Accurate Solutions of Totally Positive Linear Systems
Application to Generalized Vandermonde Systems

Plamen Koev
Department of Mathematics
University of California - Berkeley

Joint work with Prof. James Demmel

Supported by NSF and DOE

Householder Symposium XV, Peebles, Scotland, June 17-21, 2002



DEFINITIONS AND GOALS

e Totally Positive (TP) Matrix = All minors positive

e Accurate (Small relative error componentwise) and
Efficient (O(n®) or perhaps O(n?), independent of condition number)
Solution of Az = b

— Small componentwise relative forward error:
[z — & < O(e€)|i
— Small componentwise relative backward error:
[Aij — Ayj| < O(€)| Ayl

e In particular: Totally Positive Generalized Vandermonde Matrices
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— Tool to exploit structure: Schur functions



New results

Type of Any | GENP Ax =b| Az =0D>
Matrix det(A) | A™! | minor | GEPP | GECP | SVD | NENP | Frwrd* | Bckwrd*
Any n2 ,n2 ’I’L2 ,n3 ,n3 ,n3 ’I’L2 ,n2
Cauchy
n® n®> n®  n | nd  nd n? n? n?
TP
Any n? | No | No | No | No | n? 2 No
Vandermonde
2 3 2 3 2 2 2
TP n Exp n Exp n n
Polynomial Any n2 No | No No No n3 No
Vandermonde
Orthogonal ,nz ,n3 n3 ,n3
Polynomials )
. Any | No | No| No | No | No |[No| No | No No
Generalized
Vandermonde TP A’I’L2 An3 Exp A’I’I,2 Exp | Exp A’I’L2 A’I’L2 A’I’L2

Big-O sense

*Forward Bound: |z — &| < O(€)|A7Y||b] = |z — | < O(€)|z| for A-TP and x checkerboard
Backward Bound: |A — A| < O(¢)|A|, where A& = b.

T10<x <...<x, + Other conditions on the signs of the three-term recurrence

A=+ 1) (A2 +1)%... (A + 1)%p, where A = (Ag,..., Ap).




Outline of this talk

e Model of arithmetic

e Classical method for achieving the goals for simple examples —
The Bjorck-Pereyra Method for Vandermonde Matrices

e How and why it works?

e Application to TP Generalized Vandermonde matrices



How can we lose accuracy in computing in floating point?

e flla ®b) = (a ®b)(1 + §) model of arithmetic with no over/underflow

e OK to multiply, divide, add positive numbers
Proof: 1 4+ § factors can be factored out

® x; = x;, where x; and x; are initial data (so exact)
o (i +y;)(wi — yj—1)Tit1/(Ti-1 — y;) - OK
e Dangerous cancellation when subtracting approximate results:

12345xxx
- .12345yyy
.00000zzz

e We will compute everything using only allowable expressions

e Explains our interest in TP matrices, minors > 0



Classical Example: Vandermonde Linear Systems

e The Bjorck-Pereyra methods solve Vy = b, where V' is Vandermonde:

(1 x o2 Jyr | [H4]
1z ... af ! Yo —
1 @y ... xf7 | |lys| = |+
1z, ... 2] |y, -

and 0 < 1 < ... < @,
—In O(n?) time
— With small forward error: |y; — 9;| < O(€)|y;]
— With small backward error: If V§j = b then |V;; — V;;| < O(e)| V.
e How does it work?

— Newton interpolation



The Bjorck-Pereyra Method (1970)

x |1 2 3
f(x)|2 —1 14
(alternating signs of f(x) for a purpose)

e Polynomial interpolation: by f(x) = a; + axx + azx?

11 1 aj 2
eE.g solve: |12 22|.|ay|=|-1
1 3 32 as 14

| d: N I lati . 2 . X

e Instead: Newton Interpolation: 9 _1 —21_—12 — _3 —3
14—(—1) __ 15—(=3) _

3 14 —5+"=15|—7"=9

flx) =2—-3(x—1)+9(x —1)(x — 2)
2+ 3418 — (34 9+ 18)x + 922
23 — 30x + 92

e No dangerous cancellation



Matrix Interpretation of the Bjorck-Pereyra Method

e Matrix version of Newton interpolation

1 —1 1 1 1 2
y=Vlb= 1 —1( 1 —2]| 1 -1 1 -1
1 1 — —11/||14

N | =
N | =

e Notice:

— Bidiagonal Decomposition of V! (accurate)

— Checkerboard sign pattern
= NNo dangerous cancellation = High relative accuracy

e Intrinsic property of all TP matrices

23
—30



Accuracy of the Bjorck-Pereyra Method for Vandermondes

1 1 x] x| (1 —x; 171 171
1 xy 3 x B 1 —x 1 —x, 1 y
1 x5 m% :Bg 1 —x 1 —x 1 —x3
2 .3
1 x4 x5 x 1 1 1
1 1 1
—1 1
1 1
L2—IL1 IT2—I]
1 —1 1 1 1
rg3—xLy1 I3—I] rg3—x r3—=xT
—1 1 ) 1 A e
L4—IL]1] IT4—T1 | L LQ—ILQ2 TXy4—I2 1 L L4—xL3 T4—I3

Accuracy ... OK

Other TP matrices? ... Yes. Cauchy



The Bjorck-Pereyra Method for Cauchy Matrices

e Cauchy matrices

1
Cij =
L Y;
.TP’ ifw1>...>wn>y1>o-->yn
1 1 1 —1 1 —(@1=y1) 0 10 0
T1—Y1 T1—Y2 T1—Y3 Y1—Y2
1 1 — |0 *1z¥2 —(z1—y2) 01 —(z2=y1) X
T2—Y1 T2—Y2 X2—Y3 Y1—Y2 Y2—Ys3 Y1—Ys3
1 1 1 0 0 Tr1—1Ys3 00 £2—Y3
T3—Y1 T3—Y2 T3—Y3 Y2 —1Y3 Y1—Y3
1 — Y1 1 0 0 1 0 0
—(x1—vy1) z2—w1
L2 — Y2 0 1 0 T2—x1 T2—xT1 0
T3 —ys || O —(z1—Y2) x3—Y2 0 —(x2—y1) x3—y1
L3—T1 I3—T1 r3—T2 r3—I2

(Vadim Olshevsky, 1995)

e Unifying Characteristic?



The Connection with Minors

e Which TP matrices permit accurate bidiagonal decomposition?
e Each entry is product of quotients of initial minors

O _det(A(i—k—I—Z:i—l—l,l : k)).det(A(i—k—l—lzi—l,l :k—1))
T det(A(GG—k4+2:4,1:k—1)) det(AGG —k+1:4,1:k))

INITIAL MINORS

— Contiguous A=
— Include first row or column




When can we solve TP linear system accurately

® We can accurately solve TP linear systems
iff we can compute accurate initial minors

e Initial minors of:

Hicj(Tj — Ti)\Yj — Yi
Cauchy <i(@j =) (y; =y ); Vandermonde ] (z; — x;)
i (i + yy) i>]

e Other classes?



New results: TP Generalized Vandermonde Matrices

e TP Matrices with initial minors that are easy to compute accurately
Vandermonde and Generalized Vandermonde
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where 0 < 1 < o < ++ - < Ty, AL > A2 2> -2 X, 20, [ A =X 4+... 4+,
e Initial Minors for G,?
det(Gy) = det(V) « sa(x1, T2y, Tp)
e s) - called Schur function

— Polynomial with positive integer coefficients

— Widely studied in combinatorics [Macdonald],
group representation theory

e Example:

2
1

det |1 x2 x| =det |1 zy x2 |-(2z1Z2T3+ T T2+ T1 T+ T T3+ T1 T+ TIT3+ToTs)

2 .4 2
1 x3 xj 1 x3 xj

1 x2 «2 1 o, x
1 Ty



Accuracy and Efficiency for TP Generalized Vandermonde

Matrices
e Example:
1 :r:% ar:‘l1 1 :L*%
det |1 x2 x3 | =det |1 zy 22 |-(2z1T23+T T2+ T1 75+ T T3+ T1 T3+ T5T3+ToT;)
1 a2 a3 1 a3 3

e Accuracy?

—det(V) = Il;>(x; — x;) - YES.

— s - polynomial with nonnegative coefficients - YES.
e Efficiency?

—det(V) = Il;>(x; — x;) - OK.

— sa(T1y, @2y v vy xy)?

* We are only interested in subtraction-free algorithms, thus:
sx = f(elementary symmetric polynomials)
Jacobi — Trudi identity

* Have to evaluate as polynomaial ...

} — useless

% ... which has exponentially many terms — nl*



Computing the Schur Function

e Def: A = (A, A2,...,Ay) is a partition of [A| =A1 4+ X2+ -4+ A,
e Schur functions are indexed by partitions sy(x1,...,x,)
e GGeneralize the elementary symmetric functions

e Example:
82)(T1yeeey®Tp) = Ti<j TiTj =

=x121+ (1 + x2)x2 + (1 + 22+ X3)T3 + ... + (1 + ... + Tp) Ty
e Cost: 3n, although s(,) has n? terms.

e Same trick generalizes. Recursion + memoization. Macdonald:
sx(z,y) = X su(x)sa/uy),
<A

x,y - sets of indices

e Complexity reduces

from O(nw) to A-n,

where

A= +DN+1)%...(N, +1)2



New results

Type of Any | GENP Ax =b| Az =0
Matrix det(A) | A™! | minor | GEPP | GECP | SVD | NENP | Frwrd* | Bckwrd*
Any n2 2 n2 n3 n3 n3 n> n2
Cauchy
n? n? | n® nd n | nd n? n? n?
TP
Any | n2 | No | No No  No | n? 2 No
Vandermonde
'n,2 ’I’LS Exp ’I’L2 Exp ’I’L3 2 ’I’L2 ’I’L2
TP
Polynomial Any ,n2 No | No No No ,n3 No
Vandermonde
Orthogonal n2 n3 ’I’L3 ,n3
Polynomials ]
. Any | No | No | No | No | No |[No| No | No No
Generalized
Vandermonde TP A’I’LZ An3 Exp An2 Exp Exp [X’I’I,2 A’I’L2 A’I’L2

Big-O sense

*Forward Bound: |z — 2| < O(€)|A7|b]| = |z — | < O(€)|z| for A-TP and = checkerboard
Backward Bound: |[A — A| < O(e€)|A|, where Az = b.

t10<x <...<x, + Other conditions on the signs of the three-term recurrence

A=+ 1) (A2 +1)%... (A, + 1)%p, where A = (Ar,..., \p).




Conclusions

e TP Structured linear systems can be solved very accurately, if
initial minors factor

e Implies accurate A~!

e New application: (Generalized Vandermonde Matrices

e New accurate algorithm for computing the Schur function
— Extends to computing Jack polynomials

e Not in this talk: Accurate SVDs of

— Some Polynomial Vandermonde Matrices

— Weakly Diagonally Dominant M-matrices

Open Problems

e Totally Positive Matrices in general appear impossible. Proof?

e Characterize which structured matrices permit accurate and efficient lin-
ear algebra
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Other Interests

e Large scale parallel applications of structured matrices, e.g.

Computing the Power Spectrum of the Cosmic Microwave Background Radiation

P i »

e Lowered complexity from O(n?) to O(n?®/?)



Other Interests (2)

e Computer Arithmetic

— Impact of model of arithmetic on algorithms
e.g. (14 9) vs. IEEE

— Harry Diamond’s Theorem and the Table Maker’s Dilemma

f
g:f_la
H =GoPF,

H(H(H(z))) = H(H(z))

— Proved validity when f non strictly convex and IEEE arithmetic round-

ing to nearest even

e Computational noncommutative algebra

— Polynomial Identities in Matrix Algebras

— All identities of degree 2k + 2 in My (Z) follow from the
Standard Identity of Amitzur-Levitzky of degree 2k.



