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ction 3 Manifolds Remark Helpfulto think of analogues of
above for SZ and B and 1122

finition 3 manifold A 3manifold is a space 1 S2 x y Z eIR'tx y't 22 1
that locally looks like a 3 dim'tball

2 01111111

ample 3 sphere 3ways pointsthatare
1 distance I from oo o o

S x y z w c1124 x y'tz2w2
3 5 1pointcompactification of 1122

After removingthenorthpole we ca
321 S B w boundarypointsall laytherestof thesphereontothe
identified plane via a stereographicprojection

3 S I point compactification of 1123 o

ooo

r u



 

finition knot A knot is an embedded Example's 1 Unknot

circle in S3 ie K S w S

Two knots K and K are equivalent
if we can push1wiggle1 deform K
to Kz w out having the circles 2 Trefoil
cross themselves

there8 Kz U
3 Figure8

Iain Every knot is equivalent to a

copy of S in 1123 ie 4 Unknot complicated
3

K S IR T
roof8 53 1123U co J

Wiggle k to miss 3
K E IR E IR u 63 S D



 

mark8 surgeryalong a knot step28 Remove N K from53
Given a knot k 53 we can

use it to alter S to a different step3 Glue in another donut in a different
3 manifold manner

We outlinethis in steps Namely pick a homeomorphism of the
torus say 4 T T2

3
ep 1 Given a knot K S S Let X donut w boundary T

we maythicken it to obtain an Glue e T2 2 N K e s N K
embedded donut solid torus in 5 to X X e T 2X E X
Denote it by i 8NIKI S Glue s NIK and X to obtain

a new 3 manifold
cture

i
N

step4 Denote this new spaceby MLK X
K

Remark Why different
Thinkabouthowdifferentgluings of
cylinder can produce T vs Kleinboth
This is 3 dim't analogue



 

act If K Kz then Mlk X is 90
homeomorphicto MKz X D

ample8 DehnTwist

C
u

Theorem Everyhomeo of T can beproduced

twist from composing a combination ofDehntwists
abouteither of the curvesbelow8

Corollary F a listablenumber of homeomorphisms of
thetorus D



 

finition Link A Link is an embedding of 2 Hopf link
disjoint circles into S3 ie

L S U W S S
Two links L and L are equivalent

if we can push1wiggle1 deform Lr
to Lr w out having the circles 3 Whitehead Link
crossthemselves

amples Links W
1 Any knot

F 4 Olympics Logo

go



 

mark Surgery along a link Theorem There is a countably infinitenumberof
Same procedure as forknot butnow 3 manifolds That is we can describe

do it simultaneouslyforeachcopy list classify all 3 manifolds
of S in the link
So if proof8 Dehn's thin every 3 manifold is some

2 S w U S M 44 Hr
k times we showbelow that there is a countable

then we pick K homeos Xk T T of links Thepossible Xi are
and now obtain M L Xi Xk countably as we saw above

List all M L X 4k D
eorem Dehn Every 3 manifold can be

obtainbyperforming surgeryalong a
link in S3

oof8 The idea is to reverse engineerthe
above process D



 

ction knotDiagrams Remarks Same knot can havemultiple knot 0
diagrams

finitions A knot diagramfor a knot 3 Neednotionof equivalence for
K IR is a projection laying of knot diagrams
K onto 1122 given in terms arcs
in the planethat meet at Example Td T

e

xample

crossings



 

finition A ReidemeisterMove is an Definition Two knot diagrams are equivalent iff
alterationof a knotdgmof the they are related via a seq of
following form's Reidemeistermoves

Type IS RI Theoremoo Two knots are equivalent iff they have

equivalent knot diagrams

Type to proof8 Project the wigglingupstairontothe
RE table and observe that as we wiggle

we are just performing Reidemeister
Type HII I 1 moves D

Corollary8There is a listablenumber of links
I 1

Proof Links Link dgms
Listsof crossinginfo D



 

ctions Connect sums of knots Remark Ki Kz j think as youfurther
Knot K accordingto K2

finitionsAnorientedknot is a knot w a

choice of direction Theorem If K is not the unknot then K K
r is not the unknot forall knots ki

Idea8 O It 1 I t l l i l t

finitions The connectsum of two oriented knots It C It 1 l i i it 1

H and He is the knot k Kz I
obtained as follows One learns in calculusthat such an

K Kz infinite sum is notwell definedand
thus 0 I
In knot theory topology we can

makesense of these infinitesums

K Kz

titty



 

of Spse F K st K K U Sections Seifert Genus
Consider K K Hek Kc K

U U U
K K K Kc CK U

Question Does there exist a surface in s

k U U U w a single boundary component whose
K K K 44 K K boundary is a knot k
K U that is K was Such a surface is called a Seifert

already the unknot a contradiction B surface for K

emark Technically infinite isnot a knot itsPicture
a wildknot which we makesense

aof in the following way8

Ki Kz Kz Ky
r Il
R ExercisesTrefiol can be boundedby a torus w

boundaryff ff Boff
Proofoo Usethe belowalgorithmtotry tocreateit2 I 4

K Ke Ks 124 ooo



 

position Every knotadmits a Seifert 5 Add in all the disks
surface 6 Add twist strips

r

e w
oofE l Orient the knot

2 Resolve crossings d Ni w
u

ro

I s M U 7 Observethatyouhaveproduced
3 Produces collection of circles in the desired surface
plane
Sothey all bound disks Remarks w care one can ensure that the

4 If resulting surface is a connect sum
0 of tori

0
then liftdisksoff of eachother
w smallest to biggestgoingto
highest to lowest



 

ample8 Definition TheSeifertgenus of K is the minima

genus among all Seifert surfaces

Fiernotke
it bygun

Proposition K unknot iff g k o

Proof Easy
6 3 VeryHard D



 

position g k K g k t gCk't Second we show

g k K 7 g k g K'toof First we show

g K K'T E g k g k't
Let X Seifert surf for 12 K
wi minimalgenus

We surger together theSeifert split 1123 by a plane that divides
surfacesfor K and K to obtain 12 from K call it P
one for K K After wiggling X we may assume

X h P is collection of circles or

µ 1 taking care one canpush X off
of P st X n P is single arc
This now splits X into Seifertsurfacesf for K and K

K ik Gives result

Ef Fx k



 

ction Primeknots Proposition Every knot can bewritten as a

connectsumof prime knots
finitions Primeknot A knot K isprime if

K K Kz 3 K or Kz is Proof8 See Lemma 4.2.21 in typesetnotes B
the unknot or try usingtheabove resultto

prove it yourself
emma If g k I then It is prime

Theorem Everyknot canbewritten as a unique
roof8 If K K Kz connectsum of prime knots

I g KI g k Kr

g ki g ka proof8 It remainstoproveuniqueness

g k 0 This is complicated

K unknot D See section 4 2.5 in typesetnotes



 

eraise8 Showthatthereexists infinitely Exercise8 Use Seifertgenus to showthat
many knots Youmayassumethat K not the unknot implies K K
thereexists a non trivial knot is not the unknot

lutions Let K non trivial knot Proof8 g k K g k g Ki
Define K K E g k K notunknot

ke K K K K S O

Ks K K K K Kz K K not theunknot B
i

kn K kn i
we claim that g kn g km
forall mtn Consequently kn km

g kn g k kn i

g k g kn ii

EE g k
neg K

g kn g km iff n in I


