. ecture ¢

Outlined D Review from last +ime
® Maps of 8' b S
3) L;H;nj closed cucves b R
1) e degree of o map of ' S
) Homotopy classes of curves

c) Homo'l'oey mvariewce of Ae;jm



Section 1 8 Review

(>
Definition © « A cl,osel clerve in o ;u,r-ﬁa.ce. = ’s o  contiueuns

®‘MQP 'X : S‘ b CffOl& > z- .
O We Senml e,\)er)/ ‘o‘ﬁ in S' + a Poi‘n"‘ ' 2.
® "Contimuons = we send Poin‘l's Mcim"esima.l(r elose
‘kzjeu\gr in S‘ -l-o Poin‘l'S Mpin"'esiww.l(r elose
%Jeu\er in Z .
o \IOe Wu\.f) SI Za"'o Z— b-'/ ou:". ri‘;r.‘nj oc &wl?'él'/j -+
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'n\eof‘e\m'o’ Euery Compa.c.‘{' orn'en'('o.ue Su..r'-rac.e IS homeovmoc'alm‘c o o

i T
comnect sum T F_..u#T # S* Jor some # of T s

Up Neyt S ) Broywer's Fixed Poiat Theorem
2)  Fundamental Theorem of A\je\om



Ceetion 2 ¢ Mq?s of S L <

’Def'm.""ion ° ’ S ‘

{ (x,y) i R | X 4yt = 11
‘U.rti"' c%rclc wn J’fne- 'olaw.e,

De"“i«i{'\‘mg A cl,oSe& cClrvl in
g B8 — S

t
S = cirele s a  contirwons

®© We 33”,4 e\)er)/ P‘ﬁ in Sl + a Po'?n."' 'n S‘
@ " Continuows )

we send Pain.'l's MCIn'l'e.sima.l(, elose

‘l‘bjeu\er in S‘ -‘-o Poin.‘l's Mpia‘l'e.simau), close
"lb H\er in Sl .
‘je

o e WP S' :4'(-0 S' w/ out n":r.‘nj oc bwl:'él"j -+



?\ewla.r[(': E?u:va[ewuyl ('8 maf) v S' _‘gl mq.7 be V;‘eweé
as a cm‘l’iuuou.s ma‘n

¥: [0,27]) — ¢

w/
Y () = ¥ (2)

ie., a wmap of a circle is j_u.S“' o wap of amw
inferval Hat comects up at s end gonts.

L Tahahoely, Y: S' — § gies a way of
U)?G-Pes'l\j/lo.yfnj o S'l‘m:j onb &  cirele sucl Yhat
you Com Fie -l'bJew“\er s ewds.



ExamP\e" ) N (6,273 — §' < R" jt'uew lay
Ya(t) = (cos(nt) | sin(nt))
e ‘I\)ha{‘. S 70 ?

e What s Y, ?
o wha'é« 1S \én ?

&£
ju (°) = '\6,“(7“:) , e, ends Jtu.e ‘}'bje*“'\e("

Bl = (1,6) = (cal2mn) | siaCema)) = Fa(zm),



z) Let f: lK — IR 'oe Mr 'puuc.‘l's‘on $'£'
f (o) = f(arw) + 27T -m

fr some v an iwteger.
% foaw] — § g by
Ye () = (cos(F)), sin(£0)))
o Note Ye(0)= (cos ($(), sin ($(o)))
= (eos(¥(zw) + 2Tn) | 5in (2(2m) + 2w W)
= (cos (), sin (£(m)) )
= ¢ (27)

=) Xf is a cLoS'eJ curve .
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Seetien 32 LEHMj closed cucves b IR

Lemma® (Curve Lifkag) Given o closed curve ¥:S'— 8
there exists a funchion F: (0,27 — R st
d F)= T(zw)+ 2 Lr some a’n“'fjer n
D Y(#) = (cos (F0), sia ($@)))
o F s called o W f Y H R.

Remac KA 2 i need wot be unigue
2) Tf :@ 1S  a \\'H of XJ Yhen i*’-n“'ﬁ is o

l(H o'[: X ‘Fbr every fn'l'ijer k .
3) Tlaese afe ~HA€. m\kx olLer l:“—s o'F Ix



Proof & D) Tdea 2 “Unwind the curve Ly mk?j Ye angle..
) Notice that %8 = (coslF@), sin ($)))
i omd only if F(2) = angle between B and (1,0)
D @) = Accumulded amgle of cotabion of V(&)

wmeasured 1w/ respee,-\— 4o (v,0)

S rotate cloclewsise aMJle. decreases
> ro"'a,-]'e counter cloclkivise MJIQ, incrfease s

L d

jo around S times aMch ‘nes eases Ly

low = §.(2n) |

H) By construction and (2-)/ ¥ (%) = (,COS(#(*-)), Sin ("FC'H))



EmmPle 3

) he cm.()l P""‘% in Ae-ﬁn:tj ¥ where we have

)
2)

amy choice is Picku’n\j 1(°) , ot is e
S‘l‘aré‘rg MJle, -ﬁmm (l,o) ; am.y "’wo c.]mo»'ccs
J;ﬁ‘ﬁef by w\.u.“'ip\e.s e'c T .

So acuiv‘j rsu..('l';ele.s o'.F 2T b :Fjiues oll lifds
Notice dhat (o) = X (zw).
So “'D‘l'ul a.c,c.u.wm.la'tecl a»:j\e, s+ Le, o ml-l-'f[-e. of

27T e\,u.s “\e S']'a.rl‘.i:j M:jle..

Se ¥(°\ = i(’-“‘)* 2TC-w for Some wn. W

At o Yo o R s TH=nt,
A AL Y b R s T,
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des (3) = (Fleed -fC)) f27c = (2w -0)lemr = — |
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Section U  The deqree of o rop of S 4 8

Definihons 'Tl\e, Jezree, f o closed cusve ¥ s’ — g! is
deg (¥) = (Fem) - £(9)) /a2ze
where i is amy W+ &£ ¥ b R.

Remack o D deg(M s independent of the choice of L T
v TS 9 is another Lt of ¥ lhen
i = j + 2T - e
Se  F0m - ¥ = g9(2w) -9(9.




Remark @ D) ‘In-l-u.i"'iuely) ij CZ) = S:jnccl # of Fimes ¥ comfle'éel}/
wraps  ar sund the ciccle
&> SZjﬂZJ: wra?s cloclwise = n?a:"ive wra,P

\”""-f’s Cou,n‘l'er cloclewise = Pos-'-"ive wra.P

Exa,mf[e - 1) Aej (Xn} = N

2) See o bove exa,m‘)les.



Sechion 52 Homo-l—o,py classes of curves
7

Definkons Two closed curyes B S'— 3’ ad ¥:S3'—> S are

»\omrl'bpic: i( yne.re is o c.ev\'l'ivtu.ou.s w\-o,P H‘ £°4'2 x S‘ — S‘
S'A‘éiS"ylinj

D Hle,t) = g

2 H(, &) = Y@

Remark 3 Equivaloatly  H: [0,13x To,2] — §' Wy
D Hie,t)= g
2 H(, &) = Y (8
D H(s,) = H(s,2m)



Remar 3 D For each soin (007 HG k) defines o closed
cwrve i S
D H porameterizes o family of cucves Hhab interpolates
behveen B and X,
3) Tntwtively, H pacametesizes how we cam

- - l
'ou.s)\ ) Ccom‘oress 4 Je-'[:om Jte lm:.je o(' P "N S '|'b
H\e ima.je o:F Y in S‘.
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‘HAQ\/ e ‘/DDW'O 4-0\0‘«..



7an)

L/




Seckion G o Homo"'opy mveriewce of cle.qre,e,
y J

Theorew . T\PO closed euwrves )3 : S‘ —_ S' o & Y - s' — S'

are [’bovwo:l'b‘oic. if and o«nly i{: ij(.j?) s clej(.X)

RemasK 3 D Netice hat rotating Yo mage of o curve in S'  defines
o cortivuous faumily of curves ol Huis o howolopy
=> Any cure s homohpic do o cucve w/ F(o) = (10)
2) T we retate ¥ Ly O then He ift changes
Ly 40
= deg(¥) = ‘423 of rotaled ¥.



Claim 1.9 ~f Aej (ﬁ) = éej('X) , Hhen ﬁ is \mow-.o']'ofic. b 7.

= n 'X i
Lemma o Spse V(o) = (\,0), Tf Jej ('X) "o J)ne s
\/wmo-l-opic. -|-o ‘Xm. = (»e:(n-é), S &n-lﬂ) .

Peoot 8 D Lt £ be o it f ¥ w flo)=o0.
© we cam do dhis sace J(0)= (1,0),
M Defe H: Topdxle,end — 1R ),
His, ) = (=) -F W) + 5. (n-4)
3 Define H: [o,1Txfo,2m]) — S Ly

H(s,¢) = (Cos(lT(S,-él) ) S?w(ﬁ(s,%))>



D We claim that H s a bhomohopy from ¥+ ¥a.
5) Cheoke H glues up ot ends
D H(s,0) = (1-5)-f(o) = O
" (s, 2m) = (1-5) - f(zmn) + s 21m
= (1-s) - zrréej(“ﬂ + . 27om
= 27w
i) = H(s5,0)= (cos(o), sin (o))
= (cosCemn), sin(zmwn))

= H(s,2m)



Peoot 3

6)

#)

2)

Cheecke H is a4 homohpy from ¥+ Yu
Hie,0) = T
=> H(o,t) = (cos(¥(®), sin(¥@®)) =~ ¥
R(,e)= net

= H0,4) = (eos (n8) ) sin(nd) Y = B ()
. 3 \"DM_\oeco

=

Spse aijm =n = deg ()

n o= ,,\ej (%) = Aﬁ(mu-ua ¥ vl stacting b (10))

By lemma omd fact Hat rotation is a howeloyy,
VD rotaked ¥ = ¥n

Similwly , B = rotated B = Ba

Chain frgether Yhese homobopies do get B =



C‘MM e I‘F /3 s \fmmlﬁfic -I'O K , -HM’M- A%j(%) = Ai,j(ﬁ)

Theorems  (Homotopy Lifking) Let B aud ¥ be closed curves
n S Given a homotopy H: fo)3xfo,2n] — 8!
w/ H(o,4)= B and HUA)= Y.
There evists a  continuous me.p
H: (o1 [o,n] — R

tat satisties

D H(s8) = (eos(FG32)), sia (HUs,)))

2 for dl s H(s,2m) - (5,00 = 2ma

S

3) H is un;zue uP +D aAJ:A_ a mw“‘trl& o'f 27 .



Remacl ¢ D Pove the theorem by “wawrapping” in famiies.
NEs,4) = 1 oF the curve H(S,2) v/ s Fixed.
> This essantially will mply 0), (5) in $heocen
%) Siee H Pa,mme,-l’erfzes some  Famil 7 of curves | as
we vary 5, dhe accumulated amouwnt of rotation
con't fump (it i continuons) .
D Tor arsy li'H/ {(em) - ¥ s & multiple of 2.
So Fils,z)- H(5,8) 1s a mubhple of 2 for

each .

But 1+ con't j“"”’f’ as S varies => pust be a-ms+au+.



?“oo‘F s

)

3)

5)

x.
Let ﬁ be a LM f H

ﬁ(ozfs is o Lift of (}5

]

T (cOS(ﬁ(°Jf)3 ) s':n(ﬁ(oﬂ:)))
ﬁ(';’é) is o I+ o‘g“ Y
So deq(p) = (H(o,27) - i(0,0)) /2w
i = (H(1,2®) - H(1,0)) /2w
= clej('\ﬂ,

H(o, ) = /3(’6)









