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Section 1 & Review

De,p;ni-l'rm b4 A Su.r-(:abe iS S]aauce J!A-d—'l' Loc.a.u.r Leok-s ,.Cl-Q-Q, le

> e, Zoom in close it d“l'“—s'l' bokes lLikke a

\\‘o{e,c,e o‘[ Pq_,Pe,(‘,’/

De;piai"img A PO\Y.le C.OMIli): s a 3()@06 ola‘l’a..'nzA b, Jl,u,:,:j

-\oje,.er Polyjms ) e.JcS ) wu-cL ue(‘-l—;‘oe—S) wl«.,e,re, \py
J\u.& we wméan J‘mﬁé we iiew‘-icy e.JeS w/ 64 es
AMA ve.r-(—tc.es w/ uer+ices (c.ou.u alu..e, ‘ooLYJ» o Se\.-.n



Definitions Let X-= (olmml complex  w/
- V(X) = # of verkices
- E(X) = # of edges
c FX) = # of faces

The Euler charactecistic oF X s

X (X) = VIX) - EX) + F(X)



?ro‘)osi‘l'iong Let X ad Y be ()olyjoaa.l com.ole.xe.s Hat are howeo morphic
-\—u u\& Samée SM‘Fa.c,e,. “ﬂm %e,.‘r Eu,[er cl«a.ra.c:l-ar.'sl'-'c.s a.Jree,,

Xx) = x(v)

9&-??054’?002 -ﬂlc Eu.\er cl»arac."‘e: is*l'ic o( o. swrwca-c_e_ Z R -HL& Eu,[el‘

a\n.a,ra-c{'&riS‘Hc, o'F g/_nz‘ I”l)'gjm""I c,f’)( w”-a.f iS komeowwr'ol««s'c
L .

Re.ma,rK.g —T‘O con'\(wée %(Z) ) lprea.k Z u.|o i\n‘l‘b (‘%Jions o««A c.ou.w‘l'
he # of yvectices , ecbes , amd faces.



E Xd\M.Pl&S °

Vo X(sY) = 2
) X (T*) = O

) K (lklein botHe) =)
wrface
'—l) x (Jeuus L s

Su.r'Fa.c.e)
s) x( gemt 9



n imhg +\‘ia,n uletion o o weTac 2 ' ona
Defimit A J‘.‘l‘ f sucface Sa.Posz[

comr lex “:o IS z S‘u_clo\ 'l"’lA'L
i)

caclh Face is a +P‘aUle , and

) no foce is j\u.eA to idself .
= Once jlu.eA each +c;a:jle, hae 3 Uni ue
eJJe.s am.A 3 un:?u.e, uer‘l-Tc.es.
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Sec:l’t‘w LS Vec.-l'br 'Ffetcls

Definition o A veclor at o vDot‘a‘l' (*,y) w R* s o choice of

clil‘ec.'('n‘o,\ aMA Mﬁni{uée \:)o-S&J a‘é\ (x;)’)
= arow a."-'- (X,y) ‘}‘L\a:(; lies in Some Airec'l'u'on omd has

Some Y'\!:.j\n; hde /1L eﬁ-l’f,\

Picture °
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Definttion 8

P: c-"v.re e

iy
A \IO—CA'N‘ (iek& on R S a.@cw\"‘iwu.ou.s c'n.otc.e. oF Ve.c,"'ol‘S

2 L f‘ea.uy '“\35 SL\OM—lJ be o.
aé each ‘oom-(' " R ‘ “ sweo¥ls fdifferentrable”

choice .

©  Continnous means that i oo points are
infintesimally close fogether in R hen Hhe
veckors ot Jhese points have s'n'l'esimuuy
close dicechions  amd ng.]ni“'u.cles.
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Deﬁv\-i‘hm: A Veo*br a'(: (4% voo»'a'l'P W e~ SurFa.c.e. P iS o

c‘aoice o‘F clil‘ec.'l'n‘on alofj 2 wvul vvtnjvu'hﬁ.ée a,-l; e
foin.‘l‘ (.

(11

afrow O.'E P 'Hm,ﬁ lies in Some J“‘e(‘)l’fon a'\'OY"J Z
MA lhas Some Y"\t.jvsi'l'u—cle./le:j-l'f,\

Picture °

RemarK s Loc,o.u)/ o vechr on 2_ ju.s-l looks like a vectos on R"



De'gni'!';‘ong A Vec,'\-or (ielé» onN o S'u,r-Fa.ce 2: S a c:m'l'tm.u..ou.s cla,otc,e.

oF ve.ojrors aé eml« fmin‘(' n Z- .

RemacR © Locau)/ a vechr field on 2= ;lu.:-l looks like a vector
‘C?eké on [Rz.

Remacks Twtuitivly a veche field o a surface T con be
described as follows o
Veehor fields describe hows Yhe wind blows on Z .
> At o location pin 2, e vechr af P gives Hee
dicection Yhe wind is \:LOw:nj and how fast Hhe wind
s LLowwj (Wd:jni‘f'wle of the vector )



Notation o Letd V4o dewste o vector field on o surface =.

De-?ini-l\‘oa: A \le,c;l'or 'ﬁielcl 'S v»owl,tere \Ja.nislm'uci 3 ;‘F -Ha.e.
I

Vna;jni‘l'u.cl&s o'c a.u Ve,c;(-ors in 'uae vectoe 'Fte.(.cl
ate won- zZzero.
> ;'e,) Vvow]/tere. \Ja,VLiSl’liuj i{' am-cl oaly $ e wind

'S \:lowi./:j e\:eryw\aere .

Definition ® A zero of a uvechr field s 'oo-'ﬂ"‘ P n 2

w\wse D.SSOC,\'Q."‘Q.A ve_c:l-or ‘MZ.S Zero W!ajni‘l'ucle_.



Definition A vectr field s vien - Aeqeuena,-l-e_ f ol f s

— u

ZeroS oare Fso‘a.-l'ec'.
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Section 33 The Ha.ur’y Ball Theorem

Proeosi-l';ong If o Sv.rca.oe 2 admits o. vowhere Vanis\'t?:j ved‘or
'ps'e,llJ then %(Z) =0,



Proof 2 ) Pick a -l'r:o.njulo:('.‘on f T such that
o.) ‘Hr\«e Vec:l'br Fieu Is (oc.a“y conx“‘am‘\t on e,o.c.lu

+riam‘jle.9 ie,) in G ne:‘jh‘.vorkooc(, qLou.‘ﬁ aM.y
'l'ﬁa,ujle. A M-e \)e.c.'(-o\" -f.e_(A leoles CoY\S‘]'aM.‘I'

XL __gZ_

Not \»call-y constant Loca.uy constant




b) it s perewclcaulaf‘ to the veetor 'ﬁeH v > ‘e,

each veche in V  does wot lie a.l.oty amy

eAJe, in e +f;MJw[A'('fm

T

won - Pe,r fen J:cu.\ ac g &"Pevxcli cu.\a,r‘



2) To a..c.‘Meue, (a.) eboue ) we PePea‘l'eAly divide owr

"T:an:jlag in+o Svna.”.es‘ and sw\.a.“er +('\'aMJle,S

ANEY. NV \

wrl'il loc.o.uy our vechr Qelcl losks constant

— Tn m%ers‘oace , Jhe wind c.leo.r-ly bends and Wraps
M a hneon- ConS‘,"a.n‘l’ vua.vmer) bt us on -u»e.
Gu.r(:a.ce i-|- J".u.sl' a{:re.ars }o be in owne -pixecl

cl ice c,-'l'ioa .

& Div{A:v\J A's &——*Jef{:a’:g closer 4o Jhe surfoce.



3) To achieve (b) , we start w/ dhe Loc.&.u.r cons Fant
+ria.m5u.[a£:on aLove,. Then we Cam J:‘jjle 'u\e

vertices and ec\‘je,s‘ a li4e so Heat '”’"}’ are
()erfeu.éicu,la.r 4o e \;e,d-or -ﬁ‘e[:l.

on - Pem fe" J:c.u.\ ac e GV‘)emcli cu.ka,r



L,) Pl&-c.e. a rro“‘on af ea.c,la ve.m';ex OMJ m -u\e. c,ew'l'er

of eoch face
Ploce an electron ot the center of cach eAJe,.
Let He wid Llows Hhe (,harjes.
Ly (,u.sL the protons aud dhe electrons olcw:j Hhe
dicechion of He vechor field some small apmount

) If o profon on a vertex mwoves inhy o foce , then

so do Hie electons on  dhe two adjocent edges.

=> Either

D One edge electon Je{;s pushed in

W' One veckex rro‘l’bn ond fwo edae electrons ‘jz'é-
PuSL\eA



%3 T4 we only fu.S'l'\ a litHe dhe 'ﬁo.c,e ‘Oro-l'ons vosil
not  leave dhe foces
‘0 go o.”er 'nowa‘r\j , ea.cl't r‘e‘j.‘on con+a.ins 'Hr\o Same

vn.u.w\:e.r oF Pm+ms as elec'l'rouS.




1.} QP ®)

u

H# Pro'l'bns — # electrons
V+F-E
(=)

Coralla.ry"" The sPLere does wot odmit o vowhere uanis\«?:j vectr
field.

:Proo'cz I.-g .'*l' Jue‘ ) *nlew. -Mne aLove (‘QSU-H =5 %(Sl)=0.
Bul we Kwnow 4hat K(S*)=2.

So i‘l’ cloe,S‘ rw“’ a.Ami'l' o. vowhere Vanis\«?nj vec:l'br rie,lcl. |



;@,‘]‘Con ys Zecos and -HAeir indices

Constructiond Y Let V= pen- &e;jenera:l-e vecke feld .

[2EN fCJ V Wias .‘sola'l’etla Zéeros.
1) Let P Le a POM']‘ in Z'

3) CMS'I‘fu.c.‘l' o f)olrjon a,]pou:‘& f w\ﬂose eJJeS afse

Per&mlic,u.[ar 'l'D ‘HAe Ve.c:l-or -ﬁte.(cl V ) \‘e,) ea.c\\
veetor in UV  does wot lie al,ov:j ary e{je, in -Hne
P°|7'jow.

& One oonS‘|'l'u.c.'('S S‘u-c.ln a Po\xjon u.sirj Simi\a.r

‘\Ji\tiéiﬁl and lpc.au.r co:\S'l'an‘('” arju,men-l-s ad Le-f:bl‘e—.



1) Place a (.)m'l'bf\ on e_o.olA vertex of e ‘Ob\yjor\) anm
elec.-H-w. ow eo.cl'\ eé]e. o‘f %e f°l7'j°“3 a 'Oro'l'w'\ Ta 'H'te

eolygen-
5') PuSL ’”n-e- c.]ma-:?es aLmS -”\e vecdor 'Ftell

Dcﬁm"l'u‘on: 'ﬂw_ indeyx o'F V o.'i‘- P 1S -Hne vw.mber
ind (\/J {7) - #’Pml'vﬁs - # electron

In ferM after puL{,‘j.
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=> iml(vl‘o) = 'l

Lemma © inA(.V,f) does wot clefen.A on the choice of fol,yjm that

S\M‘t‘cqus p

Lemma. o Given amy f)ol):jqnal opX X for the disk , %C){) = 4
) S.'MK(M‘ +o Pmo‘? of iavar. a'F % .f.;,r Su-r'Fa.ces,



'P\"oo'F °

) Notice that given any Hwo polygons  Swesoundia
J ] P 1

P ) we vvn.m/ ‘CmcL a sm.a."e,r PolUM —u\a:E contains
‘) aM,J IS cm‘l’a}nd n J’Lc o'u.e,r two ‘00 lU ons .

2') => 4 f)(bue, lemma., + Su.gtoes b show 'Ha.a.'l: W
one fJoonn 5 contain n anodher , Mﬁ% J"tef jfue
Hhe same index.

3> ste, we  hawe l,a,raer f’°l7’3°“ 2 swmaller Foonm
u.sitj Hhe ec}je,s of the laOlﬁoas, add mere edges
n ‘am"ween u\ew -l-o -l'riamcju[a-l—e, -Hae l‘eju‘on loe‘l'ween
"H\G ']'luo Po\ijﬂ%.



D As behre . we can arrange for this Hriangulation
5 2
") hove V be locally constaut on each
-l'r:wnjle.
# e perendicular o dhe vector field V



5) Ploce o (ro"'on in eo.clv\ 'co.ce. and on each vertex

'Plo.ca om elCC‘TDV\ on ea.clq e,&je

G\ By Hne, le,vnma.J
i= X(Polrjml cpx [ef Jtsk ijM lgy ousr 'l‘rianju(ah‘w)

- #PPD"‘DAS' - ¥ electrons
) Push Hhe Pa,r'l'iclas a.lovj We vector field.

%) Like o.'aoue,J We cha.t:je lef+ on eoch -l-viauﬁle is Zero.
‘{) i = tal alnat:je.

—

c\«ar e n svna,”er (;o\yjon

+

c,\nauae_ in "l‘fia.uj[es

+

c\ﬂc.rje, ~Hna‘£ ex;'l'ei [acqger (.\ol.yJon
- Hdi(Vp) WOPe i p



0) =>

ind ('V_'P) wrt la,rje,r POlUGn e_?u.a.[S’
TV\A(V,f} bur‘i' Sma“er ’)el.yjon..

Theorem © Let \ be a won- clejenera:('e. veclor field on .

K(z) = 2= wd(vp)

P 2ero
of V



?roo'sg '3 Fix POlYJO“S a,lpoa:{} eo.olm 2eco wL\ose. eilje,s afe
Pe,reml;c,u.la.r 'l’b '-H,\e, uec,-l-or -F'Ce‘cl V

2) Trimju,la:('e Jhe remainder of = so et 4ll 543e5
ace Pe,re,ml;c,u.lar +o e vector -ﬁielcl \V/ and So

V is (Oc,a.((y cons+avt+ on e,o.c,ln +rIMJl&.

33 Plo.c.e o. |grv.vl'on in eo.clr\ J;cn.ce. and on e,o.c.la veriex

Place an electron on each e«:(Je,_

) Push the Pa.r-('iclcs alovj We vectr field.

5) As Le(ore) c,ho.r;je n  each %Cav:jle is Zero.

6) B, cleﬁ'n:-h‘on/ charge M each ()ol,).Jon. s dhe ndex
7) = X(Z) = ’l‘b"'ﬁl charge = Z inJ(\/_, ‘0) O

f Zeto

4V



