
 
 

Lecture 8

outlineReview
2 Some complex analysis
3 Fundamental Theorem of Algebra
4 Complex algebraic varieties



 

Section I 8 Review

efinitions A closed curve in S circle is a continuous

map 8 S S

We send every pt in s to a point in S

continuous we send points infinitesimally close

together in s to points infinitesimally close

together in S

We map 5 into s wl out ripping or cutting i



 

emark Equivalently a map 8 S S may be viewed

as a continuousmap
8 O 2E S

WI
YLo Y 2T

i.e a map of a circle is just a map of an

interval that connects up at its end points



 

emma curve Lifting Given a closed curve 8 S S

there exists a function F 0,2T IR St
D f o f 2K 21T n for some integer in
2 8ft cos Fct Sin Fct

F is called a lift of 8 to IR

Idea 8 f t Accumulated angle of rotation of Jlt

measured w respect to 11,0

rotate clockwise angle decreases

rotate counterclockwise angle increases



 

efinition The tenge of a closed curve 8 S S is

deg 8 flat f o 12
where F is lift of 8 to IR

This did not depend on the choice of lift

emark deg 8 signed of times 8 wraps around the circle

efinition Two closed curves 13 S S and 8 S s are

homotopic if there is a continuous map H
0 I x S s

satisfying 8 0 s i

1 H o t p t H Hunt
0 s2 H I t 2 t B



 

emark 1 For each so in on H so t defines a closed

curve in S

2 H parameterizes a family of curves that interpolates
between 13 and 8

3 Intuitively H parameterizes how we can

push compress deform the image of 13 in S to

the image of 8 in S

theorem Two closed curves 13 S S and 8 S s

are homotopic if and only if deg P deg 8



 

Section 28 Some complex analysis

efinition8 A real polynomial is a fan f IR IR of the form

f x an X t an X t a X t a

where each ai is a real number

When an 0 we say the toff is

degtf n

If f Xo 0 then we say Xo is a of f



 

Example8 f x XF't 17 66 42 26

deg f 77

f l O 3 I is a root

f

emark Not all real polynomials have real roots
f x x't 1

If f x 0 then O XZ I s x I

But the square of a real number is never negative
f has ne roots

There just aren't enough real numbers
If i FI then f i 0 so I would have a root

Need to make sense of such numbers



 

efinition The complex numbers 1C is the set

x y in 1122 Xtiy I x y in 1122

ie a complex number is a formal sum Xtiy
where X and y are real numbers

X is called the real part of x iy
i

y imaginary

Notation We will often write 2 x iy to denote a

complex number



 

e mark We can add complex numbers

Xo c iyo X i y riot x ti yo y
18 t 7 i t 25 Zi 7 t 52

2emarks We can multiply complex numbers by requiring a
2 1

Xo iyo Xiii y
XoX i toy I i yo x i'yo y
Xo X yoy I Xo y t X yo

2 i 7 7i 14 14 it 7 i 7 2 21 7 i

Definition The of a complex number X iy is

Ixtiy I Tty



 

emark If IU iv l to then we can divide Xtiy by U iv

X ti y U il X ti y U il
Utiv U iv ut iv w iv

Xtiy ie iv

U2 titu i v

Xtiy ie iv

U2 v2

Xtiy ie iv

U c in 12
B

We can make sense of A since we can just
scale the real and imaginary parts of numerator by
the denominator which is a real number



 

Remarks Just as we can talk about fans from IR to IR

we can talk about fans from Q to E

efinition A fan F E Q is an assignment of a complex

number 2 to the complex number f Z

e.g f Z ZZ 17



 

finition8 A complex polynomial is a fan f G Q of the form

f X an z t an Zn t a Z t Ao
e.g
f z

IZZ 172
I I

where each ai is a complex number

When auto we say the of f is

degCFI n

If f Zo O then we say 2 o is a f f



 

emarks One way to define the fan ex IR IR is via Taylor's
series 8

is n
e Z I I

n n Cn i

n e
neo n

2 l

Terms of a Taylor's series gives successive approximations

to the actual far

En O 151N I

n'so 1 In It 1 2

Info 1 In I I I 2 5

3Enso 1 In It It It to 2 666

Yeo 1 In It I I To IT 2.70833T



 

emarkoo So a Taylor series is approximatedby a seq of polynomials
These Taylor series have to satisfy some convergence

properties ie this infinite sum alway needs to converge to

something finite
So some calculus is required to make this rigorous
The calculus also carries over to the complex case

Use Taylor series w complex numbers

efinitions The complex exponential fan is the fan et Q

given by
is

et E I
n _o n



 

emma 8 e
O cos O Isin O for 0 a real number

oof8 We use the Taylor series for sin and cos and compute
co

e
O E IO

n o n

n even n odd
zle A 2.2k 2k A jze lcgze.tli E t E

12 0 2K e o 2K 11
r

Kil n f ye02k c 1 l Ze
re E t 2 Et k o 2K e o 2K 11

cos O i sin O D

corollary 8 ei't I



 

emark When we identify 1C w IR via Xtiy x y

the norm of Xtiy agrees w the norm of Ct y
x y I distance from x y to the origin

When we identify IC ul IR the unit circle in

1122 becomes

S Z l 121 1 cos t t i sin t l OE te 2T

e't l o Ete 2T



 

Section 38 Fundamental Theorem of Algebra

theorem8 Every complex polynomial w degree 0 has a root

Droof8 1 Consider a polynomial

f Z an Zn an Zn t a Z Ceo

Note f Z O if and only if f Z Ian 0

So it suffices to assume an I
2 Spse by way of contradiction that f has no roots

ie f Z 0 for all 2 in Q



 

3 Define 8 S S via

jct f costtltisinct f eit

IF cos E isinct I 1f e't

e TE G
1122

cture8 Include

EE no

e down

sets
IIIe

uwrarsa.s



 

4 Define H 0,1 x S S via

Hls t f s e't
f s.eit I

5 Notice that

HG t f o 117cal constant

HCl t Jlt

8 is homotopic to a constant curve

deg 8 O



 

f Z ZZ 12
G Notice that S2 f zig 5 2

12

Snf 2 Is ZZ S2 2

En an Znt S t an z Z
Z s t 1 a Z S t Ceos

So when 5 1 Snf 2 Is f Z

So when 5 0 S f 2 Is Z

7 Define G o I x S S via

GCS t Sh Fleitas
Isn f e tis I



 

81 G o.tl eit
n
1 e t I

eiht eintjl
cos ht isin nt

1 cos ut isincnt I

cos ht isin Int

f
curve wrapscos ut sin int
n times

around

cos int Sin ntl circle

9 Gli t 8ft

lol deg 8 n deg f

o deg 8 u to a contradiction D



 

Section 48 Complex algebraic varieties f z Zn

Wtf origin
singlep

emark8 Given a polynomial f Q Q the set of zeros

f Z in a 1 FCE o

is some finite set of points
Domain is 2 dim'd but the constraint cuts

down the dimension by 2



 

efinition's Let Z 2 n be a set of variables

A monomial in Zi is a polynomial of the form
m

A Z N
ht where a is a complex number and m is a non neg

integer
A polynomial in Z Zn is a finite product and

sum of monomials in the Zi

f Z Zz Zi Zz t 7 z t 16 ZE Z o

f X y Z x't y z

f Z Zn Zz t Zz
Z Zn set of polynomials in Zi Zn

Add multiply polynomials algebraic structure



 

emarkoo Notice that a polynomial in Z Zn gives a fan
1122

F Cin a
x x G n copies

via evaluating f at Zi Zn in E

emark The of F is the subset of given by

IV F Z Zn F Z Zn o

w probability I Nlt for a random f will

be 2h 2 din'd and in fact a 2n 2 manifo

locally looks like 1122

surface is a 2 manifold



 

sample Let h Z be a degree n polynomial

Then w probability I f Z Zz Zzz h Zi will

be a surface w some open ends w g donut holes
where

g
g

i n odd

or even

efinitions The ideagenerated by F is the subset

polys
w a factorII f E G Z Zn

given by
f

given by

II f g in Z Zn g f eh for some poly h



 

emark If g is in ICF then I g E II f

p is in Icg p g oh

g is in ICFI g F h

p F h ha

p is in ICF

If It g E ICH then Wcg 2 WCF

It g E ICH g C Itf

So if f Z Zn 0 then

g Z Zn f Zi Zn h Z Zn O

theorem8 If Wcg 2 WCF then 1 gk E II F for some le



 

emark Determine
Topology Algebra

each
Wtf other Ilf



 

emarks f X y x YZ l

W z f Cx y in 11221 f x y o

tix 1 x y I o

x y I l X't y

circle

I dim'd space
Wps F is n 1 dim L space where

f IR IR


