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Why qu(', ', X)?

e Distributions of
>\mina Amaxa det7 etc.

of
Wishart, Jacobi, Laguerre

expressed in terms of ,F,(-, -, X)
e The distributions useful in:

— Hypothesis testing (e.g., X = I, etc.)

— Parameter estimation: A ~ W,,(n,o%I), o =7
e Applications in:

— Population classification
— Automatic target classification

— Wireless communications
e Computing ,Fy(-,, X): 40-year-old open problem

— Notorious complexity and slow convergence

— Empirical methods inefficient



Distribution of Ajpax of 4 X 4 Wishart with 7 DOF, > =1
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e Exact vs Empirical with 20,000 replications



James 1964

If A~ W,(m,X) then

P()‘max(A) < :13) ~ a’;% 1F1 (m n—i-?;l—i—l, %J)Z_l)

oo
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e Slow convergence = oo ~ 50,100,150
e C.(X) — Zonal Polynomial — Really hard: O(n™) terms in each!

e Our Contribution: O(n)
e Impossible until now

— Previous best algorithm (n = 5): 8 days

(Gutiérrez, Rodriguez, Sdez, 2000)

1

— New algorithm: Tog Second



Automatic 3D Target Classification

»

Blazer HMMWV M1 A1 Abrams Leopard T62 Challenger

X1 X2 Xg X4 X5 X6
e X; — n X 3 matrices (given data)

e Observation: X = (X; + E)Q, e;j ~ N(0,0%)
e XX — noncentral Wishart, eigs do not depend on Q

e Question: 7 =7

L(i|X) ~ 1Fy(-; XTX)

e Reference: Michael Jeffris (MITRE), Proceedings of SPIE 2005



Computing pFg(+; 5 X)

P(max(4) < @) ~ 2% 11y (3525 a2 )
= 2% ) pe-at- O3
k=0 ktk

e Means computing zonal polynomials C,(X™1)
e C.(X7!) depends only on the eigenvalues x{, x3,...,x, of X!

e [llustrate B8 = 2 (complex); general 3 analogous

Partition C. Number of terms
(1) r1+ -+ x, O(n)
(2) Y wx, O(n?)
1<J
(1,1,1) Z LT T, O(n?)
i<j<k

K Z x! 0 (n'“')



Computing Cx(X)

IDEA: C, are x(GL,(C)); X (GL,_1(C)) induce x(GL,(C))
Example:
Can(X) = ) iz,

1<J

= a2+ (w1 +x2)X3+ -+ (1 + -+ Tp_1) Xy

Algorithm:
S1 = I
Sg = 81+ X2 (= x1 + x2)
83 = S2 + x3 (= 21 + x2 + x3)

Sn—1 = Sp—2 + Tp_1 (: 1+ Lo+ -+ wn—l)

Ca1)(X) = siza+ 85223+ -+ 4+ sp—1h
e Cost: O(n) versus O(n?)

e In general: O(n) versus O(n!")



Ap ~ Wp(n,I); n/p=75; (Amax(Ap) — pp)/op — TW;

0.5 I T T T

0.45} i

0.4

0.35

0.25r
0.2_ \ _

0.15r ! 7

0.1+ .
TW 1// \\
0.05 ! -




0.3

0.25

0.2

0.15

0.1

0.05

p=4k+2, n/q =2, n/p =3, Anax(4pB, ") = Amax(AccBL) ~ TW,



Future work

e Incorporate the work of Johnstone, Richards, Chen, Tracy-Widom
e New Cooley-Tukey-type algorithm:

— (DFT);;—characters of Z/nZ <+— Cy——characters of GL,(C)
— Main identity
Cﬁ:(mla L2y ooy mn) — Z C)\(wlv L2y ey wn—l) . w!":|_|>‘| ‘ f)?,q,
ALK

In matrix form:

Cn — Cn—l * Yn(mn)

where for example

(1 x x? 23 |
Vila) — 1 z z? z x2* 3 z*
2(T) = 1 x x? x3 x? 3 x* °

i 1 xr x? x x® 23| x3 x* x° :136_

—Y,, structured ... MVM takes linear time
— Cost(New Alg) =~ /Cost(Current Alg) ... just like FFT




