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Section I 8 Review

efinition's A closed curve in a surface E is a continuous

map 8 S circle E

We send every pt in s to a point in E

continuous we send points infinitesimally close

together in s to points infinitesimally close

together in E

We map 5 into E w out ripping or cutting it



 

ample

O

cat

EE



 

theorem8 Every compact orientable surface is homeomorphic to a

connect sum T T S2 for some of TZ's

pNext
1 Brouwer's Fixed Point Theorem
2 Fundamental theorem of Algebra



 

ection 28 Maps of S to S

efinition o S x y in 1122 I x y I

unit circle in the plane

efinition's A closed curve in S circle is a continuous

map 8 S S

We send every pt in s to a point in S

Continuous we send points infinitesimally close

together in S to points infinitesimally close

together in S

We map 5 into s wl out ripping or cutting it



 

emark Equivalently a map 8 S S may be viewed

as a continuousmap
8 O 2E S

WI
V o 8 2K

i e a map of a circle is just a map of an

interval that connects up at its end points

Intuitively 8 S S gives a way of

wrapping laying a string onto a circle such that

you can tie together its ends



 

ample i Yn 0,2 T S E 1122 given by
nlt cos rt sin ntl

What is Jo

What is V

what is In

Jn o Tn 2E ie endsglue together
Jn o 1,0 cos Zin Sin Gen Jr 22T



 

2 Let f IR IR be any function St
f o f 2E 21T on

for some n an integer
Yet 0,21T S given by

Vf t cos FCA sin Fct

Note Vf o cos Flo Sin f ol

cos f Zit 21Tn sin f zit 2in

cos f zit Sin f zit

Yf zit

Vf is a closet curve



 

3 Crazier examples

sane
a

I my

curve to get
circle map
actual



 

eetion 38 Lifting closed curves to IR

Lemma8 curve Lifting Given a closed curve 8 S S

there exists a function F o zit IR st
c f o f 2K 21T n for some integer in
2 8ft cos Fct Sin Fct

F is called a lift of 8 to IR

2emark I need not be unique
2 If f is a lift of 8 then F t 2T K is a

lift of 8 for every integer K

3 These are the other lifts of 8



 

i

Troof 8 1 Idea 8 Unwind the curve by noting the angle
2 Notice that 8Ct cos Fct sin Fct

if and only if f t angle between Jlt and 1,0

3 f t Accumulated angle of rotation of Jlt

measured w respect to 11,0

rotate clockwise angle decreases

rotate counterclockwise angle increases

go around 5 times angle increases by
102T 5 Zit

4 By construction and 2 8 t cos Fct Sin Fct



 

5 The only part in defining 7 where we have

any choice is picking 7 o that is the

starting angle from 1,0 any two choices

differ by multiples of 2T

So adding multiples of 2T to f gives all lifts
6 Notice that 861 8 zit

So total accumulated angle must be a multiple of

21T plus the starting angle
So f o F 2e 21T n for some n D

ample A lift of Vu to IR is f t n t

21 A lift of Vt to LR is F
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Section 48 The degree of a map of S to S

efinition The degree of a closed curve 8 S S is

deg 8 flat f o 12
where F is my lift of 8 to IR

emark deg T is independent of the choice of lift f

If g is another lift of 8 then

f g 21T le

so F g
zit zit



 

emark 1 Intuitively deg 8 signed of times 8 completely

wraps around the circle

signed wraps clockwise negative wrap

wraps counterclockwise positive wrap

xample deg Jn n

2 See above examples



 

Section 58 Homotopy classes of curves

efinition Two closed curves 13 S S and 8 S s are

ic if there is a continuous map H 0,1 x S s

satisfying
1 H o t p t

2 H I t 8ft

emark Equivalently Hi 0,13 10,25 S w

1 H o t p t

2 All t Jct
3 Hfs o Hls 21T



 

Remarks 1 For each so in on Also t defines a closed

curve in S

2 H parameterizes a family of curves that interpolates
between 13 and 8

3 Intuitively H parameterizes how we can

push compress deform the image of 13 in S to

the image of 8 in S



 

exam

i

Jo



 

rotate by
Example8 Tros

Remark8 If we can rotate two curves to same curve then

they are homotopic
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Section 68 Homotopy invarience of degree

theorem Two closed curves 13 S S and 8 S s

are homotopic if and only if deg P deg 8

emark I Notice that rotating the image of a curve in S defines

a continuous family of curves and thus a homotopy

Any curve is homotopic to a curve w 8 o 1,0

2 If we rotate 8 by 0 then the lift changes

by f O

deg 8 deg of rotated 8



 

Claim 18 If deg p deg V then 13 is homotopic to 7

emma Spse No 1,0 If deg 8 n then 8 is

homotopic to Yu Ceos Cnts sin Intl

Zoot 1 Let f be a lift of 8 w f o 0

we can do this since 8 o 1,0

2 Define II o 3 10 zit IR by
HTS.tl l s f It s Cn t

3 Define H o I x o zit S by
Hls t cos Hls.tt sin Hls t



 

4 We claim that H is a homotopy from 8 to 8N
5 Check It glues up at ends

i H s o l s f o 0

ii II S 21T l s f 21Tn t S 2in

l s 21Tdeg 8 t S 2in

21T n

iii H S o cos o Sin o

cos Zion Sin Zen

HCS 2T



 

6 Check H is a homotopy from 8 to Jn
7 II cost f t

H o t cos fct sin fct 8 t

8 II ht net

HCl t cos ht sin ntl 8 t

I
homotopic

roof8 Spse deg 8 n deg p
2 n deg 8 deg rotated 8 ul startingpt i o

By Iemma and fact that rotation is a homotopy

rotated V Zn
3 Similarly 13 rotated13 Tn

4 chain together these homotopies to get 13 8



 

Iain 2 If 13 is homotopic to 8 then deg 8 deg p

theorem HomotopyLifting Let 13 and 8 be closed curves

in S Given a homotopy H o x o zit s

wt H lo t p Lt and HCl t Htt

There exists a continuous map

II o I x 0,2T IR

that satisfies
it HIS t cos IIIs.tl sin III sit
2 For all s HTS 2e H S o Zen

3 IT is unique up to adding a multiple of 20T



 

emark 1 Prove the theorem by unwrapping in families

Ft Sst lift of the curve HCS t wi s fixed

This essentially will imply G 131 in theorem
2 Since H parameterizes some family of curves as

we vary s the accumulated amount of rotation

can't jump it is continuous

3 For any lift f 2K fCo is a multiple of 21T

so HLS 2T H S o is a multiple of 21T for

each s

But it can't jump as s varies must be constant



 

roof's 1 Let It be homotopy from P to Z

2 Let It be a lift of H

Ilo t is a lift of 13
cos Aco.tt sin HCo tIl Hlo tI g3LtI

4 II 1 t is a lift of 8
5 So deg p II 0,2T Hilo o 12T

ft 1,2T I o 12T

deg 8 D
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