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ction Review of LastTime Example's 1 Unknot

finition knot A knot is an embedded
circle in S3 ie K S w S

Two knots K and K are equivalent 2 Trefoil
if we can push1wiggle1 deform Ki
to Kz w out having the circles
cross themselves

3 Figure8
Iain Every knot is equivalent to a

copy of S in 1123 ie

K S IR
4 Unknot complicated

soo
U



 

finition Link A Link is an embedding of DefinitionsA Knot diagramfor a knot 0
disjoint circles into S3 ie K IR is a projection laying of

L S u U s S K onto 1122 given in terms arcs
Two links L and L are equivalent in the planethat meet at
if we can push1wiggle1 deform L Underlover crossings
to Lr w out having the circles
crossthemselves Example

amnes

i p
crossings

it



 

emark8 Same knot can havemultipleknot Definition A ReidemeisterMove is an

diagrams alterationof a knotdgmof the
Anytwosuch dogmas are relatedby following form
Reidmeister moves

Type II RI
sample J J

type
E

type VII 1 I
erase Unknot theabovepicture via anexplicit

sequence of Regenege moves
I I



 

ection crossingandUnknottingnumbers Definition A crossingchange in a knotdgm is
an alteration of an overtundercrossing

finitionsThecrossingnumberof a knotdgm D is to an under over crossing
the of crossings in D
Denote it be c D Example Alter

ample's 4 Unknot

c O o

Cs
and Attic E ga

2 Trefoil Definition The unknotting number of a knot diagram

s z
is theminimum number of crossing
changes needed to produce an unknot

C fifty 4
Denote it by u Dl

Example u I



 

mma Let D knot dgm for K propositions u D E c

and p be a point in D
If transversing D bystarting at p Proof8 See prop 4.2.26 in typesetnotes

one meetseverycrossing first as Ortry as exercise D

an undercrossing respovercrossing
then K is the unknot

oof8 We do the undercrossing case
A knot dgm is a map k I 1122

DefineIT I IR byTh t K t t
That is lift k up Undercrossingcord

saysthis lift is well defined why
Now tie the ropeup in IR via dropping

a line and pull theknottight

I

I



 
7

finitionsThecrossingnumberof a knot k is Questions c He Kz c ki t c Kz

c K min c D D knotdgmfor K
Remark 1 Forknotdiagramsthis is true

Theunknottingnumberof a knot k is 2 e k Kz E CCKil t C ka is not

U K min U D ID knotdgmfor K hardto show
3 c K Kz 3 C ki t c K2 is much

harder In fact no one knowsthe
rollary u K E

4
answer Therelation is conjectural

oof8 Exercise D



 

ection TheJones Polynomial 2 Hopf Link

finition The Kauffmanbracketisthefunction

47 LinkDiagrams Laupigntomia Tf T f
spo possibly T T f T f

determinedby negativeexponents

Tico I t ft T
unknot ii 2 DUO C T Z T D

T T1 T2 T Z T t
iiit L K TL C T Y T t T T C T T Z

where D linkdiagram T L T T T

T t T T T 3

ample 1 Dumbunknot 14 T 4

f TLD t T 487
Trefoily Ts T 3 1 7

Tt T T2 T Z

T T T 3 Exercise Use the above

T 3 computations to simplify

yourlife



 

arming8 D is not a link invariant Definition If L is oriented theneachcrossing 0
That is it verymuchso depends on maybe assigned a s
the link dgm chosen

µ 1µg
uestion Howdo RM change LD I

positive negative
swers is L J 1

3 u
ii f T 3 u Definition8 The writhe of an oriented link dgmios
iii ft L L J W D Ipos crossings
in L L 7 neg crossings

Example i writheofHopfLink

w z

ii writheofTrefoil

w 3



 

Iain W D is invariantunder RMs of Proposition Let D LinkdgmFor L o the
the secondandthird kind that is polynomial o

wK w Y k L T
3W
LD

W L 7 W L is independent of D That is if D D
are two link loginsfor L then

oof8 Brute force comp observation T
3WD Dy T

3W
D y

Eg E

o wk i w 7 oa
Proof8 Wejustneedto showthat it is inu

under RMs
Wealready know Lt and WC are

inv under RM2 RM3

To see RMI forexample notethata

T
WH j

3W I 3furyI l
3W u
l v

others are similar D



 

finition the Kauffman polynomial of an Exercise why is thetrefoilnottheunknot
oriented link is K L

TheJones polynomial of an Exercise8 K K Ka K Ki k ke
oriented link is obtained from
1214by substituting t for T

2 Exercise Showo

ample k trefoil C T 4 T i T lo Kf T tTb Ts

ample8 H HopfLink T Z T w



 

emark8 Furtherreadings8 withthatbeingsaid I wouldmaybe
When lookingfor readings be aware that suggest the followingtexts
there are multipletypesof topology Fortopologyingeneral8

Namely there is 1 ACombinatorialIntroductionto Topology
pointsettopology by MichaelHenle
geometrictopology Hetriestoavoidpointsetstuff presents

algebraictopology it in a slightlymoreconfinedsetting
we covered somebasicmaterialfrom It isprobablythemostelementary
the lattertwo text available
The first is thetechnical logicalfoundations For knottheory8
needed to dothelasttwoprecisely 1 TheKnotBookby ColinAdams
In our class I got aroundcoveringthese It issupposetobeprettyelementary
technicalitiesbydoingsomehandwaving But I've onlyglanced at it

If youmajorin mathit is somethingthat 2 AnIntroductionto knotTheory

youwilleventuallylearn but I suggest toyRea Lickerish

ignoring it whengettingyourfeetwet Notelementary but it is thestandard
text It is what I used to learn

someknottheory


