |,
z
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for 0 <0 <27 and 0 < z<3. Then

—2sin 6 0
rg= | 2cosf |, r,=\|0],
0 1
SO

€ €2 €3
rg Xr, = |—2sinf 2cosf 0
0 0 1

2cosf

= | 2sinf

0

Notice that ry x r, is in the same direction as the outward unit normal n. Next

dS =rg X r, dfdz

2 cos
= | 2sin@ | dfdz.
0
So the flux is
3 on Yz 2cost
jF-dS:// 2242 |- | 2sing | dodz
f: o Jo 5 0

(yz(2cosf) + (z* + 2)(2sinb)) db dz

/
3 27
/ ((2sin6)z(2cosf) + ((2cos0)* + 2)(2sinb)) db dz
0
/ (22 sin 260 + 8 cos? @ sin § + 4 sin 9) df dz
0
because fogﬂ sin 26 df is the integral over two complete cycles, which is 0, and the last two

terms in the integrand are negated by 6 — 6 + 7 so their integrals over [0, 7| cancel with the

integrals over [r, 27]. O

1 Friday, November 19 m—
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18. THE DIVERGENCE THEOREM

18.1. Flux across the faces of a box. Let us explain the connection between flux and
divergence.

Imagine a rectangular box [xg, 1] X [yo, 1] X [20, 21] whose dimensions
Az =11 — 29
Ay =y — %
Az =2z — 2

are very small. Let
P(z,y,z)
F(z,y,2) = | Q(z,y, 2)
R(z,y,2)
be a continuously differentiable 3D vector field; this means that all nine partial derivatives,
like P, and R., are continuous functions.

Question 18.1. What is the flux of F across the top face of the box?

Solution. On the top face, z takes the constant value z;, and x and y can be used as
parameters. The geometry shows that dS = dx dy and n = ez (no need to calculate a cross
product). Thus the flux across the top face is

/ F-ndS = / / F(z,y,2) - esdxdy
top face
/ / R(x,y, z1) dx dy. 0

Question 18.2. What is the flux of F across the bottom face of the box?

Solution. On the bottom face, z takes the constant value zy, and x and y can again be used

as parameters. The geometry shows that dS = dx dy and n = —e3. Thus the flux across the

/ F-ndS = / / F(z,y,2) - (—e3)dxdy
bottom face
y1
/ / R(z,y, z0) dx dy. O

Question 18.3. If the box is very small, what is an estimate for the net flux through both

bottom face is

the top and bottom faces?

Solution. Adding the previous two answers gives

/ / x y,Zl R(x7y7 Zo))dﬁlf dy
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If the height Az is very small, then we can use the relative change formula
R(Dj" Y, Zl) - R(l‘, Y, ZO) ~ Rz Az

(there is only one term instead of three, since z and y are not changing). Moreover, if the
box is very small, then the continuous function R, is approximately constant on the box, so

Y1 1 Y1 1
/ / (R(z,y,21) — R(,y, 20)) dx dy %/ / R. Az dx dy
Y=Yo v T=T0
~ R, Az/ / dz dy
Y=Yo

= R, Az (Azx Ay)
= R, Vol(box). O

Question 18.4. If the box is very small, what is an estimate for the net outward flux across
all six faces of the box?

Solution. Using similar arguments for each opposite pair of faces gives

Faces Approximate flux through them
top and bottom R, Vol(box)
front and back P, Vol(box)
left and right Q, Vol(box)
total divF Vol(box)

Conclusion:

. net outward flux across the sides the box
divF =~

volume of the box

Thus, at each point, div F measures the flux out of a tiny box, per unit volume.

18.2. Divergence as a source rate. Suppose that F is the velocity field of an incompressible
3D fluid. Suppose also that fluid is being created at each point of the region (maybe there
are tiny pipes pumping fluid into each location). The source rate at a point is the rate at
which fluid is being created per unit volume.

Incompressible means that the amount of fluid within any region is constant, so if fluid is
being created inside a tiny box at some rate, then fluid must overflow out of the box at the
same rate. In other words,

source rate = outward flux per unit volume = divF

at each point.
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18.3. Bounded regions. What about the outward flux across the boundary of a larger
region? That is what the divergence theorem is about. But first we have to discuss what
kind of regions are allowed.

Definition 18.5. A region 7" in R? is called bounded if there is a ball that contains it.

The big mouth test: Does eating T' in one bite require just a big mouth, or an infinitely big
mouth? If a big mouth is enough, then 7" is bounded.

Question 18.6. Which of the following regions are bounded?

e a solid cube? Yes.

e the orthant defined by x,y,z > 0?7 No, because it has points arbitrarily far from the
origin — no ball can contain them all.

e a solid torus? Yes.

e the solid infinite cylinder in R3 defined by 22 + y? < 47 No.

e R? itself? Nol!

18.4. Closed surfaces.

Definition 18.7. A closed surface S is a (piecewise smooth) surface that is the entire
boundary of a bounded region 7" in R3. To say that it is positively-oriented means that at

each (smooth) point of S we choose the outward unit normal n.

Question 18.8. Which of the following are closed surfaces?

(1) the sphere 2 + y* + 2% = 97 Yes, it is the boundary of a ball.

(2) (the outside of) a cube? Yes, it is the boundary of the solid cube.

(3) (the outside of) a torus? Yes, it is the boundary of the solid torus.

(4) the lateral part of a cylinder? No, since the boundary of a solid cylinder would have
to include the top and bottom disks too.

(5) the infinite cylinder z? + y? = 4 in R3? No — it is the boundary of a solid infinite
cylinder, but the solid infinite cylinder is not bounded.

An integral over a closed surface S is sometimes written using the notation gﬁis, although
JJ5 is also correct.

18.5. Divergence theorem.

Theorem 18.9 (Divergence theorem, also known as Gauss's theorem or Ostrogradsky's theorem
— actually discovered earlier by Lagrange). Let S be a positively-oriented closed surface
bounding a region T in R3. Let F be a vector field that is continuously differentiable not only

on S but also on T'. Then
@F.ds — H divF dV.
S T
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18.6. Physical interpretation of the divergence theorem. Suppose that F is the ve-
locity field of an incompressible 3D fluid. As we saw before, div F' is the source rate (the rate
at which fluid is being created per unit volume). Thus div F dV is the rate of fluid creation
inside the little piece of volume dV'. Integrating shows that the right side of the divergence
theorem is the rate of fluid creation inside all of 7.

But the fluid is incompressible, so fluid must be flowing out of 7" at the same rate, to keep
the amount of fluid inside T constant. The rate at which fluid is flowing out of T is the

outward flux of F across the boundary of T', which is the left side of the divergence theorem.

O Tuesday, November 23 m———

18.7. Another explanation of the divergence theorem. Suppose that two tiny boxes
are stacked next to each other to form a larger box. Then the flux out of box 1 plus the
flux out of box 2 equals the flux out of the combined box, because the fluxes across the
now-interior face are computed in opposite directions and hence cancel.

The same principle holds for stacking many tiny boxes: adding up the fluxes out of each
box gives the total flux out of their union U.

Now T can be approximated by such a union U of tiny boxes. So
flux out of U =~  the sum of the fluxes out of the tiny boxes (5)

What happens in the limit as the boxes get smaller, so that U approximates T' better and
better? The left side of tends to the flux out of T, which is @S F - dS, the outward flux
across the boundary of T'. The flux out of each tiny box of volume dV is divF dV, and we
are adding these up. Thus in the limit, becomes

ggﬁF-ds - gjdivF av.

This should make the divergence theorem believable even if we did not justify the details.
Good enough for physics!

18.8. The extended divergence theorem. Sometimes it happens that the boundary of a

region 7" has more than one connected component.

Example 18.10. If T is the solid spherical shell defined by 4 < 22 + 3% + 22 < 9, then the
boundary of T" with outward unit normal consists of an outer sphere S of radius 3 with
outward unit normal and an inner sphere S’ of radius 2 with inward unit normal (because

outward from the point of view of T" is towards the center).
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The extended divergence theorem says that if the boundary of T consists of positively-oriented
closed surfaces Sy, ...,5,, then

@F-ds Foo ﬁF-ds - ﬂfdideV
S1 Sn T

In the example above, the extended divergence theorem becomes

@SF.dS—@SF.dszﬂ divF dV (6)

if each sphere is oriented so that n points away from the origin. The minus sign is there
because the orientation of S’ in the extended divergence theorem (from the point of view of
T) is given by the unit normal pointing towards the origin, the opposite of what we are using

in @
18.9. Divergence and gravitation.

Lemma 18.11. Let F be a 3D vector field pointing radially outward and whose magnitude is
1/p* (defined everywhere except the origin). Then divF = 0 at every point except the origin.

r r
Proof. Since the radially outward unit vector is ﬂ = —, an explicit formula for F is
rlp

To calculate div F, we need to calculate partial derivatives of the three coordinate functions,
while remembering that p is really a function of z,y,z. We could just substitute p =
v/ x?2 + y? + 22 and calculate the partial derivatives explicitly. Alternatively, taking aa_x of

p2:$2+y2+22

gives
dp
2,0£ = 2z,
SO
dp
dx  p’
Now

9, _3 _ -3 o 4 dp
o P E) =P A (=307 ) 5w

= p 3 —3p 2’
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Summing this with the corresponding equations for y and z gives

divF = 3p7% — 3p7°(2? + 9* + 2?)
— 3p73 _3p75p2
=0. 0

Let F = F(x,y, z) be the gravitational field of a point mass M at (0,0,0) (i.e., the force
that it would exert on a unit mass at (z,vy, z)). By Newton’s inverse square law,

GM r

F=-—"_—_
p*op

This is just a constant times the vector field in Lemma [18.11] so
divF =0

at every point in R? except (0, 0,0).

Question 18.12. Let F be the gravitational field of a point of mass M at the origin. Let
Sa be the sphere of radius a centered at (0,0,0). Let Sy, be the sphere of twice the radius.
Let’s compare the flux across S, with the flux across Sy,. Which of the following is correct?

(1) The flux across S, is 4 times as much, because the integral is over a surface area that
is 4 times bigger.

(2) The flux across Sy, is 1/4 as much, because the gravitational field is 1/4 as strong.

(3) The fluxes are equal and nonzero.

(4) The fluxes are both 0, because the divergence theorem says

@F-ds - deivF AV =0,
Sa T

since div F = 0 everywhere.

Answer: The fluxes are equal and nonzero. (The two effects in the first two answers cancel
each other out. The application of the divergence theorem in the last answer is wrong: F is
not defined at (0,0,0), so the right side of the divergence theorem does not even make sense.)

Question 18.13. What is the flux across the sphere S, of radius a centered at (0,0,0)?
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Answer: At every point, F and n are in opposite directions, so

flux :@F-nds

Sa
:ﬁqmw
S,

- @‘—Gg ds
Sa

=3 Area(S,)
GM

= (4ma?)

= —47GM.

It is independent of the radius a!
Even better, if S is any closed surface enclosing the point mass, and T is the 3D region
between S and a small sphere S, centered at the point mass (so 7" has a bubble inside), then

the extended divergence theorem shows that

@F-dS—ﬁiF-dS:fHdidev
S Sa T
=0,

SO

@F-dS:@F-dS
S Sa

= —A47rGM.

The same claim is true if there are many point masses inside S, or even some planets inside

S, because the force fields add. This proves Gauss's law:

gravitational flux across S = —4nrGM,

where M is the mass enclosed by S.
Problem 18.14. What is the gravitational field inside a hollow spherical planet?

Solution. Inside a centered sphere S of radius r inside the hollow part, symmetry implies
that F = cn for some ¢ depending only on r. Then the flux across S is 47r?c, but Gauss’s
law says that it equals 0, so ¢ = 0. Thus the gravitational field is 0 everywhere inside the

hollow part. 0]
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Challenge question 18.15. For a donut-shaped planet, if you are standing on the inner
circle of the planet, is gravity pulling you towards the center of mass or is it pulling you
towards the planet under your feet?

Hint: Imagine filling in the donut hole with a cylinder of very small height. The total flux
through the cylinder is 0 by Gauss’s law. On the other hand, is the outward flux through the
top and bottom disks positive or negative? If you figure that out, that can help answer the
question, because it must be cancelled by the flux through the lateral surface of the cylinder.

L Tuesday, November 30 m——

18.10. Application of the divergence theorem to an electric field. Place a point
charge @ at (0,0,0). Let E = E(x,y, z) be the electric field it creates. Coulomb's law:

_ Qf4meg
PP

E

I

where ¢g is a constant.

The physics is different, but the math is the same as for gravitation, with the constant
@ /4Ameq in place of —G M. The gravitational flux was —47rG M, which is 47 times the constant
appearing in the inverse square law for gravitation. Similarly, the electric flux is

Am(Q/4Amey) = Q

€0
Summary:
field flux
GM
gravitational | F = —— r —4AtGM
pep
4
electric | E = @/ ;60 u Q/eo
p*p

So we get Gauss's law for an electric field (also called the Gauss—Coulomb law):

The electric flux across a closed surface S equals the charge enclosed divided

Q
ij;E-dS:g.
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19. STOKES’ THEOREM

19.1. Curves bounding surfaces. In R3, let C be a closed curve, and let S be a bounded
surface whose boundary is C'. Roughly speaking, S “fills in” C. (Here S is usually not a
closed surface; it usually does not enclose a 3-dimensional region.) For example, C' could be
the Equator on the Earth, and S could be the Northern Hemisphere.

1. An orientation of C'is a choice of direction along C.
2. An orientation of S is a (continuously varying) choice of unit normal vector n at each

point of S.

For Stokes’ theorem to hold, these two choices must be compatible. There are two equivalent
ways to say what compatible means:

e If you walk along C' in the chosen direction, with .S to your left, then n is pointing up.
e If your right thumb is pointing in the direction of n, then your fingers point in the
chosen direction along C.
In the example above, if the orientation of the Equator C' is east, then the compatible
orientation of the Northern Hemisphere S is the one that has n pointing up into space at
each point.

19.2. The theorem.

Theorem 19.1 (Stokes’ theorenﬂ). In R3, let C be an oriented piecewise smooth curve, and
let S be an oriented, bounded, piecewise smooth surface with boundary C'. Assume that the
orientations of C' and S are compatible. Let ¥ be a 3D vector field that is continuously

differentiable everywhere on S. Then

]iF -dr = J;j(curlF) -dS.

Remark 19.2. The orientation of C' is needed to define 550 F - dr, and the orientation of S is
needed to define dS = ndS in [[(curl F)-dS. If these orientations are not chosen compatibly,
the two sides in Stokes’ theorem will differ by a sign.

19.3. Example.

Problem 19.3. Let S be the boundary of the cylinder 22 + 42 < 9, 0 < z < 2 excluding the

Y

base in the xy-plane. Let F = | —z |. Compute the outward flux of curl F across S in as

y3

many ways as you can.

5Actually first proved by Lord Kelvin, who mailed it to Stokes, who included it as a question in a physics

competition for students.
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Solution 1: Use Stokes’ theorem to convert it to a line integral on the circle C' given by
22 +y? =9 in the zvy-plane.

flux of curl F across S = jf(curlF) - dS
S

Stokes’
= ]{ F - dr.
C

To compute the latter, choose a parametrization of C' (counterclockwise, so as to agree with
the orientation of 5). Let’s use

3cost
r(t) = | 3sint for 0 <t < 2m,
0
SO
—3sint
dr = | 3cost | dt

0

or [ 3sInt —3sint

%ler:/ —3cost | - | 3cost dt
“ * \(3sint)? 0

21
= / (—9 sin? ¢t — 9 cos? t) dt
0

21
:/ 9t
0

= —18&m.

Solution 2: Compute the fluz directly from the definition. The surface S consists of the top
disk S7 and the lateral surface S of the cylinder. We have

€ €y €3

_la o8 o
curl F = 9z 8_y 9
y —x g

= 3y’e; — 2es.

On 57, the unit normal is n = eg, so
(curl F) -n = -2
fj(curlF) -ndS = —2 Area(S))
S1

= —18m.
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For Sy, we use the z and 6 of cylindrical coordinates as parameters:

3cosd
r(z,0):= | 3sinf
z
for z € [0,2] and 6 € [0,27]. Then
0
r,=10
—3sinf
ro = | 3cosf
0
(S5} €9 €3
r, XTrg= 0 0 1

—3sinf 3cosf 0
= (—3cosf)e; + (—3sinb) e,.

This gives the opposite of the desired orientation for n (the vector r, x ry is horizontally

inward instead of outward), so insert a minus sign to get
ndS = —r, Xrydzdb,

so that the outward flux is

llf(curlF) -ndS = —/0 /0 (curl F) - (r, X 15) dz df

oy o [3(3sin6)? —3cosf
:—/ / 0 —3sinf | dzdf
o Jo o 0

27 2
- _ / —81sin%6cosfdz d
o Jo
27

= / 162 sin? 6 cos 0 d6
0
.3 |27
= 54 sin 9|0
=0.
So the total flux of curl F across S is

=187 + 0 = —187.
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Thursday, December 2 m———

Solution 3: Use the divergence theorem to compute the flux of curl F' across the entire
boundary of the cylinder, and then subtract the flux across the bottom disk. We already
calculated that

curl F = 3y%e; — 2e;
SO
0

div(curl F) = §3 +a—0+§z( 2)=0+0+0=0.

(In fact, it turns out that div(curl F') = 0 holds for any vector field whose component functions have continuous
second partial derivatives.) By the divergence theorem, the outward flux of curl F across the

entire boundary of the cylinder is

@ (curl F) ff div(curl F) dV

entire boundary solid cylinder

i)

solid cylinder

= 0.
On the other hand, the outward flux across the bottom disk of the cylinder is
fj (curlF) - dS = jf (curl F) - (—e3) dS (since the outward unit normal is downward)

bottom disk bottom disk

H (3y%e; — 2e3) - (—e3) dS

bottom disk

)J

bottom disk

= 2 Area(bottom disk)
=2(m - 3%)
= 187.
Subtracting gives the flux of curl F through S only:

jf{curlF) -dS =0— 187 = —18m.

19.4. Line integral around a tiny rectangle. Remember how we explained the divergence
theorem by approximating the 3D region T' by a union of little boxes and by showing that
the flux out of each little box was approximated by divF dV?

We are now going to explain Stokes’ theorem in a similar way by approximating the surface
S by a union of tiny rectangles hinged together (like a disco ball) and by showing that the

line integral around each little rectangle of area dS is approximated by (curl F) - ndS.
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Imagine a horizontal rectangle R = [xo, z1] X [y, y1] X {20} whose dimensions
Axr = x1 — x9
Ay = y1 — Yo

are very small. Its area, which we’ll call dS, is Az Ay. Its boundary Clyy is a closed curve

consisting of four line segments, oriented as shown:

(20, Y1, 20) th)p (z1,91, 20)
Cleft R C(right
(Io, Yo, Zo) C(bottom (l’l, Yo, Zo)

Question 19.4. What is the line integral |[ Cooct F - dr along the bottom?

Answer. The path Chottom 18 parametrized by (z, yo, 20) for = € [zg, 1], so

/ F.dr= / F(x,yo,20) - €1 dx
Ch T

ottom =0

z1
- / P(z,y0,20) dz. [

=x0

Question 19.5. What is the line integral fcmp F - dr along the top?

Answer. The path Ci,p, is parametrized backwards by (x,yi, zo) for x € [xg, x1], so

71
/ F~dr:—/ F(x,y1,20) - €1 dx
Ctop T=x(0

= —/ P(z,y1, 20) dx. O

=x0
Question 19.6. What is an estimate for the line integrals along the top and bottom combined?
(They almost cancel.)

Answer.

/ F.dr+ /
Cbottom Ct

F-dr:/ (P(z,y0, 20) — Pz, 1, 20)) dx

op =Zo

71
- / P,(x,y0,20) Ay dz (linear approximation)

=x0

z1
~—P,Ay / dx (P, is nearly constant on the rectangle)

=x0

=—-P,AyAzx

— —P,ds. 0
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Question 19.7. What is an estimate for the line integral fo F - dr around the whole tiny
tiny
rectangle?

Answer. A similar calculation shows that

/ F-dr+/ F.dr ~ Q,dsS (7)
Cright Cleft
Combining and answer to Question and gives

]{ F-dr ~ (Q,—P,))dS=(curlF)-ndS, (8)
C4t:iny
R, — Q. 0
since curl F = | P, — R, | and n = | 0 | since R is horizontal. Moreover, the smaller R is,
Q. — P, 1

the better the approximation.

The same will hold for a tiny rectangle in any position in space, because of the geometric
invariance of work and curl under rotations of space (they have a meaning that is independent
of the coordinate system you are working in).

19.5. Explaining Stokes’ theorem for a general surface. Suppose that two tiny rect-
angles are hinged along one side. Then adding the line integrals around each gives the line
integral around the combined surface, since the line integrals along the hinge segment cancel.
The same holds for a surface built out of more than two rectangles. Therefore, when equation
(8)) is summed over all these rectangles, the left side sum becomes the line integral 550 F-dr
around the boundary of the whole surface; meanwhile, in the limit as the rectangles’ sizes
tend to 0, the right side sum tends to a surface integral and the approximation becomes an

7{ F.dr= fj(curlF) -ndS.

This should make Stokes’ theorem believable even if we did not justify the details.

equality:

19.6. Conservative vector fields and Stokes’ theorem.
Do you remember the four conditions
(1) F is a gradient field (equal to V f for some f = f(x,y,z) on T).
(2) ff F - dr is path independent for every A and B in T (for paths inside T).
(3) $F - dr =0 for every closed curve C inside 7.
(4) curl F = 0 at every point of 7.

on a continuously differentiable 3D vector field F? We explained why (1), (2), (3) are
equivalent, and why any of (1), (2), (3) implies (4). We also claimed that when T is simply
connected, then all four conditions are equivalent, but we never explained why (4) implied

any of (1), (2), (3). Now that we have Stokes’ theorem, we can finally explain this.
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Proposition 19.8. When T is simply connected, (4) implies (3).

Sketch of proof. Suppose that T is simply connected and that (4) holds, so curl F = 0 at
every point of 7. We need to prove that (3) holds. Since (3) is a statement about every
closed curve in 7', the proof begins by letting C' be any closed curve in 7', and we need to
show that ¢, F -dr = 0.

Because T is simply connected, the curve C' is shrinkable to a point in 7. A time lapse
photograph of the shrinking would show C' tracing out a surface S as it shrinks, and S is
contained in 7. It turns out that if C' is piecewise smooth, then S can be arranged to be

piecewise smooth too, so that Stokes’ theorem applies:

j{ F.dr= ff(curlF) -dS =0,

since curl F = 0 everywhere on S by the assumption (4). O

19.7. Extended Stokes’ theorem. Sometimes the boundary of a surface S in R? may
consist of several closed curves C1,...,C,. In this situation, the extended Stokes' theorem
says

F-dr + --- +f F-dr = curl F) - dS.
7401 n [[ (curt )

S

It can also be written

]gSF-dr — jsjcuﬂF-ds

where 05 is an abbreviation for the boundary of S. (The 9 is the same symbol used for partial

differentiation, but its meaning here is different!)

Example 19.9. If S is a pair of pants, oriented by the outward unit normal, then 9S consists
of three curves: the waistline, and the two cuffs at the bottom. The waistline is oriented
clockwise when viewed from the top.

At this point, all the material on the final exam has been covered. The remaining topics are

partly for review, and partly to show how the material is used in physics and elsewhere.

O Friday, December 3 m—————
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20. GREEN’S THEOREM

Stokes’ theorem and the divergence theorem have 2D versions:

fF-dr flux
c

2D | Green’s theorem | Green’s theorem for flux

3D | Stokes’ theorem divergence theorem

The 2D versions are less important for physics, but they come up sometimes.
20.1. Green’s theorem is Stokes’ theorem in 2D.

20.1.1. Setup.
R: a bounded region in the zy-plane

C': the boundary of R, assumed to be a piecewise smooth closed curve

F(z,y) = Ple.y) : a continuously differentiable 2D vector field on R.
Q(z,y)

Viewing R as a surface in R?, orient R by choosing n = ez (up, out of the xy-plane). What
is the compatible orientation of C'? Counterclockwise, by the right hand rule.
Stokes’ theorem is for 3D vector fields, not 2D vector fields. So build from F a 3D vector

i P(z,y)
field Bz, ,2) 1= | Q(z,y) |. Then
0
e €9 €3
curlF = | 2 a% 21 = (Q, — Pyes. 9)

P(z,y) Qz,y) 0

The expression (), — P, is sometimes called the 2D scalar curl of the 2D vector field F.

20.1.2. Application of Stokes’ theorem.
Apply Stokes’ theorem to F on R.
Left side of Stokes’ theorem:

P dz
]{F-dr:]{ Q dy
© “\o dz



is the same as

%ler: dex—i—Qdy.
c c

Right side of Stokes’ theorem:

ff(curl]?‘) -dS = ff(curl]?‘) -ndS
R R
= J\J\(Qx — Py)eg - €3 dA

= J](Qx - Py) dA

So the result of applying Stokes’ theorem is

Theorem 20.1 (Green's theorem). For the setup above,
7{ Pdr+Qdy = [[(Q. — P,)dA.
¢ R

Another way to write the same equation:

frde= ] emE aa

20.1.3. Computing area with Green’s theorem. Let R and C be as in the setup for Green’s
theorem. If we choose P =0 and @ = z, then ), — P, = 1, so Green’s theorem (with the
two sides reversed) gives

Area(R) = 7{ zdy.

c

If we choose P = —y and @) = 0, then @), — P, = 1 again, so

Area(R) = f —ydz.

C

These formulas give the area of R in terms of a calculation along the boundary!

In the 1800s, people invented the planimeter, a mechanical device with an arm attached
to a pencil such that if the pencil traces out a closed curve, the device calculates the area
enclosed. It works by effectively calculating fc x dy.

20.2. Green’s theorem for flux is the divergence theorem in 2D.
140


https://en.wikipedia.org/wiki/Planimeter

20.2.1. Setup.
R: a bounded region in the xy-plane
C': the boundary of R, assumed to be a piecewise smooth closed curve
n: the outward unit normal in R? at each point of C

M
F(x,y) = (z.9) . a continuously differentiable 2D vector field on R.
N(z,y)

The divergence theorem requires a 3D vector field on a 3D region 7. So build from F
) M(z,y)
a 3D vector field F(z,y,z) := | N(z,y) | and thicken R into a slab T":= R x [0,1]. The

0
boundary S of T consists of the lateral surface C' x [0, 1], the bottom R x {0}, and the top

R x {1}. Equip S with the outward unit normal vector n at each point.

20.2.2. Application of the divergence theorem.
Apply the divergence theorem to F on 7.
Left side of the divergence theorem: First, what is F - i at a boundary point (z,y,2)?

e along the lateral surface, F - fi at (z,7, z) has the same value as F - n at (x,y);
e along the top, F - fi = 0 since F is horizontal while n is vertical;
e along the bottom, F -0 = 0 since F is horizontal while n is vertical.

Thus

flux across S = flux across the lateral surface C' x [0, 1]

= [ F-ads

Cx[0,1]

1
:%/ F - -ndzds
C Jz=0

1
= %(F ‘1) (/ dz> ds (since F - n does not depend on z)
C z=0

= ]{F-nds

flux of 2D field F across C'
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Right side of the divergence theorem: First, divF = M, + N,, which we also call the 2D
divergence of F, denoted div F. So the right side is

jﬂ divF dV = H /io divF dzdA
= [{ (a@ivE) ( / 10 dz) dA
= [[ divF da|

So the result of applying the divergence theorem is

Theorem 20.2 (Green's theorem for flux, also called Green's theorem in normal form). For the

setup above,

fCF ‘nds - fj 2D Ellilwyer:g;mce dA | <10)
R

flux of 2D field F across C'

Now nds is the 90° clockwise rotation of T ds = dr = (Z:C
Yy
we have

M dy
F-nds = . =—Ndx+ Md
s <N> (_dx) v My,

while on the right of we have divF = M, + N, so (10) can be rewritten as

) in the plane, so on the left of

j{C—Ndx+Mdy:£f(Mx+Ny) dA| (11)

Mathematically, Green’s theorem and Green’s theorem for flux are essentially the same:
Taking P = —N and Q = M in Green’s theorem gives Green’s theorem for flux.

N Tuesday, December 7 m———

21. GENERALIZED STOKES’ THEOREM

The fundamental theorem of calculus, the fundamental theorem of calculus for line integrals,

the divergence theorem, and Stokes’ theorem all fit the template

cc/ F:/dF”,
OR R

where OR is the boundary of R and dF is some kind of derivative/differential of F.
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FTC: The boundary of an interval [a, b] is a set of two points {a, b}.

£(b) - f(a) = / f(z) da.

FTC for line integrals: The boundary of an oriented curve C' from A to B is {A, B}.

F(B) - f(A) = / VS - dr.

c
Divergence theorem: The boundary of a 3D region T is a closed surface S (or many closed
surfaces). Let F be a 3D vector field.

QF-dszgjdivF dv.

Stokes’ theorem: The boundary of a surface S in R? is a closed curve C' (or many closed
curves). Let F be a 3D vector field.

]{CF~dr: LfcurlF-dS.

Can you make Green’s theorem and Green’s theorem for flux also fit the template? Yes,
try it!

In fact, all six theorems are special cases of a generalized Stokes' theorem that applies to

differential forms on n-dimensional manifolds for any n!

22. MAXWELL’S EQUATIONS

Maxwell’s equations relate electric and magnetic fields. They can be expressed in differential
form (involving the derivative-like operators div and curl), or in integrated form (involving
line integrals and surface integrals).

Mathematics proves none of them. Instead, the role of mathematics is to show that the

differential form is mathematically equivalent to the integrated form.

22.1. Definitions of the physical quantities.
Introduce the following quantities (in SI units):

E := electric field (newtons/coulomb = volt/m)
B := magnetic field (teslas)
p := charge density (coulomb/m?)
J := current density (amp/m?)
t := time (s)

Lo, €g are constants.
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22.2. The two forms of Maxwell’s equations.
Here are Maxwell's equations in differential form:

divE =2
€o
divB =0
dB
IE = ——
cur I
dE
curl B = poeg— + pod.

dt

And here are Maxwell's equations in integrated form:

@E -dS = Q (Gauss-Coulomb law)

s 0

ﬁB -dS =0 (Gauss's law for magnetism)
S

d
7€E dr = % Lf B-dS (Faraday's law)

d
f{ B dr = oo IE -dS + pols  (Ampere's law).
g dt J,

In the first two equations, S is a closed surface, and () is the charge enclosed by S. In the
last two equations, C' is the boundary curve of a surface S, and Ig is the current flowing
through S (that is, the flux of J across 5).

As you can see, the differential form of the equations is a little simpler. But the integrated
form tells us about the macroscopic quantities that we ultimately care about. (A similar
thing happens with gravitation: Newton’s law for gravitation is simplest when expressed as a
law about force or acceleration, but integrating it twice gives information about position,
which is ultimately what we care about.)

22.3. Equivalence of the two forms. Let’s prove the equivalence of the two forms of the
third Maxwell equation (Faraday’s law). The key to the proof will be Stokes’ theorem.

Proof that the differential form implies the integrated form. First suppose that

IB
IE=-——
cur di

at every point. Take the surface integral of both sides over S:

fsf curl E - dS = Lf —C;—]:’ -dS.
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Apply Stokes’ theorem to the left side, and on the right side convert the integral of a derivative
to the derivative of an integral (usually it is OK to do this, just as the sum of derivatives is
the derivative of the sum):

fE-dr:—i fB-ds. O
g di
S

Proof that the integrated form implies the differential form. Suppose that

JaiE-dr:—%LdeS.

holds for every surface S, with C being the boundary of S. Reversing the steps above leads

churlE-dS — Lj—%-ds

for every surface S. By Lemma below, this implies that
dB
IE=——
cur o

everywhere. 0

to

Lemma 22.1. If F and G are continuous 3D wvector fields such that

[[Fas={[Gas

S S
for every surface S, then F = G everywhere.

Proof. Suppose not. Then we can choose a point P where F # G. Let S be a tiny disk
perpendicular to F — G at P. If S is small enough, then

[[F-G)-as #0.

ffF-dS;éifG-dS,

S
a contradiction. O

Thus

23. REVIEW

23.1. Flux. Flux quantifies how much a vector field F is “flowing” across a surface S:

Hux = _L_[ normal cgn})gem of F ds = _Lj F-dS.

The part of F that matters is the part going across S — this is F - n, which is the scalar
component of F in the direction of the unit normal vector to S. Because of the geometric
interpretation of the dot product F - n in terms of the angle § between F and n, the flux

through a tiny piece of surface area dS will be
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e positive if F is roughly in the same direction as n (that is, 0 < 7/2),

e negative if F and n are roughly in opposite directions (that is, § > 7/2), , and

e zero if F is perpendicular to n (that is, § = 7/2, so F is parallel to S, so that F is
not really flowing across S).

Also, the definition of flux is a surface integral because one needs to add up the flux through
each tiny piece of S.

Question 23.1. How do you compute flux? Is it necessary to parametrize S7

Answer. Parametrizing S will work, but it is not always necessary:

o If F-n is constant on S, then pull it out of ﬂs F -ndS so that it remains to compute
the surface area of S.

e Otherwise, find a parametrization r(u,v) of S and use

ndS=dS =r, xr, dudv. O

I Thursday, December 9 m—

23.2. A parade of differentials. What is the difference between ds, dS, dS, etc.?

e dr can be thought of as a tiny vector measuring change of position along a curve.
Use: Line integrals of vector fields (for example, work) have the shape |[ o F-dr.

dx
dr = | dy | = Tds.
dz

e ds can be thought of as the length of a tiny piece of a curve.
Uses: Length of a curve, line integrals of scalar functions.

ds = |dr| = \/da? + dy? + dz? = \/2'(t)2 + i/ (t)2 + 2/ (t)2 dt.
e dA can be thought of as the area of a tiny piece of R?:
dA = dxdy (rectangular)

= rdrdf (polar)

‘3(% y)
3w, v)

du dv (change of variable).

(The last formula is for a change of variable z = x(u,v) and y = y(u,v).)
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e dS can be thought of as the area of a tiny piece of a surface.
Uses: Surface area, surface integrals of scalar functions.
If the surface is parametrized by r(u,v), then

dS = |r, X r,|dudv

(That’s the area of a tiny parallelogram of sides r, du and r, dv in R3.) For a sphere
of radius p parametrized by ¢, 8, this becomes

dS = p*sin ¢ do db.

e dS means ndS, where n is a unit normal to the surface.

Use: Flux of a 3D vector field F across a surface S is ﬂs F - dS.

In terms of r(u,v):

dS =r, Xr, dudv.
The length of dS is dS. The direction of dS is the unit normal n = ;“%:f’
e dV can be thought of as the volume of a tiny region in R?: Y

dV =dxdydz (rectangular)
=dzrdrdd (cylindrical)
= p*sin ¢ dp de df (spherical)
_ ‘ 9(z,y,2)
O(u, v, w)

e dm can be thought of as a tiny bit of mass. It is d ds, or § dS, or d dV, depending on
whether the object is of dimension 1, 2, or 3 (such as a wire, a warped metal plate, or

a planet). The density J is mass per unit length, or mass per unit area, or mass per
unit volume.

du dv dw (change of variable).

Uses: Mass, mass-weighted average, centroid, moment of inertia, gravitational field.

23.3. Table of differentials and their uses.

n-dim integral | Differential n-forms Uses
/ ds, dr arc length, work
Jf ds, dS surface area, flux across surface
jjf av volume
it depends dm mass, average, centroid, moment of inertia

Make sure that the dimension of the integral matches what you are trying to compute!
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Example 23.2. Flux of a 3D vector field F is flux across a surface, so it should be a 2D
integral. (In fact, it is the integral of the normal component F - n with respect to surface
area, so it is [[(F-ndS.)

23.4. Ice cream in rectangular, cylindrical, and spherical coordinates.

Problem 23.3. Let T be an ice cream cone with vertex (0,0,0), height 4, and flat top of
radius 3. (It’s the disappointing kind of ice cream cone in which the ice cream does not
bulge at the top.) Find triple integrals expressing the volume in rectangular, cylindrical, and
spherical coordinates.

Solution.

Cylindrical: Above a point in the zy-plane with polar coordinates (r,0) (with r < 3) the
height of the bottom of the cone is %r by similar triangles, and the height of the top of the
cone is 4. In other words, the cone is described by %T < z < 4 (which implies < 3). So the

27 3 z=4
/ / / dzrdrdf.
6=0 Jr=0 z:%'r

We did not have time for the rest of this solution, but it will be discussed in my review

volume is

session.
Rectangular: The inequality r < 3 corresponds to z? + y? < 9, and the range for z above
the point (z,y) in this disk is %x/xQ +y? < z < 4. So the volume is

/ / / dz dy dzx.
-3 —V9—22 Jz x2+y

Spherical: Either argue geometrically to find the ranges for p, ¢, 6, or just substitute the
change of coordinates into the inequalities. Let’s do the latter: %r < z < 4 becomes

4
gpsinqﬁ < pcosp < 4.

The first inequality says tan¢ < 3/4, so ¢ < tan"1(3/4). The second inequality says
p < 4/cos¢. So the volume is

21 ptan~1(3/4) p4/cosd
/ / / p*singdpdeodh. OJ
0=0 J ¢=0 p=0

Problem 23.4. Same cone without the ice cream. What is a parametrization for the lateral
surface of the cone?

Solution. First, choose your parameters. How do you describe a position on the cone with

two numbers? One possible answer: give the angle # and the height z, i.e., the 6 and z of
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cylindrical coordinates. The radius at height z is %z, SO

T = z_Lz cos
— Z,sind
Y 42 sin
z = z.
In other words,
%z cos 6
r(f,z) = | 3zsind | . O
z

24. LIFE AFTER 18.02

18.01
/ Calculus
18.03 —— 18.02
Diff egs Multivar calc
18.04 18.05 18.06(1) 18.062/6.042 18.5096
Complex Prob/stat Linear algebra y Intro to math reasoning
18.300 18.200(A) 18.600 18.700 18.100
Applied math Discrete math Probability Linear algebra Real analysis

18.701
Algebra

applied <—— —— > theoretical

For sciences/engineering, 18.03, 18.05, 18.06 are useful.

For computer science, 18.06 and 18.062/6.042.

To prepare for more advanced math subjects (18.100 and greater), or if considering a math
major (or double major with math), take 18.5096. This is a new subject developed by me
and Profs. Dyatlov and Seidel that uses selected topics from combinatorics, algebra, and
analysis (including fun topics like permutations and different sizes of infinity) to teach how
to understand abstract concepts and prove theorems. The subject 18.062/6.042 is similar,

but it uses topics aimed towards computer science subjects.
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Many 18.02 students become math majors, or do a double major with math. If you are
considering this, taking 18.5096 is a great way to get a sense of what it is like to be a math
major — it is designed for students with your background.

25. THANK YOU

Thank you to

e Jennifer French for implementing my Part A problems on the MITx site;

e Theresa Cummings and the Math Academic Services staff for handling many admin-
istrative details (such as printing and proctoring exams, helping with students with
special situations, etc.);

e Jean-Michel Claus and the rest of the team that developed the eigenvalue-eigenvector
mathlet, among many others;

e the math department faculty who helped develop 18.02 over decades;

e the professors I consulted in other departments whose advice helped me modernize
the 18.02 content this fall to make it more relevant to their subjects;

e the MIT audio-visual staff on hand at each lecture;

e the MIT Facilities staff for improving the ventilation in 34-101 upon our request;

e the board cleaners at each lecture;

e and especially the recitation instructors (Zongchen Chen, Yuqiu Fu, Duncan Levear,
Hyunki Min, Yilin Wang, Pu Yu) for their hard work over the semester!

And thank you to all the 18.02 students for making this class fun to teach! I hope that you
all ace the final!
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