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Start with the Schur functions. Part One: Partitions

• Definition: Partition λ of the integer n; denoted λ ` n

... is the m-tuple λ = (λ1, λ2, . . . , λm) where n = λ1 + λ2 + . . . + λm

and λ1 ≥ . . . ≥ λm ≥ 0.

• Example: Partition

(1) ` 1

(1, 1) ` 2

(2) ` 2

(1, 1, 1) ` 3

(2, 1) ` 3

(3) ` 3

· · ·
(4, 2, 1) ` 7



Schur functions. Part Two: Young Diagrams

• Definition: The Young diagram of the partition (4, 2, 1) ` 7 is

• Coordinates of the boxes

(1,1) (1,2) (1,3) (1,4)

(2,1) (2,2)

(3,1)

• The expression “for all (i, j) ∈ λ” means:

“for all pairs (i, j) such that (i, j) are coordinates of boxes in the
Young diagram of λ”



Schur functions. Part Three: Transposed Partitions

• Definition: If λ = (4, 2, 1), λ′ = (3, 2, 1, 1)



Schur functions. Part Four: Young tableaux

• Definition: (Semistandard) Young tableaux (SSYT)

A Young diagram filled with numbers, strictly increasing by columns,
nonstrictly by rows

• Example: Young tableaux: Two that are and one that is not!

1 1 2 4
2 2
3

1 3 6 7
2 4
5

1 2 3 4
6 5
7

• Definition: xT , where T is a SSYT

x2
1x

3
2x3x4 x1x2x3x4x5x6x7



Schur functions. Part Five: Definition

sλ(x1, . . . , xm) ≡
∑
T

xT

where the summation is over all Young tableaux of shape λ filled
with the numbers 1, 2, . . . , m

Default case: For λ = (0), sλ ≡ 1.

• Example 1: λ = (1)

1 2 3 · · · m

s(1)(x1, . . . , xm) = x1 + · · · + xm

• Example 2: λ = (2)

i j

s(2)(x1, . . . , xm) =
∑
i≤j

xixj



Schur functions. Part Five: Definition

• Example 3: λ = (1, 1)

i
j

s(1,1)(x1, . . . , xm) =
∑
i<j

xixj

• Example 4: Schur function, m = 3, λ = (2, 1)

1 2
3

1 3
2

1 1
2

1 2
2

1 1
3

1 3
3

2 2
3

2 3
3

s(2,1)(x1, x2, x3) = 2x1x2x3 + x2
1x2 + x1x

2
2 + x2

1x3 + x1x
2
3 + x2

2x3 + x2x
2
3



Schur functions. Part Six: Recursive formula

• Key in computing the Schur/Zonal polynomials!

• Observe that m can only occur in a “rightmost square.”

X X
X

X

The rightmost squares form a “horizontal strip.”

• Therefore

sλ(x1, . . . , xm) =
∑

µ

sµ(x1, . . . , xm−1)x
|λ|−|µ|
m

where the summation is over all partitions µ which “fit inside” λ and
such that λ − µ is a horizontal strip.

• Example:

s(2)(x1, x2) = s(2)(x1) + s(1)(x1)x2 + s(0)(x1)x
2
2 = x2

1 + x1x2 + x2
2



Zonal and Jack polynomials

• That β parameter again!

• In combinatorics people use α = 2/β instead

• Schur β = 2, α = 1

• Zonal β = 1, α = 2

• Jack—general β, α



Hook lengths

• Definition: For (i, j) ∈ λ

hλ(i, j) ≡ λ′
j − i + λi − j + 1

• Example: For λ = (4, 2, 1), hλ(1, 2) = 4

X X X
X

• In general the hook lengths are

6 4 2 1
3 1
1

• α–modifications: Upper and lower hook lengths

h∗
λ(i, j) ≡ λ′

j − i + α(λi − j + 1)

hλ
∗(i, j) ≡ λ′

j − i + 1 + α(λi − j)



Jack function

• Definition: Jack function (for any α; plug in α = 2 for the Zonals)

Jκ(x1, x2, . . . , xm) =
∑

µ

Jµ(x1, x2, . . . , xm−1)x
|κ/µ|
m ξκµ,

where the summation is over all µ ≤ κ such that κ/µ is a horizontal
strip, and

ξκµ ≡
∏

(i,j)∈κ Bκ
κµ(i, j)∏

(i,j)∈µ Bµ
κµ(i, j)

, where Bν
κµ(i, j) ≡

{
h∗

ν(i, j), if κ′
j = µ′

j;

hν
∗(i, j), otherwise,

(h∗
κ and hκ

∗ are the upper and lower hook lengths)

• ξκµ = messy-to-describe, yet easy-to-compute rational function of α

• Caveat: Need to be careful about normalization—see our paper with
Edelman
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