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GOALS

e Accurate (Small relative error) and
Efficient (O(n?) or perhaps O(n?), independent of condition number)
Linear Algebra

_ A—l

— Az =0

— LDU from GENP, GEPP, GECP
— SVD

e Can’t be done for general matrices, must be “structured”

— Certain sparsity patterns
— Cauchy

— Vandermonde

e (Goal of this talk: Accurate and Efficient Linear Algebra for
Generalized Vandermonde Matrices
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OUTLINE

e Model of arithmetic

e Classical method for achieving the goals for simple examples —
The Bjorck-Pereyra Method for Vandermonde Matrices

e How and why it works?

e Application to TP Generalized Vandermonde matrices



How can we lose accuracy in computing in floating point?

e flla®b) =(a®b)(1+ ) model of arithmetic with no over/underflow

e OK to multiply, divide, add positive numbers
Proof: 1+ 6 factors can be factored out

® 1; £ x;, where z; and x; are initial data (so exact)
® (z; +y;) (@ — yj—1)wir1/ (i1 —y;) - OK
e Cancellation when subtracting approximate results dangerous:

12345xxx
- .12345yyy
.00000zzz

e We will compute everything using only allowable expressions

e Explains our interest in TP matrices, minors > (



Classical Example: A Vandermonde Linear System

e Solve Vy = b, where V is Vandermonde:

1z ... I?_l_ _yl_ L+ ]
1 x5 ... xé’_l Yo —
1z, ... xﬁ‘l_  Yn | =]

and 0 < 21 < ... < x,.
e Equivalent to interpolation
— Lagrange
— Newton
e The Bjorck-Pereyra method solves Vy = b, by doing Newton interpolation
— In O(n?) time
— With small forward error: |y; — ;| < O(e)|y|
— With small backward error: If V= b then |V;; — Vi;| < O(e)|Vj,].

e How does it work?



The Bjorck-Pereyra Method (1970)

1 2
Polynomial interpolation: 22 —1 134 by f(x) = aj + asx + azx”
(alternating signs for f(z) for a purpose)
111 aq 2 1 11 111 111
E.g. solve: |12 2| -|ay|=|—-1|. GE:|[124|~|013|~|01 3
1 3 3° as 14 139 028 00 2
. 1 2 2 2
Instead: Newton Interpolation: {9
2| —1| 55 =-3 —3
3| 14D =15 B8 — g

fle)=2-3x—-1)+9(x—1)(x—2) =
2—(x—1)[3-9z—-2)]=2—(x—1)(21 —9x) = 2+21 — (94 21)x + 92* = 23 — 30z + 9z”



Matrix Interpretation of the Bjorck-Pereyra Method

1 2 2 2

21 —1] =3 —3

30 14| 15 9
1 2 | 2 1 2 2
Matrix version: | —1 1 |l =1]=|-3; 1 |l =3]=|-3
-11| |14] |15 -5 3] |15 9

yielding f(z)=2—-3(x — 1) +9(x — 1)(z — 2)
Now going back to the solution:

NERIEE

yielding f(z) = 23 — 30z + 922



Matrix Interpretation of the Bjorck-Pereyra Method

e Putting it all together

1 —1 1 1 1 2 23
y=V"b= 1 -1 1 -2 1 -1 1 —1|=|-30
1 1 —5 5 -11) |14 9

e Notice:

— Bidiagonal Decomposition of V! (accurate)

— Checkerboard sign pattern

= NNo subtractive cancellation
= High relative accuracy

o Questions:

— Which matrices have bidiagonal decomposition of their inverses?
— Checkerboard signs?

— Accurate?



The Bjorck-Pereyra Method Dissected

e Questions:

— Which matrices have bidiagonal decomposition of their inverses?
— Checkerboard signs?

— Accurate?
e Answers:

— All nonsingular matrices do
This is Newille elimination in matrix form:

1 111 111 1 111 11
-1 1 124|=[013]; 1 013|=|01
~11]|1309 015 —122]l015 00
1 -1 1 1 1 111 1
1 —1]-] 1 -2]- 1 -1 1 124]=] 1
1 1 -3 3 -1 1] |139

— Checkerboard sign pattern <= Total positivity
(A is TP <= all minors > 0)

— Accurate? Yes.



Accuracy of the Bjorck-Pereyra Method

T 1

Ly Ty Ty |

—1 1

LTa—2x1 T4—21 | L

Accuracy ... OK

Other TP matrices?

1 —X

—1 1
L3—T1 T3—I1

LA—T2 T4—T2 1 L

... Yes. Cauchy

1
1 — X9 1
1 — X9 1 — X3
1 1
1
—1 1
r2—T1 12— 11
—1 1
r3—T2 T3~ T2
—1 1
Tp—I3 T4—T3 J




The Bjorck-Pereyra Method for Cauchy Matrices

e Cauchy matrices

1
C =
X Y
e TP, if 1 >...>2,>y1>... >y,
1 1 1 -1 1 —(@1=y1) 0 10 0
T1-Y1 T1TY2 T1TY3 Y1—Yy2
1 1 1 — |0 T1—Y9 —(z1—12) 01 —(7r2—y1) %
T2-Y1 T2TY2 T2-Y3 Y1—y2 Y2—Y3 y1—y3
1 1 1 T1—Y3 00 L2—Y3
0 0 =l=23
T3—Yy1 T3—Y2 T3—Y3 Y2—Y3 Y1—y3
rr — Uy 1 v y ( 1 ) 0 0
—(r1—mn T2—Y1
L2 — Y2 y ( 1 ) 0 To—T1 %’2—1'1 ) 0
. —(T1—Y2) =3—Y9 —\T2—y1 r3—yi
.CC3 y?’ O xr3—I1 r3—or] O xr3—x9 r3—I9

e Unifying Characteristic?



The Connection with Minors

e Which TP matrices permit accurate bidiagonal decomposition?

e Each entry is product of quotients of initial minors

det(A(i —k+2:i+1,1:k)) det(A(t—k+1:i—1,1:k—1))

(k)
L\ —
LT det(A(E— k424,11 k—1)) det(A(i —k+1:4,1:k))

INITIAL MINORS
— Contiguous A=

— Include first row or column

e Initial minors of:

i< (xj — 5'3@)(9] - yi); Vandermonde 11 («772 - xj)

i j(zi + y;) i>j

Cauchy

e How did we think of minors?

e Gaussian Elimination and Neville Elimination
Each entry of V = LDU is a quotient of minors, so not surprising



New results: Generalized Vandermonde Matrices

e TP Matrices with initial minors that are easy to compute accurately
Vandermonde and Generalized Vandermonde

i — A 14+, —14+A1 T
1 oy ... ap ! ooy L g
- 14+XA,— n—1+A\
1 x5 ... Tl 1 x)‘” T n—1 T 1
V = - 2 , G}\ — 2 2 . 2 ’
n—1 A 14+M,—1 n—1+M\

where r1 > 2> > 2, >0, My > > >N >0, [A|=M+...+ N\,
e Initial Minors for G,?

det(G)) = det(V) - sa(z1, 22, ..., Tp)

e s, - called Schur function

— Polynomial with positive integer coefficients

— Widely studied in combinatorics [MacDonald],
group representation theory

e Example:

1 2% 27 1z a3
2 4| _ 2 2 2, .2 2, .2 2
det || 1 25 o5 || =det || 1 o x5 || (2x12003+ 2 00+ X105+ XT3+ X105+ X503+ T205)

1 2% 23 1 23 23



Accuracy and Efficiency for Generalized Vandermonde Matrices

e Example:

1 2% i 1z 2%
det || 1 23 o3 || =det|| 1 2o 23 ||-Quimors+aimytava+aivs+o05+ 2503+ 2073)
1 23 1 3 23

e Accuracy?

—det(V) = ;> j(x; — z;) - YES.

— 5) - polynomials with > 0 coefficients - YES.
e Efficiency?

—det(V) == j(x; — ;) - OK.

— sa(r1, Ty ...y p)?

+ Has exponentially many terms — n

, we’ll look in detail
— We are only interested in subtraction-free algorithms, thus

x )\ = f(elementary symmetric polynomials) - useless
* Same for the Jacobi-Trudi identity



The Schur Function s)(z1, 29, ..., z,)

e Def: A= (A, \y,...,\,) is a partition of |A\| =X+ X+ ---+ A,

e Def: Young Diagrams = partitions:

Partition: 7=4+ 2+ 1, Young diagram: \ = (4,2,1) =

e Def: Semistandard Young Tableau T):

1(112(3
2|3
4
e Def: 21 = z3x2z3x,
°
sy= Y a

T\
semi—std



The Schur Function s)(z1, 29, ..., z,)

2
3

)

sy= Y ah
T
semi—std
e Example:
1 2% af 1z 2?
det||1 x ZC% —det| |1 x9 x% -(2$1x2$3+x%$2+x1x§+x%x3+x1x§—l—x§x3+x2x
1 23 23 1 23 23 S
e \=(2,1), Young diagram:
e Young tableaux:
1|2 1|3 1|1 1|2 1|1 1|3 2|2 213
3 2 2 2 3 3 3 3

2 2, .2 2, .2 2
sx(w1, X2, ¥3) = 2012973 + T1T2 + 125 + T]T3 + 1175 + 5T3 + ToT

e Exponentially many non-zero terms, need a more efficient approach



The Schur Function s)(z1, 29, ..., z,)

e Lexicographic ordering of partitions
e If 11 < )\, then \/u — skew partition
e Young diagram (4,2,1)/(2,1):

e Macdonald:

sx(z,y) = EA 5.u(7) 52 /u(Y),

x,y - sets of indices

e Corollary:

A —
S)\(.fﬁl, L2y weey .an) - Z Su(xla Loy ... 7xn—1>$|n‘ |M|7
W
summation over \/u - horizontal strip.

e Example:

Sy (1, ..., ) = ; rix; =101+ (1 +22) T2+ (21 + 2o+ 23)T3+. . (21 +. . F2p)T,
i<j

Cost: 3n, although sy has n? terms.



Computing The Schur Function

S)‘(ajh L2y s .flfn) - %Sﬂ(ajla L2y e ey ajn—l)xli\‘_|u|7

summation over \/u - horizontal strip.
e Allows us to compute s, efficiently in many cases

e Exponentially faster than traditional O(nl") algorithm

n/u | (0) (1) A

1 |1 ) sx(x1)

2 1 T+ To S)\(Cb'l,ilig)

n |1 xi4+xo+...+x, ... sa(T1,22,...,T,)

Table entries are s,(zy,...,2;). Cost per entry:

F(u,i) =#{v < p|p/v — horizonal strip}  ...independent of n

e Total cost:

G\ n) =3 ¥ Flu,i)

1=1 p<\
e Bound on total cost: If \{ > A\ > ...\, > 0= X, =... =, then

G n) <A+ DA +1D% . (N, +1)%pn



Type of
Matrix

Ar =0
Bckwrd*

Cauchy

TP
Cauchy

Vandermonde

TP
Vandermonde

Exp

Exp

Polynomial
Vandermonde

Orth. Poly.

Poly. Vand.
Orth. poly.!
O<z <...<uxy

Generalized
Vandermonde

TP Generalized
Vandermonde

An + n?

An?

Exp

An?

Exp

Exp

An?

An?

An?

Big-O sense

*FORWARD BOUND: |z — 2| < O(¢)|A™[[b], implying |z — #| < O(e)|z| for = checkerboard
BACKWARD BOUND: |A — A| < O(¢)|A|, where Az = b.

1) + Other conditions on the signs of the three-term recurrence

A< (A + 1) A+ 12 (N, + 1)%p, where A= (\,..., \).




Conclusions

e TP Structured linear systems can be solved very accurately, if
initial minors factor

e Implies accurate A™!

e New application: (Generalized Vandermonde Matrices
e New algorithm for computing the Schur function

e Not in this talk:

— Accurate SVD of some Polynomial Vandermonde Matrices

— Sometimes the SVD is easier than the inverse

Open Problems

e Totally Positive Matrices in general appear impossible. Proof?

e Characterize which structured matrices permit accurate and efficient lin-
ear algebra
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