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Theorems (Classification of Swt“rac.&s) Ever}, @

S‘u.r'Face. is home.om.orplntc. 4o 0. connect
sum T #Hom T # P et.ppp #S*
‘—"—\/—Q w

~ <-!\'e3 S ca'»'e.s

for some ,5320
Example s Kleia bottle = P*# P?

Definitions (Em‘oecun‘aj\ An emLeJJMj of o surface
X s o contiauous map 32X e rRM
st X)) = i(x) => x.=X,

P> 1 mf;‘ eack Poi:\+ i~ X = a
‘u.niq'uz foin'l' in fRN

E Xanple :

= Ewmbedded

@ = Yl.o‘é' em‘oecue,CL

Theocem s The Mtow.ﬁ are eiuiva.!eu'é ®
Y There exists on ombedding X IR?
2) H,(X)#0O

3) X is orientable
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Sections Review of Word Groups @

Sefinitiamt A word gooup comsist of ¢
N An alfhalae'(; boy—,08y,as,...,a}
2 List o-f—'jmera%rs W, .., Wm SE
eadh Wi is word spelled vt alphabdet
D Lish of relabions €0, o0 sk
each € is word srellezi wl Wi ;.
Gives o growp Wiy, [ €1, 00D
D Elements ace vords obtained from
cm.a-lrma-é.‘:.? copies of Wi or Wi .
Two wecds are equiv of
) Rearange leters
#) Cameel a;i w/ af'
i11) Remove subword Yok is a ¢ .. ¢}
D Additise of words is by concatenation.
I loil= empty | Yhow dwn,.ywn? s

Remac\{g (6‘(‘9 Hom of word jnou.fos)
Pt Qe wa> — LV, Ve P
CID is A(jroup la.om w)um it a.ss)“jns

words in Wi ‘S do  weeds in vj's

Remark = P 1 Qwiyeywad> — KV, Ve D
Kee (P) = {R, ... %7 sk
X, = wo«ls n Wi's ec w:"s St
Cp(x,'\ = €V"\f'éy wora =0
S Ker (‘p) 5 a word gCowp |

ca’,lé& o- P(‘ee, vool‘A j"‘”’*f'



Example? P L e0,e,,80> —> L Ve, v,V > ®
Ple) = vevi
P(e) = vovs'
Ple) = wve'
What ;s I{u(cio)?
LHY, gon. woed lookes like ele¥e?
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Remack? TH B ¢ Cwyyeeywn? =G s o
collechion of words obtained from ws | .
B = beoybe >
Then we obtain vew werd eowp ¢ /R

G/B - (wll cemy W I b°;"‘: blL>

=0 Example% {b> ¢ Lab,e>
l-(appms when 2 N=-K,n=L L =-¥K = {a,b,clb? = {a,e>
=S n=L2=-K
= Ree(?) = Jebelen S
= Leel'e. >
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Costrucki? Leb X = polygamal complex.
Pick directim foc each eije
Pek ociewtotion of each pelygen
e way b sweep out eAjcs.
These need 4o be compatible v/ auy
jlwt;:js Hat we did. Recall diff
behveen Torws and Klein botdle.
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Costruching (conttnned)

Label verbices® ., ...,V
GAJC,S &o/ ) én
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Define

s, CCo(X) = <U.’ - Ua_>
CCI (X\ = <€-a/ hemy €A>

"N ) = e, By

Define o
‘az(-ga.c.e,\ =d, “@e.)
(ei €a
= 8;(69 €. €,
9 (edge) = 3, (5"
= wvs!

Lemvna.g D."Dq_ =0 aM,J c,mSe;u.&vély
Im(32) ¢ Kecr(2)
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Definitions The Lomlojy groups of X are ®

Ho (X) == 4\/:,.._) Ve [ 8\ Cec)' -y a. (e..)>
= Spse 2.(e)= vw
=> ¥ =W as words

=> Ho = # of comected

mefow&wi's w/ one

vertex for each component

H, (X) = Ker (2‘) / T (3e)
=Koy X | Be(B) .. 3u(£) D

= wecds %a‘b ‘Form Loops.
Two Loofs ace c?u,-'v ."(" we

cam ’)usl» across faces.

H,(X) = Ker (32)
= 4)’-,..., >lb>
whee 9 ()’»‘) =0
Ls 9, =0 fFf eJJe_.r paic off

- U -
g&(Y) = 6»6.‘62 €, ey elzez.

=> Lorm 2-dim'd voids .
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o = dv,wlvw' 7 = dv>
Imcaz) = ng'F) = C—lﬂ.
For Ker (31) we wotice that

2(ay= wvu™
Du(b) = wu™
A ()= vw™!
2, (3d\ = v

So
9, (ad) = jowmyw? =O

One caw deduce
Ker ()= < ad, ab™ de™' ,be >
CMSL?'WH?I,
H[ * <a.,c‘J a.L-l) c(c,'tJ be lc,L>
= {ad,ab”, de" | cb >

Sections H°"°L°j)' of Sucfoces

Cleaim® X = suclace ) e HIX) s l‘aJe,Pencleu‘('
of Hhe dhoice of F°lfjmal s*cualum.

Qus"'fmg@ \,\)\na‘é is H(X\ wltm

X=T#. . aT"

@D Whot is H,(X) when

X= T #.. a4 T #P#-np

hswers O H, (X) 20
® H.(x)=0



©
Solutiens X = surface s Hhen "’b C°"~pu-‘£'c H(X) @

we should P-‘oka wice Pob{joual str.
uﬂ‘::j %f. Conneet Sum epem'bu‘m w/ Pla.nar

&l‘a.jr-a,ms , we ould create a ‘ala.na.r ij

'&r a jcm.«.s j sucface |97 Jlufly ecbes

o'(: 43 ‘30/1 4‘0 %eMS‘elues in Pai‘f‘s as
lustcated belouw.

For 3‘-‘-2.) Hhis look kke

CAe>

bt b'
2 '.,.sk:«j scound cucves

Ho = 2v5>

H = <a.,b,, Q. b..>

Hy (T*2£T72) = Ker(22)
9:(F) = ab,a'bacb.a) be

=0

= Ker(3.) #0

=}, +#0
Tl"C Mjumen'lT fos j = arbi#mry is

S}mi{ar.



s,,L;hg?«" Q) We c,om\owée

2. (F)= Lo bace = e* %0
=> Ker (3:) =0
=> H.=0

TLe meore Jo«nem( case s mal-you&.




Sechions Pooef of Surfoce Fmbedcl\‘t\\j Thescem @

'nl&of‘ewl: The "r'oubwwj are eiw'ua‘eu'é

Y There exists an em[oedcb'vtj
X = R>

2) H,(X) =0
3) X is orientable
4 X o= T .. T s

RemacK® What e alreaéy Know %
\AJka.’L we slww 4»40.7‘:
What we will dhow now * %
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Clajmg If X can be emL:eclclccl in LR-sj @

Yoo Ha(X) =0,
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of course, apeiori we dont Ruwow what
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Proof 8 The emag will be beaken wp inds Parg)

D Whet we need b show.
TF we con ociont oll He foces
so  that oy hwo odjacent
foces alwa.ys Safihfy :

then gz(ﬁ---Fm) =0

=5 Hz(X) = Ker(3.) # O.
I“AeeA) ‘“135 imrl.‘es 'uta.‘t eclJe,s A
D’-(F\ T F") wi“ ra?r off in c.a.nce“.‘ﬁ
(a.irr of eéjes.

2) g-m(lrfy}:j J‘Llc jeomc"‘ry.

Since HzCX) s u'AA. e‘[’ ]0017. she.

we riok. o si‘ru~c,+u.rc S‘b ea.ch
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) S:mflc-{-‘yi:j Hhe Embedding. @
We hae X <= F\Z3.
Fix o dicection tn R
AStec ro+a%i:tj/ -lmnsla'l:i»:j X and
f‘e-FM.‘nj ‘ooly. struchere ) we wmay

asIume o

1) X s above Xy - f:[o.ne.
2) E\IerY lin&

—Q(x,y) = verkical Line %Mj-
dhe fbl\l\'l' (x,y\
vaee-l'.s eo.c,la 'pace a.'l: vwoS'l'

once
3 Loy wedec tuns alowg” om
e,clje in X .
- Aja,in , we way need do refine

#\e f°l7 joml )‘l‘rucfuf& + obtai
J‘Lis resuH'.

?:c‘l'u-“&: (')
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e xY)
N’ﬂ-(xﬂ)
ladd -Face
= canlt lﬂ-af(w
= Can't Ln.alo(e,m
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4) Assijninj ocientations. ®
Given F =foce
Pick (xy) st Lpoy OF 2D
Let  X,,..,Xx = ordered interrechion
Po;,r(-s of )ecx,y) w/ X
ste ,ch,y) NF= Xy
Define oriontation fr F by

P;c.{’weg

o By
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gPse (X,)y') alse has ﬂa.ly,){lf: _.,¢
Push Ly l"'ﬁ’ I 'l‘l":njs

Ocientations are well- defined

can Maﬂw\ s
) doit cross edge
D) cross e{je(s)
T O, then we don't lose any
infecsections
= Same sign
Tf (), Yhen either
@ cross one face ito another
e push off dwo faces ot oace
= pacidy of A will remain the
same.
=> well- defined , ic, orientation

didn't éepencl ov ,e(",y) .

Pictuce ")

é) Checke a.cl;‘o-cmy condition .

®
Spse B, Fi shore e.«ﬁa e
Pick G 5t Ligyy lies cose 4o
t ad Loy OF # P
Tuch l(_k,y) acrost e. Eidher

D) L slides over inb F,

2) L slides off Fo aud T
=> sweef o(pos.‘:zjl)( acfoss €.

lA)Licl\ is what we or;jfno.u.y wa,n-l'ecll.
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Section® Maridolds )

Definitions (Mawitld) An  n-wmanihld is a Space
Jhat loc.ouy looks [rke ﬂl" .

Exa.rnfleg ciccle = 1 - manibld

S‘W‘Fo_cg = 2 ’IM.&nl:'FDlA

Examler S' = (011 v/ ond points idenkitied

() e s

<%= disk w/ boundacy pts identt fied

-6~

= (E = wn-d;~'2 ba“) w/
po?n“‘S on loowc‘ary au cdtLa,oS‘ul
4a o- um‘_?u,e, poin"‘.

Eamfle! e hove another (eguivalet) G
cle.sarip"n‘M of spheres
Cicele = ] (x,y) eR* ] x*+y*= | f
S* = oy eR¥ ey z=1]
$* = g(w,%.w\e R x4y z‘+w‘=l]

- f (%o, xa)ER™ | S0, X1 =l}
Thesa Ij}ue, rise ‘4’9 std e.mlpec(cliv‘?sg
S' — r*
s* w R?
s . M

Sﬂ s lRll'l-(
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T‘worem: For euu'y jrou.P G and wn= Y ! -Huro gec."'.'o«: \/dk."}ne,y's Ew\;eiizv Theorem @
exists an n-manibld M st
(M) =G

Theocems (\N‘Ai“l’ney) Every n- manifold cam
be embedded 1w K,

Theorens Tt is impossitle 4o classify all graeps .

thescems (Whrkney) Every n-mauifold thet con
be covered by o fiaite cdlection of

n-diwd balls can be ewbedded in
IRN ‘FM‘ Some No

C,orollm‘7: Tuere s wo classification of n- mam'#nlcl.s
4».— nz Yy

RemacK : hor n =2, we poved e classificabion +hm

For n=73 Hhere s a classification dheorem| Proof? Let B, .., By be He balls Hhat cover M

but it is wuch more complicate. Associated do each Bi, we have o
& T s ;n'h'ma{'cly reloted 4o Kunots c,ompos\‘-Hon
(A} () 1)
M — Mus” — g D™
~— /

%.

Q) Pinech -Ha,e L\olhtldf‘y .._.,-f E; ‘l‘° o ‘)oin‘l‘
) CO[I,Q‘OSC M ‘M,.g Jo o g;,:jle. Pofa-f

®  <td em\acJJ"nj
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Prost 8 (Continued )

Drt f— & n R

Noke P embeds B: in R™
bt Sends poinks cnchside of By do
Sawme ‘o.;,.-l-

Combine Yhem fo obbain amL@A:uJQ

Deta
E: M s IRM‘X__-.X m,\-u - {’quﬁ:

by
()= (PP, -, Pulp)
This s am em\:eJJirj.
Tndeed | f B 2 Q) , Haen
% (p) - S”,'(?) Vi,
=5 P,‘?’ N Same ba.”) ray K;
= Pilp) = H4(9)
=) Same ghce qoa‘ e,mlu[s 'ooia"'S

n BJ- .




