L ecture at Y

Outlines O Reviews from last +ime
2) Co(.oﬁ":js of Ma.PS 'n\.eorer\

3) 'n\e &onn&c‘l’ Sum s of Su.r-ca.ces



Section 1 & Review

Definition S A swuclace s space dat Loc.a,u?r looks like IR"

< ie, ZoaMm ia close i+ a.{u.s-l' bolkes lLikke a

\\({ec,e. o-f P“*P"‘N',/

ngini'\’img A {Jokyjo«al com‘olex s a sr)q,oe OIa‘l'a,.'ne::L 'W JLu,:.,j
“LDJC-Mu&F Pokyjms ) e.J&S ) m& ver-l-;‘oe,s) Wl,,’e,re, by
J\u,e, we wméan JLOJ& we iiem.'(-;cr e,Jes w/ &4 es
amd  verdices w/ vertices (coull alu.g. f"l)'J’“ bo self)



Defintind Let X = golygocal complex w/
+ V(X)) = # f veckices
- E(X) = # of edges
- FK) = # of faces

The Euler charactecistic of X is

X (X) = Vi) - EX)+ F(X)



Exa.mrl&sg ‘) R-GM-AOW\ ?o\.yjmo,l ConPlzx



Pto()osi‘l"iong Let X sd Y be ()olyjoaal complexes hat arce howeo morphic
-Lo .u\e Same Sv..r‘Fa.c,e,. 'n\ew u\e.‘r Eu,[er claara.c:"er.‘s'lﬂ'c.s a.Jree,

X (x) = x(v)

D&F?ni‘l‘iu\-g ‘Tk& Eu.\er cl»a.rac."'e.r iS"'ic 04 o SM'FO-C.C, Z HR OH\.& Eu,[eh

c\/\.a,(‘A—c{'&(iS‘\‘l‘c, o'F amy ‘Dolyﬁmcul C.f’)( J’La‘é iS \'\omeowoe'ohc'c
L .

RQMMK: —r; C.omlm»vf?— %(Z) ) lare,a.k 2 u.‘o ?\n‘('b {‘%]s'ons oaocl c—own.'l'

he # of yectices edges , and faces.

/



Exammples ® )y X(sY) = 2
) L (T*) = O
) %(k.lc.‘n wite) = O
M) K (gesus 2 surfoce) = -2



Sechioa 2% Coloiags of Mags

Questions * Whot s Yhe minimum number of colors needed +o color
amy map of Hhe globe 3o Hat o two  adjocent
regions are colored Yhe same coloc 7P

* What s the mimimum number of colors needed to color
amy map of o surface 5o that no dwo adjocent

r%jions are colored *“42 Same co(oc?



D&Fin;'\'img A Su-r'Faoe. 'S c.ovvt!oa.c,"" 'vf i+ a.clm.'-"S o PolrJenal

)

complex structure w/ o finde # of verhices, eiljes
amd  foces.
e Secre{:l\/ , we needed 4o assuwe at owr swrfoces

were %mPao‘I’ when we defired dheir Euler

Clﬂal‘ a.c;'l'e.r IS"'CC.S .



EXo.m‘)le.? \) Sf)k&re.d 'J'D('U..S) mu.l'l'w‘ole, &omu.‘[’ \ru)le,s ) KL&G.(I bb'H(-e .

& &= ET=

2) R*

\e IR
b“oﬂ"( e —
3) Tn‘{:ini'l’e. Ends
W .
o®

po“" L. . (97 =’ =’ =2 . ..




D@Ffﬂi‘l’c‘oﬂ: A Jeoj“"f)\“;c c,om{)[e.x a.SSocta:l'e,A 4—0 Cu c.ov«Pa-.cfl'

Suctace & is  a polygenal complex Hhat s homeomorphic
h T ad sebishiest

) Every face does st meet idself

D vy oo foces dhat meck share o wnigue elge

3) At  least three faces meet ot each verdex.

Rema.rl{,: In"ui“’iue‘)/) a jetjra.f\m‘.c, c.rk S a Wla,F o)(‘ -”4& Su.r'Fa.c.e.

waé Sa’&'isl}e,s

) A (‘e‘jiw\ camnet boacder +self

2) Two l‘e.j\'oni con mly S'laa.re, one un;?u boarder

3) Vertices are where 3 or woce re:].‘ms wmeet



E xam\ole °

Exa,m‘ole Nor— exam-

Jeo. cf)k ’j-e,o c()x,



De&ail’l’mg ° A (.&ja.l c,ol.of‘inj o'F a Je,o c‘ox. iS am a,ssijnmm"'
o¢ o color -l'o ea.c.\n. #c..c.e, S‘& wo "l'wo a.claiac.ew‘l'

'Fa.c.es L\aue Jjne. Sawme C,O‘,or,

° /ILL& colbc::\j Aumloer oﬁ o Jeo cfx X
Minimuwm F oy colors neeJe.A -

M(X) = f,miu.ce, o leja,\ c,o\uc.‘:j oﬁ X

/n’le Co‘.or?tj V\.um‘oer o:F c covnfa.c:l' Su.r-pac.a Z isS

minimuwm o¥ colors VLe,e,JeA -
Z) = .
N(. ) Proiu.ce o leja,\ c,o\bnzj og g.ﬂ je,o,

“p> a.SSoc.ia:I'OA -l'b 2. .



Theorem © M(,Z) L + +'l"?-2;l-74(5)

Cof‘o“a.ryg A'\r Jeo cr)x on Z can 'ae l,ejauy c_oloer ushj
+ 149-24. % (Z)

2
o;lofg.
E)(a,m.fle: V) Z = Sl => need at wmost Y colors
y T =T = - - 7
2) Z b jewus Y surfoce => need at most 10 calors

(o 2 oo



RemarKks To poove e dheocem H1- Z =ST s e.x+reme,ly diffeen 1.
We will prove i+ for X(Z) =1,

Notation s Let X Ve e geo.  epx associated o =T Hat
S‘a.'nl:isFie,s <
D ON(X) = N(E)
2) T4 Y s amouler je,a c.fn( asSociated o =
w/ N(Y) = N(X) | Hen  F(X) ¢ F(Y),



Lemma O2 Everr foce of X lhas of least N(X)- | ere,s .

Proof : D We suppose by way of codrmdiction Hiak Here exists
o face w X wf sh.-J-l}, less dhan N(X)-1 edges.
) Dewote this face by t.
3 Sheink f oaud all of s edges down b o single vertex.

7

This Prko.c.&S a new jeo. epx X .






D S, N(X) & N(X)

6) TE N = NX) | then by assumpthton o X,
F(X) ¢ F(X')=F(X)- |
=> we actually must have N(XY) £ N(X)

Y Se we may e X w/ N1 colors.
But s allows us b olor X w/ NOO-1 colors .
Namely, we cloe X', thew since I Las less Hoan
N - e,%je.s S it has at mest N(X)-2 a.elia.c.en‘l'
faces. So we cam always pick on of Jhe WCX)-|
wlors b coloc T diffesently Hhan all s adjacent
foces. = N(X) ¢ NOOY-[ | 4 contradiction.

8)  => Euery face of X has at least NCX) - edges.



Lemma |3

?“09 P °

(NCX) -1 ) F(x) & 2-E(X)

D Every edge fouches two umique faces .
= Average # o edges per face is 2600 /F(0)
2) By Lemma O, each face has ot least N(X)-)
e%jes
=> Ave,—%jc # o edges per face > N(X)- |
7 comw,.awj Jhese megualihes,

N(X) -1 & 2E(X)/F(x)



Lemma, 2 3 3V(X) ¢ 2E(X) X X

<> < B

’pMO'F% ‘) Leﬁ X = ijlue,A c.ollec.-l'.‘ow o“" P"l)’JMS ~“«a£ wé jlu.e.
J‘bje,-('{.,er -l—o fl‘o:lu.c.e X

2) No'l'e 2. E(X) = E (X) )E'{é /;//’;

3) Qe ot least 3 faces meet o each vertex

3V(X) £ V(X)
) Siace X s disjoict collecton of polyguns

E(X)=V(¥)
S) C—ow\aiaiv:j,
26(%) = E(X) = v(X) % 3v(X) 0



Lemma 3% NE) ¢ F -6-X(=)/F)

Proof 3 N(Z)= M(‘X) 5 Lewmma |
¢ |+ 2E(X)/F(X)

¢ 1+ (Ce(X)- 6VX))/F(x)
= ]+« FeX)+ 6F()) /Fx
= F-6-X(X)V/F0)
F-6X(2)Y/FX) 0

Lewima 2



oof 2 (X(2)=1)2
N(Z) ¢ 7 -6/F(%)
¢ G

= ?-+'J'-l‘[-z'-t-l
2

F + 49- 24- % (<)
2

n

poof 8 (X(Z)e0)
D N(Z)

2 N(T) & 2- ¢ -2(2)/F(x)
et -6 X(=V/N(E)

N(x)& F(X)

J @) ee



3)

s)

)

=> N = ZN(E) + 6-X(=) & O

This ()ol.rwomk;l in N(E) i wpwards opening w/ at

least one point on N(E)-axis.

=> Lo»rJes-} N(Z) for which Hes holds s la.v:]e.S'l"
zero of  poly.

Z - ﬁ% -24- X(Z)
2

=S

N(Z) &




Vefinition *  Given hwo sucfaces X ad Y | He conmect sum of X aund Y,
dencted X # Y, s obhined vio
D Rewove an opes diske fom both X and ¥V b crate
hoo  Sucfaces w/ boundacies
2 Glue the resu.H:nj bound acies JmJe:U»er Yo create

\l{«e new Su.('Fa.ce. X"" Y.



\I, C,a.‘é ou:é
disks

=D

l 3\\‘.& alerq

b'w&ﬂibs



Y TraTS = jaw; 2 sucface
2) ¢*#s" = §°

E‘)(a.m')\z °

2

D SPHET = T
l‘l) '-l-'l'v-"’!'~--'«l'-1'_|'.L ‘}‘j-%?mes = jemsa swrface.

K(X=y)= X(X)+ X(¥) - 2

ProPosi'l'iM%



‘Proofg l) ‘Reca.uJ we cam com‘;wl'e, -H«e Eu.l.er c.ka.ra.c.‘l‘cr;‘.:‘l’ic, o:P
o Swr pace ‘07 u'sfn\j o_»_x (o(Uona( cpx a.SSoc.:aA'ee\

b it
2) Pick ‘;oly c.f)xes -For X and Y J’t.a.‘e 'oml‘l Lwe. a:é

[ea.sl' ene -pa.ce “ua'é S a Z-POLYJCM w/ un:_?u.e

e cljes amd vertices.

2) Revwo\ﬁrj said ?'-Polxjo“s jiue.s removal of disks

from X ond Y
4) To jlu.e, , we jlu,e, -l-oJe‘“aar e boundaries of

%ese fewmove d 1-?olxjon S.



5) This Jlaing gives poly cpx for X #Y wy
¢ Vertices = V(X)~+ V(Y )-2
* Edges = E(X)+ EC(Y)-2
® Faces = F(X)+« F(Y) -2
& Y(zwxz’)= NXY+VIY) -2
“(E(X3+E(‘/)-2)
+ F(R) «F(Y) -2
= K(X)+ X(Y) -2



Exwp\e,% D) %(jws 3 sucface )
= X(TreTre 1)
= X(T'#7*) « X(TY) - =
= X@Y) « (T - 2« (™) -2

- -4

2) %(jemsj Su.rface) = 2 ‘Zj



Nextime e D) Or:e,ﬂa.la:li-l-y

2) Classification of Swrfoces Theocem.



