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Outlines 9O Review, from last +ime
) Cucves in Surfaces and Ociewbabilidy
D Preliminaries on Graphs
4)

2 - dimension Poincace Cov;ie_c,lure,

) Classification of Sur faces



Section 1 & Review

Definition ¢ Given Hwo Sucfaces X ad ¥V | He conmect sum of X aund Y,
densted X #Y s obhined vio
D Rewove am open diske fom both X and ¥ b ciate
ho Sucfaces w/ boundacies”
2 Glue Yhe res.,.t+.-,j boundacies together Yo create

e vnew swface X2V,
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D) Tz 7.0‘-'41"]"1~ = jawu.: 2  sucface

E’)(am()\e.:

2) 81.# Sz. = Sz

D osrHETS = T

1‘0 Tl#.--‘#’_l-z }j—‘lﬁmeos = jemsd Su.r'Fa.c.e..
Propo?i'l’ioa% %(X#Y) = %(X) * %(Y) - 2

[ N o= T-L X('T'z)-'-: (@)

4

X(XeT2) « X(X) -2
X(X) = X(X#1%) +2



S‘ee;l'ion 23 Curves in gu.r‘paces and On'ewl'a.b-'lt'-l'y

Defiaition © * A closel curve in o cucfoce 2 s a @con'l‘fmous

®mo.P 3 S'= circle — y 2

®© We Sen,A e,\)er)/ P-é in Sl + a Poi‘n"‘ n S.
@ " Continvows Y= we Senc.( Poin‘l's .\nc:'n‘}esivua.ll), elose
-"ojeMer in s' o Poin‘l‘s MFia+esiM4l(7 close
"l"je“\er in Z
o \We Wap S' b & u/ out ri‘:ru‘nj oc w%én'.j -+
¢ A cwtve s iir_g\ﬁ_ i‘F «M«e image QF “\»3 cusrve in i
does wot ccoss/ meet ttself aud dhe cirele caw be

*‘ous)leé‘l/ cle-foweé o look lilee o S'e_?, e‘f e:&je.s
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3) Simple closed cucves




Definition & ¢ A simple closed euwe is  |-sided f a swall “M'oken.inj
of He curve w 2 s o Msbhins band.
* A gsimple closed euwe is 2-sided f a swall u,;c,kw-,j
of He curve m Z s a eylinder
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Rewmarhs T§ Were are l-sided curves on , e we don't fwswo what

is u() /clown of \‘n/ou.'l; . \De lec, no re.{:ereuce ou:éwa.r-c.l

cl'trec.-l'ior\..
Definition s A surface s orientable f i+ has no 1-sided cwcves.
Ex“""‘f’le‘ M 1) Connect swms of Hoci = orientable

) klein bottle s non - orienta ble



Depin;"'img A Sur-Faoe. 'S compac,"" 'n-f i+ a.Am?-"S o. PolrJenal

)

complex strucdture w/ o Ffinde #H of verhices, eéje,s

and  foces.

"ﬂneol‘evn 3 Every compa,c.‘{' cr{evm‘('o.ue Su.r'-Fa.c.e, S lwme,omor,ohec, o o

l - 2
comneck sum T E T # SY Lo some # of T



Section S 2 Prelimivaries on G'ra‘olﬂs

Definikiond - A T‘aph is & polyJonql u»mf)lzx com,oosecl of e,cbe.s.
A Jr‘a.?k is o -l-re.e, iF &U&ry Pajr op \I&t“l‘ic.e.s 'S

conncc,"'ecl Vi a unigue Sequence of eclje.s.
[ |

& A -l-ree 1S a Jm..fl\ w/ wo looPS

Profosi‘\’ioﬂ: Le,‘b r * C.onnec.'l'eﬂl ‘jra')l/\ . 'ﬂnem e,xis-l-s a Su.bcou.ec.*‘\‘oa e-.f
eeljes of € Yot form o tree T et douches every
V&f‘éek n r‘ T is Co‘u'eA o Sf&.nniv\c’ tcee _‘fbr r

RewarKg A jr‘o,f)\\ com ltw.pe MH‘IPIC s'oaum'\:j +ree.s,
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Proof 8 ) g\ulc!u'o 7 owe eilje_ at o time.

Add Add Add Add
g N g e el
J; J" ng eJe

) We seguentially buld spanming teees T dor T5.
ED I A ""ije' , Te = TS
)y — 5% ecilter
a) A new vertex is added to 1% lo create TG
S o create wnew “s-l-ee "

b) Ne new vertex s

A & create a LOOF

sy Tf ) => Set T, =T, U wew ecbe.
IF b} =5 SG'& Tl s Tc



6>|/:' — [ % cither

el

a) A new vertex is added to I b creake T

1\

b) Mo new vertex s

3) Tf &) => Set Ta=T, O wew e_%?e.
Tf b)) => Set T. = T.

1\ hY

3) By construckion, each Ti is o dree and Houches

G\Jery vertex o": f'; o So f‘e,\oe,o:{-eé we o\o"'a,.'n '“/le
/‘eSu,H’. 0



Lemma = Le.‘t r"" connected Jra.Fln. We hauve
VM) - g™ = X(T) ¢ |

w/ e?u.alil'): O s o tree.

'Proa'f ° ') IF f’ = ‘I‘r‘ee 5 ~Hnen we cla.im \l‘La:(: %Cf‘) = i
i) Build up r seqlu.owl’iau)( ° r” f‘,, s s alee, f} = .
Y Siace [ is a +ree ecach +ue we add o

G{je‘ , we also a,AzA M-M’\-Gl‘ uer-ﬁe.x

& ;‘F no'l" we wou\.é Conn , ‘l’wo uer'l'fces Vit

a:é [Ms+ 2 J:#’arm-l- SG?S' e‘p eéje.s
‘i';‘;) So r" = eé‘je => % (f"‘) = 2-1 = l
o= V(R)-E(C) ~ | -t =|



W Repeatedly K (Find = V(G) - E(M)L-1=1
V) = Y (= dree) = 1
2) S}se [Fis ot vtece,SSG.r‘iI)( a tree.

Let T= S‘Pa.nvﬁ\:j +ree for 1
X(C) = N(r) -E(r)

V(T) = E(T) - E(wet = T)
= X(T) - E(M‘l’ ta T)

< |

N Refe, if E(net uT) =0 fhen [M=T.
=> %(["):l £ and w[y f = +ree.



Theorem o Let & = COMPo.c,'l' surface . Then X(Z) 22 ad

%(2)21 .‘ﬁ wwcl Qv;lY ;-F Z is ane.omrflu'e. -‘-O Sz.

Proof S ) Fix a pelyqonal epx X dhat gives Z.
2) et T = s(mmi:j ree Hoc the Jraph that is wade
up of the edges of X.
?) Yefme a gragh (* (Hot com be dram on X)) yia 2
a)

Pla.ce, a  vertex in Yhe center of cach face of

X

Covmec:l' +wo ver"'n‘ces via am 64‘56 -Fbr eac,‘/\

e«éje in X that is net in T Hhat dheir
foces share

b)



Pictuce °



u)

x(z)= 2%(x)
= V(X) - E(X) + F(X)
= NVIT) - @ - E(F) + v ()
= X (T)+ X(T) J e g
£ 2

> This gives the fiest claim
Spse X(Z) =2 then X(f)=1
=> [ s a tree

Thicken T and f‘ inte  weird Looki‘nj Acsks) which
are +r¢zs , uh'l‘l.l 'yﬁ@y -F.ll ou{: Z.

= is ‘j],u,uj of 4wo cl-:sks abvﬁ M\eir loOuM.Ja.n‘eS
=> Z is komeowsor‘)hic +o Sz- O



Lemma. ° Tf o surfoce T has a 2-sided curve Yhat does
rot separate . inb dwo pieces, then Z. s

meao WWJ‘PL'Q ‘l‘D : /# -'—Z ‘ﬁat‘ Sone Su,r-pa_c,e Z ,.

Proof 8 D lLet Y= 2-sided curve in Z.
2 Thicken Y 4o cylinder in = .
) Note | Z#T" cam alse be obtained vinl
M) Remove o Jeso,iozni- diskes from Z°.
1) Connect these boumdaries vra le’nj M oa cylo'nc(er,
4) So reww\aiv:j ¥ foem = and cappg oft e

Lowwcla.t‘ies w/ J?Sks undoes o omnec;l' Sum .

s) u.flsl«ol: p 'b' ld'.'S‘ s rea,lf%e Z as commect Sum v/ Tz.
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Proof 2 D Let X = poly. cpx for 2
2) let T awd 17 be defined as before .
3 TE "= tree | then as arqued vefore Z = S*.
1) So we assume ["is wet o Hree.
= I lhas a \.ooP ¥ = 2-sided cucuve
9 We clam hot ¥ does vot separate Z.
O Tf wet, Z-% = eV heo sepamte
'oie.ces
o T we remove dhe foces and cdqes ot ¥
fuches 0 X | then s divides X b

f’o\y. C"Xe—s Xo MJ X) -Qr 2o od Z.



6)

“ Y doesn't wmeet T
=> T is completely contained say, X
S But T eontains all dhe verhces of X.
=> X, has no vertices aud Hues wo Polygons
= X, s emply | o contradiction.
By previous lemma., Z=Z#T" for some
surface Z.
X(z') = 2(z) + %
=> Refe.u'l‘i‘:j Wis setup v/ T ceplaced by =’
realizes Z' =Z#T . (Z = Z"a4T?a7")
Evenﬁmu),) Wis will fermmate as Z(Z") = X(iz)+2,
ie, ovew{uauy 2(Z) =2 ad Uws ="=S™ ]






