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Lemma® (Corve Lifkng) Givon o closed curve ¥:§' — 8
there exists o funchion ¥: (0,27 — R st
Y F)= F(zw)+ 2 fir some h‘l'?jer n
D Y(#) = (eos (F0), sia (F))
o 1 ois caled o W of Y Hb R,

Téa&g :F('E) = Accu.mu.(a.:l'eé auﬁle. o-F r°-|-a,'£n'on c:F 7(*]

wmeasured o/ resPec-\' o (v,0)
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Remark o

E xa.mflz .

The dogree of o closed cucve Y: S —8' 5
deg (¥) = (F() - £(0)) /a2
whee T s amy 1 £ T b R
& s did weot Ae,Pev«.cl on the leice o 1+

') 'In-l'\n.i'l'iue.ly ) ij (‘X) 3 S:jMJ H of times V comfle\':e[y
wm\os around yne c.trc.le.
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Definikione Two closed curves R S'— s amd ¥ S'— S are

'\'\omo'l'bfﬁc;—i( J‘nere is o cm\'l'ivtu.ou.s VV\-QP H: £°,|2 X S\ — S‘

Sa‘éiS¥7inj I S -

1) H (OJ-&) = }g (+) N o< u(-u..%.)
ﬁ D =90

D H(, ) = Y&

Remark 3 Equivaloatly  H: [013x To,2w] — §' W/
D Hie,t)= g
2 H(, ) = Y@
N H(s,0) = H(s,2m)



Remacl 3 D For eadh o 00T | W0, k) defines o closed
curve in S
2 H porameterizes o family of cucves Huab inderpolates
behocen £ ad ¥,
3) Tntwtively, H pacametesizes how we cam
push, compress, deform Hhe image of B ia S b
he image of ¥ i S,
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are laomv]'b‘osc_ if and ov!ly iof 437()?) = Aej(X)
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gec.-l'ion 2 . Brouwe,r'S T—-fer ?o'm‘l’ ‘ﬂAepc‘eW\

De{k\i"'?of\g )D = 2(",1) in l(Rz l Xz-(-)/"_é \}

N
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= unit disk w Jhe 'o|avte.

fll\eo(eh : Cru‘veu o Con‘kvlu.ou.s ma,f '-f D — 1D J -J'Le,re ex.‘S‘l’S o
'oo»v\"" (X’Y) Y rD SucL ‘Ha.a_t :F(.x)Y) = (x;)’)
“ e, -T: has o fixed Poivt'l‘.



Proof ¢ D Suppese by way of contradichion Hat I does sk
have any fixed points.
2) Defime a map € D — S a5 followss
0 2 Constler the my from Flxy) 4o (x,y)
9 Lollow e ray kil you kit Hee boundac
of dhe disk, which s o circle

°) Se‘é C(x;)’) = ()ow\'l' wla.ere r‘o.>; mee{:s %e Louudar>
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4) Define ¥ :S' — S as Lollows s
Take S'} inc,lu.Ae 4 b loou,uclary o‘:r [D, and
'Huen a.rfl.y He V"la.,o c:D — S‘.
5) De‘pine ﬁ S — Ny as ‘Fo“.ows S
Talte g‘) vna.{j {l' + (.°,°) in D
Hon apply Hhe map 2 D — S
6) 57/ cmS‘]'ru.c,'l'ion ; ij(X) = i
+) )3 is a ceastand wmap So Aej (/3) =0
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t/z S C-é))

(‘/L cos (B,
8) 'De,'Fiv\e a ‘/\.ovwo'l—of): H : [0,13 x S' — Q‘ as -(zo“ows:

H(s,t) = r(s'-cos(ﬂ, s-sin(d))

) H(o,&)= c(o0,0) = B
©) H(,t) = (cos@),sia®)) = V(&)
N oy Y s hemotopic o 5

= |= iijS)= Aej(,s)=o

AR Con ‘l'm Jtc,“"‘or\

w) = -'gc)(,)() =(x,y) for at least sowme (x,y) in D. )



Exercse® Givew a continuous fuwction 1 [.04'3 — [¢,1] , Jhere
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Exercises Given o wma.p I:S — R ) Wece exists

o. Poia* (X,y’) in S| SU-CL\ ‘wal{
:F(X)Y) = .f'("')(/—)/)



Seetion 3% Bocsuk - Ulawm Theorem

De{::n:-l'.'on?. -gmz i(x'YJ %) in [Ks I x",., )’t* ?1= l} : %

3
= unit S'f;l«ere in R

* /ll\-e a.wl'i(wc(a.l foia'l' o‘? (X,)(, %) A Sz is "Hﬂ-e. .ooin']'
(’X, =7 —Z’)

Theorem Given o contiauous wma.p :l:: ST — nzz , Hhere exists
o. Poin'l' (X,Y,%) in Sz SU.CL\ ‘Muo'&

i(x)y: 2’) = i('x/‘}’,-z')



Example 3 £:S" = R via o leakon an earth 15 imapped
b (+empera+wre , humicl:+y) .
Se dhe Jhm =2 Hhece exists ankpodal locations on
e eocth w/ dhe same femperatuce and humidity.

9e£:n:~|-ion: (I\'\e nocwm oF a fioin-|- (X,y) in W\z 'S
|Gy | = Koy
& distance of (x,y) from Hhe erigin (0,0},
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Proot & D) Su.‘)fose L)' way of contradiction -Pna.‘é
?(X,y,%) # i’(~><,—y,-2)

for all (’</7’; 2) N ¢ xoe®"
T b u\'—u’o‘— J
2) De-F?ne. 3 : 8 — 1R Vie /. s.a.,Jr 4w & 17 “

3("/)’, z) = i(x,y,z)@ﬁ(-x,—y,- z )

L By (.l\) 3 # 60)0).

3) Define a vma.P c* St — S' as ":ouowsz

r(x,y, 2) = j(x:y,Z)/|j(",y,Z)\
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fo'm“'s on S.

s cl-x,-y,-2)
= —j(-x,—y,'i)
Ij('x,-y,-Z)\

= = (#x,-y,-2) - £(x,y,2))
| $(-%,-y,-2) - {(x,y,2)]
(f(x,y,2)-$(-%,-y,-2))
1$(x,y,2) = #(-x,-y,-2) |

]

= r(xl)’)z)



“) Defie o curve T: [0,2@w] — S' Vio.

’ (5 N saecdie)
o1t Y& = ¢ (cos(4), sta () | o)

S)  Neotice dhat
Alt+7w) = r(eoslterm),sinlt+m), 0)
= (- cos(®), -sin (¥), 0)
= — r(cos (), sin (), 0)
- Y (¢)

63 => X(‘i*ﬂ) iS5 alwa.ys on -Hte, o’.)'oos;"‘e Sic!e o:F ~Hte.

3 ciccle as Y@
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Let $ be o liftof ¥

Let () = Yt +m),

Note $(t+7) is o Lift £ B.

(&) => F(¢) - F(t+70) = odd wultiple of 7 say l-TT
o) = () « kx = flarc) « 217w

=3 elej ¥y = F(larw) - £
270

Bw’: Y is lwmol'bpic. -l'b o c,onS"'a.w:(‘ cwrye

TRY
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