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Sections 3- Mani*Fole @

'De'(:ini"'n‘m: (Z-Ma.m"po[nl) A 3‘Mmlfou s o sfa.ce,
'Hm:l' (oeauy looks |iKe a 3-dimid loa”.

E\fomple: (3— Spker‘c. 3 Ways) o A

1) distowce 4 From (9,0,0,0)
———

S.’ = z(x/)’,?,w) e Rl ] X'+ 7‘* Zaw'= l‘g

2) §3= g.s w/ Lou.nclu‘y fooin'l's al{
iclemll\ciecl.
33 SJ = 1 (oin"' conra.cl';(ic,aéfw of TRB

RemacK He(p{‘w‘ o dhink of analfjues of @
above Jor S% ond B and tRz .
DIRESE ZC",)I,%) e R x*= v 2‘:1}

2>~>,_5

33 S*= l (;oird' C.Oh«fo.c,"'i'pfco.'é«'on of lR'L
e A-H'L(‘ remuivj 'Mw MJL pole_J we can
|ay He rest of Vhe S(kam onto dhe

\ola.ne via a S“'el‘eo\jd‘aflﬁc fro&'ec:l'?on




Definhiand (Rv-o-l') A Uaot is aw embedled @
S* ie, KtS'e 2,

Two Kunots K| and K. are e_;w'ua,‘ew's

cirele in

i we eam {)usl\/w:'jjl&/ deforrm K,
Lo Ki w/out \tauu:j e circles

cross Hhem selves

'ﬂc—}we,z ¥ Ke
% ~ N~ (O

Claim ¢ E\’ef‘y KM{: is e¥m’va(ew\£ o o
C,Of)( o; S) in IR'.‘)) :6)
K:S' '« R’

Tt S’ = R*U Jeo]
Wijjle K +o miss 5’”}
= K &R e rpPoixi=s>n

Exam ple,g 1) UnKnot

O

Q)

3) Fl:ju.re. <
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4)  Unknot (cmpl{m'ﬁecl)
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Z) T(‘e-l:oi (




flemarK 8 (Swjery ale o Kn.o“')

Gwen a Hast K< Sg,we con

wse it do alter s> +o a different

g‘mam"rau.
We outline Huis ia steps

S+ef) 4: Giver o MHnot K: s QS}J

we qu.r ‘M;Gk'&'\ ) l‘+ +o Ob+a'l./l am
GMLeAAeA clonu,é CSo[;‘c‘ %rws) i S.s.

Denote it by 1° N(R) e S°

P.'d-ure. °

s (A

D

S“"e? 2 2

S+eP33

§+cf Y-

Remork?

Qemue. “(K) 'FNM S?. @

Glee in onvdher donud in a “df#erewﬁ"

mannee.
Nanely , pick o komeomcplusm of dhe
forus , say #: T —T7,

Let X = domt w/ bowndary T*

Glue x€ To= 2NK) = S’ ~ N(k)
b FEK)eT'=9Xe X,

=> Glue S*SNK) wd X o obtain

6 new Z’MAm‘-Fol«Ll.
Deno‘(’c vuu‘s new 3(“3 Ly M(K,'B")_

Why different P

OThink about Wow different jl,u.[:,js o
cylinder con preduce T* vs Klein botHe.

@ This s 2-din'd analogue.



Fackt T KK, Fhen MK, %) s @ ®

“wmeow\oc\ol\:c do M(Ke,%). )
Exawfle ] (Dd"" Twis‘l') f\:\
)\
Twist

Teorem s “Every‘l homeo 4 T can be Proiu.oei

(\ :."> st <> \ £rom composing @ combination of Dehn twists

about either of the cunves below

Corollm'r: 3 o listable number of lwnumrpk.'sms of
e Horus. il

(]




be'fin;','ioa:(u“k ) A Liale s au e""'Le"l‘lfﬂj o'F@ 2) HOP‘F linte

Aisjofn{' cireles inbo S?,, Ee.)

f

Tweo liaks L, and L. ace e,_?w'ua.(evs‘k

§ we ean ()usl\/w:ﬁl&/ deform L,
Yo Lo wlout having dhe circles 3 \ohideheod Linke

cross Yhem selves

Examples? (Linkes)
) Any Knet

/7 “) Oly mpics Leijo
[




RemarK S (Swrjer'y alovj a la’v\k—)
Same Proc.e.c_lu.re_ a3 foc Knef | but now
do i4 SimuH'a,neowsl)/ ~ayr e,ooL c.o‘)),
o'F S'ia He link.
So if

L= s'u..ug
\__’_.f

K -Hmes

then e piek K
amd wow obtain M(L,"P\,..-, ')L'):) .

Theocenm (‘Dehn) Eucry 3 - manbold can be
o\r]'ainL Prmia rqery along a
y pectorming Surgery
ke ™ S,

Proof ¢ The idea is do reverse evj.’neer Yee

a\oovc Pro cess.

®

homeos P Tl - TL

Q

prDO{ :

Theocem® There is a cowu'l‘a.Ll)( infinite number of )

3-manifolds, That i, we cam descrbe/
list /class#y all 3-manifolds.

Dehn's Thw =5 ewery - manibold s some
ML, ¥, -, +e)

We shao below ¥hab there s a countalble

# b laks . The pessible ¥ are

caw-"a.u.y as we Saw 4\ywe .

= Lst all M(L, ’V"n,'--, 4’*—)



S’eJiMS Kot D?ajrams @ RemarK® Same Kuot con have MM'H'SP[& Kunot

cll‘a.JPa/w-S
Defintion® A Kwot dingram e o Knot =3 Need notion of e,_?w'vq(e»ce for
KQ rP\s is @ ijecﬁ"ion/lo.y.',\j o‘r Kot é.‘qjt‘aw\s.

K owto ﬁ)\z, Jivm in teems aces
in J‘l’ll_ plam.c Jhat meet at Exam"e;

UMAU‘/ over cro ssMJs Q
o°c

(3

Crossirjs

Exa.npleg




Definidions A Reidemeister Move is auw ® Definitiond Two Knot J;adraws are &?u,s'va(ewé £ ®

aterotion of o Knot i‘jm of Uhe Jl\ey ace related via a seg.
#Dllowlrj form s Reldewmeister moves.
TyPeI’ RT Theorem Two Knets ace e?u.ival,eu:" £f Hwy have
e‘?u.;w.lenf Rwot cl-'q.amms.
Type . = Proof © P(‘o}'w'} Hhe w:Uln‘tj ufs#air onto Jhe
< o~ +able and obsesve Yhat as we w‘:‘Ule

we are d‘usvl' per 'Fa!mn‘:j Reu'c(emcfsl-er

Type W 2 / '/ moves, m
/\ /\ cm.llwyg There is a lis‘l’a,uz. nu.ml::er .-‘: liaks
}

?foo'(:% Links «— |mk ﬁms &>

> Lists of cross::\j mwh. a




Section? Conneet Sums of hwots

De‘Fini‘Hm% .Av; oricvv.‘l'c& uwﬁ'li is a Kest v/ a
choice of directions

O A
Definition? The comnect sum of Jwo ociented Nuots

K\ wi Rr. 'S J{«c Rwo‘l’ R.,oﬂ Kz

obtained as ollows®
K, Ke
D 5
T

A=

RewmarKs K, # K, J Hink as you fucdher @
KIM'L H\ ac;arév-l'b Kz,

Theeom s TH K is not dhe unknot, Jhen K # K,

is not Jhe umknot for all Kuots K,

Tdea o 0

([-t--l)-(- (l+—l) + (l-t- -l] * ...

{

[+ (te) s (o= > (s 1) -
= |
L One leams in Calcwlus Hhot such an
ifiide sum s wot well- defed and
des O *1
In Kot vﬂ\-&ar}/ /-‘-b(olojy , we can

mahe sense of Hhese “infiaite sums”




'pcoo';g S{s’c, 3 K st K#K = Uu @ Section © S‘ei{crﬁ Genus @

Consider H#'K.#K# mx K # .
(l{#K}#(K:# K\zz(K-a ) = U

l=< #(K, #K)#@ % K)-ﬂ -~ =K
= K=W ,vﬂw‘eis, K was
d',(‘l_auly %e, u.u‘ﬂ.vurl' , & cMJ‘Mc‘;’L‘(’Vﬂ_ A

Remacks  Technically, infindte 4 g vt a Knob, ids [P

a wild Nws") uL.'a‘n we wmake sase

oc n “«e -‘Ipu,ow'»g Vao.Y'l

Wtt Ry 2 Ryge Ryw
I

(4

@uestion? Does dhere exist o sucface in S
w/ a sr.\jle boundary component whose
boundacs, is a Kok K?

Such a sucface is called o Seifert.
Sueface foe K

Yoy
Pictuce
=
j -lb)

Exercise = Teefol can be boumded Ly a Hocws w/
Lowmiafy .

Proot 2 Use e below a;[?ori-um do 4:7 b create "'{‘D

|
K\ Ke Ks k'-( oso



?roposi'l'.‘m: Euery Knot admits a Selfert @ S) Add wm a“ e disks. €D
Swrface . G’\ Add "'w\'s‘l— S‘l“rips

‘ N
) | e -
?(‘oo‘F S ) Orient He Ruot / —
2) Resole crossings |
=\

XA

?) O\aserua -M;a'é you- )uwc ‘)roiu.c.eA

2 Poduces colleckiom of ciroles ia e desired surface.

‘olaue.

Se %7 all bound  disks. RewesrRe W/ care, one cam enswre Jhat Jhe
0N Tf resu,H--‘nJ sucface 5 o connecd sum

@ (@) of dori.
—>
@D

Vhon Lift disks € of each olher

w/ S'ma-“e.:vl' o L:ﬂesf joitf b
k:‘fLeS'l' + lowest.




@ Definitiond The Seiferd jen.u-s of K is Hhe minivwun

35«,«4.5 ava ol Ceifert surfaces

/@») e K.

g Denote o Ly j(l‘ﬂ.
pcb{)os'\'l'ime 1{.: UMkVI-o‘!’ I'F‘F j (K] =0

’Df‘oo '.F H (‘—"—> ) Eq_sy
£=> V&ry Hard i

Emmp\eg




'Propas:-l-;m: j(K#K‘) = j(K) + jCK') @ Se,c.oaJ) we  Show
j(KuK‘) > j(k) +J(1<')

P(‘oo‘F: F\‘rs‘\', we g\q,ou)
Let X = Seifert surf L, K# R’

W/ manimel Jenus.

3(1<#1<'Jej(|<)*j(K'J

We. Sw;jer Jo(je-u-&r ute, Sei-f-‘e,r'ﬁ SfJH' 17)\3 L), a Pla,ne, %a‘(r divvdes
surfaces fr K ad K’ do obtain K from Kl ) call + P
one hr K# ]{I After wwln'v:j X ) We may ASsume

an s C,o“ec’l‘\‘m o# circles or

pic‘l'ure: arcsS.
A‘H‘c(‘ -l'a.kfnj core , one cam 'ou.sl\ X off
of P st XnP is sfr:j‘e. arc .

This now s,l.‘*l-s X ik seifert sucfaces
£ K od K.

=3 Gives result.




Section® Prime Knots @ Proposition Every WKnot cam be written o a &

eonnect Sum of prime. Kuots,

Definitions (Prime Knot) A Mnot K s peime if
K=K#KRe => Ko Ko ois Proof®  See Lemma {.2.20 in typeset wstes [
de wunknot. & Oc 4ry sing e above resuld 4o

prove i )(ourS‘el'F

Lemme s Tf J(KB =4, Ve K 35 prime..

Theorem 3 Euery Rust can be weitten as a “uni_?ue."

Poofe TE K= R#K, conneet sum of prime  Ruots.
= lzj('d:jO(‘#KJ
F 5(K.) + j(sz) Poof 2 T4 remains do prove untqu,ene,ss .
= g (K) =0 Tis s mflcoa-l'aJI

=> I'(-l = ‘UMI(,nA‘t' B See Cection 4.2.5 in ‘l‘ypese‘é notes,




brercise o S|Mw ’H/I-dvé Hee exists in";a{"‘e,ly @ Execcise3 WUse Se{-pzrb 3eﬂu.$ -(-o Sl«.ow J’t&a,‘é @

K W ma
wany wots . (Y y osSume What K ot Jhe wumknot mell’&S K# R
\l‘ke,rc, exists o non-tivial I'va'l') is not Yhe umknot
Solukion? Let K = pon-hivial fenot Prost %
via : oot % S(K#K') = q(K) +q (k)
Define K,z K é%(m )
K,_:]‘(ﬁ'ldskﬁrkl . O jKM‘-ml«n-o‘*
Kss R#R2K = KH K. => WK # K ot the wnkonol d
l<V\. = l<# l<n-l

We dain dhat jcm ¢j<m
be ol men. Cosequadly, Kn % K.
3(Kn\= j(Kﬂ K-
30K *j(""“)

"

- 2{:| j(K)
VI'J(_R)
=S 3(]4-\\ "‘j(Kw) i on=m. =

{




