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Section 1 & Review

Definition S A swuclace s space dat bcal(r looks like IR"
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Deginﬂ'img A Po\yjml com'slcx IS a Jr;q,oe, ob‘l’a,.’neel b, JLu,:.,\j
‘-]'bje,-u»m‘ Polyjms , e,J&S ) m& ve(‘-l-;‘oe_S) qu,ere. \,,y
J\u.& we wmean Jdhat e zlew(-:ﬁy edges w/ edges
amd  verdices w/ vertices (coull alu.z, ‘oolm.h bo self)
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Remack s 0 We cam a.lwo,)(s 'amk Su.rﬂo.ces ep in‘l-o 'I)ol,yjma\ G(’KGS

« A Sux#ace. ¢S \'\omeom»rpl«.,:c, o MA«ES a.SSoc-‘a.'l‘ecL
Po\,ijsal c,ow\ple.x

2) ’D»er& ore om i'aﬁu‘m‘-‘e #' o'(: bua.)(s we Caou,‘.ct loneak. i+ u.P

3) /Il\era ofe rl'n‘c'l'(y iaffm"l'ely ma«»y wiolte, ‘00[7 Jona( c.'oxe,s *H:ta,u

Swr‘l:ace:.



Section ¢ More on Planar Dicgrams

De.ﬁgm‘-l-;o“: A ‘alamer Jn'ozjra,m 'S o- fo(,};jmaj CDMP[&X oL‘I‘a.in.e.A ‘oy
jlu.'nj 4*03&“«: a.“ Pajrs o(: etbes .14 a s.’.zjle. Zn“poly‘jon..
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Profosi'(';ow 8

Peoof °

Ever7 ‘olama,r d.‘t?ra,m +S lwmeowwr‘ohic -I'D a S’u,r'Fa.c.e.

° Meeé do s\wow ~uw:6 loca.[ly a,loowé wery Pm‘n" n -ute

?\,awa,r c‘ic:jra.m '“\e s*.oa,oe, lbokS lik.e rlll,
We have 3 roSSiLili‘,‘c’&S

) e ()oia{- is a vertex

2) ‘u\& ‘)oia'l' iS in an eﬁe,

3) M)& foin.'l' iS in “\e ?ok(jon,
We dhak obouf each case



* Pumo\/l\;ﬂ&: '“/\& jl,w’nj l‘sz?fuL 'er a PLW AiAjram -Fbrc.es

us -h ';a,l'oh ‘bJe'u\&r' rej.‘m\.s Hat don't look Lke
W\q' m 'Hn& quju.Q.A ’ ‘)olyson fn’('b wero Pﬁ:u\s
bt do ookl B Hhe “glued” pelygon.

T() tusS case g E .



Sectisn e  Euler Charactecistic

De'pl'vu"l'im: Le‘t X P (ol7amal wm'ole_x w/
« V(X)) = # o vertices
- E (X) = ¥ of 6%763

¢ FX) = # of Saces
The Euler charactecistic of X s

X (X) = VIX) - EX) + F(X)
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Remack ® T+ a.ppears Pt dhe Euler charactesistics of folrjonql
compleXes *H\A,é are Lwymuwwrph-‘c ~|-o Ha& Same Su,rfa.c.e.

a.lwa.rs &\j(‘&e

o Thiskk 2 Given oo cli#,eren"' w.aps/ wa?,s °*F Lpuk&j wp e
Surﬁo-ce. in-l-o I‘Uions 5 J'Loy uuiﬂ have “/Le Same
Eulec charactecistic .

PtoPosi‘{'iong Le{: X wA Y be {)olyjo/\.a( Com'olexes “\a.‘é (153 A [wwe.omrfk‘c,
-Lo .u\e Sameée Su.r“:a_c,e,. 'ﬂ'uew %e,s‘r Eu,[er cllta.ra.¢"'er.'5'l'ics o,Jree.,

X (%) = X(Y)



Peoof o X ad Y Jive two different ways of break»\:f owr
Sbu“FaAe wp in"’D f)o()ljon' Klie t‘fjionS‘
We coam “overlq.‘) "X and Y on owr Swurface ) a.clcl."j
ver'l'ic.es w\uere vVne. eajes ol" X .‘nﬂl'erSe,c;l' “»& eclje,s
of Y, +o procluu a new \nol_Uma.[ epx for dhe

sucface . C—au o+ %






* Nete fhef one can obhan Z From X (simlacly fom Y) by
) Adding edge behoeen two veckices in o palygon
) Adding verkex hointorior of an elye
D Addwg verbex 4 the interior of o polygen aud

convtec,'kv:j H b an exishing vertex via ax edge.

© TF these do't change Whe Eulor charastershe, oo

re‘)e.a.{'el\r a'of\yf:j hem b X b Je‘t 2 will give
X(X) = X(2).

Sir»lla.(ly fhe Y | X<Y) = 7-(2')



Type 4 = U new adge | | fase dnided b 2
X=V-(E4) « (Fe) = V-E«F
* Tye 2 =7 1new vertex, | edge divided Wb 2
A= (V+¥) - (E=4) *F = V-&E~F
Type 2 = | rew yerter, | new elJe.
X=(Ver) - lE+B)+F = V-E +F
e = X¥)= K() = X (Y).



'De.-p?ai'l'ioag "ﬂxe Euler c.lna.ra.c.'l'e.r -'S'I'ic. o(" a su,r-po.c,e_ z s 'H'-& Eu.ler

a\na,ra.c{’&(iS"\‘Fc, of amy ‘oolyg?vmal C,PY M\a:é is komeom—or.ola»ic
L .

Remark?  * To compute X(Z) | beeak T wp iwh regions oud count

he # of yectices edges , aud faces.

/

© s dbws ws b prue dhat we are ’"Lij\-w\ beings”.

Examles’ ) X (SY) = 2
) X (T*) = O
) K (klein wite) = o
4) K (gewss 2 sucfoce) = |~y 4tz _5



Definikiond  * A ‘jmpla S o (JolyJono.l oomple,x composee( oF e,cbe.s.
A Jcaek is o -l-ree, '.F wery Pm‘r op V&rhces 'S

cormcc:l'ecl via o un:?_u,e, Sc?u.evu:.e, o)c eclJe.s.

'Deﬂini-"img A 3mpk 'S (Jlaua.c' of i+ s Js’ow ‘ay '“te eclJe,s 0(’
a ()o(yjona.l comrlex ‘F;r S .

Fao‘l’ ° A Jr‘a.fl'\ 1S Pla,uo»r I'F t+ vkuy 'oe clrc..wv\ in IR‘ w / out
l’uwirj eclJes in"&r‘S'&c;l'i n j / la.)u‘:\j overs eo.cJ\ ouxet‘
Pm.nf s Re mOoVUe c #a.ce, -an Sphare mc; lay J»ke remain der

'p\o.‘l' on J‘ne el one



Question

Avswer

R&a.Son .

Notn ©

Claim 3

xs W&r‘y ijL ‘ola ma,r?

No

ﬂe Eu,ler c\w-ra-a—(-er is-‘-ic oF .qu Slolq.ere. Pw&s (&S‘l’f‘\‘(}l‘ions

on lﬂow ecf?es cCam Come "I'Dje,'u‘ler .

Le% K: = J““Pl‘ w/ s ver+ices a.vul lo e%?e,s st
P)U&ry ‘oa.u' of uer—l"-c.es 1S Cennecl'?.cl b7 a u.m'?u,e eclje..

s i not a Plam.o.r jm'PL\“
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'p!‘oo‘Fg \L’e wse Pmop 57 coa‘Lra.clic,-l-\‘ov\. So we assume K: is

\o\.aM.a'r a.vul A&riue a CM'I'raJ,io'l'im. TI\MS olc

aSS'u.w»P'l'ion w:ll be wru:j aw.cl k-: wu»s']' e Mn-'olwuar.

i‘(: k-r is P\ma.r =% A&"'Uw.’nes fo\,y. c{nc 'Fur- St)
SQ?: X

By He Euler characteristic fm‘oos:‘"'?m fom iaiayj
2= %(s*)
= V(X) - EX) + F(X)
= V(Kke) - E(ks) + F(X)

= & — o+ F(X)
- FX) -7



g {No'te e/u;ry Fa.c.e of X lhas at least 2 UM"zu&

eclJaS.
TH vot, Hhen dhe Hwo vertices on dhe face

ofe c,wm.&U"Zc,l via XL J.'-ﬁfe rew“l- o{]e.s

But s cant happen for o



We claim Hhat 3F ¢ 2£
Let SZ = dewote dhe PN'J"MA " callectian of Fo\,)(st
ot we gl hogether o forwm X,

Note X i dhself a polygonal complex .

}Qo‘l’&
2 E(X)= E(X) % 3 F(X) = 2F(X)
(S Used = .
21 = 2.3= 3F(X) ¢ 26(X)= 2E(Kks)= 20

=> Cw\-l'ra J:c"‘ion



Nextimes ) Co\wfrjs of Maps Theorem
2) ?reliminaries -(—\or v“te ClO-SSi'xc:c.a'l'.ioa o'f su..r-rac.es.



