
 
 

He ZoomLecture2 Notes Section8 Introduction 0
ate8 April 18th 2020
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utline i Introduction looks like 1122
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finition Connectsum The connect sumof Examples i T2 T2
a a

twosurfaces X andXz is givenby S

Remove closeddisks in X

f
b b b

t s
andXz to obtain two ai ar

surfaces w boundaries say L L to

Y andYz
I Glue Y.to Ya alongtheir ia

b be

boundaries
To b

qwe write X Xz fortheresult a.fr a2

1
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1
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eorem classificationofsurfaces Every Theorem Thefollowing are equivalent
surface is homeomorphicto a connect 1 Thereexists an embedding X IR
sum T2 T2 P2 P2 S 2 Hz X O

rcopies scopies 3 X is orientable
for some r S O 4 X e T T2 S2

ample Kleinbottle P P2 Remark what we already know BBB
whatwe willshow BBB

finition Embedding An embedding of a surface
X is a continuousmap i X IRN

st i Xo i Xi Xo X J µi mapseach point in X to a
es

unique point in RN

ample Un Embedded

F notembedded



 

ction8 ReviewofwordGroups Remarks Grp Homofwordgroups
w win Vi ve

finitions A wordgroup consistofs 4 is a grouphornwhen it assigns
1 An alphabet ao ae ai ai words in Wi's to words in Vj's
2 Listofgenerators w Wm St
each wi is wordspelledwl alphabetRemark w wn Vi ve

3 Listof relations r rn St Ker P x xx st
each ri is wordspelledwi wi wi X words in Wi's o wi's st

Gives a group wi won In rn Xi emptyword O

D Elements are wordsobtainedfrom Ker d is a wordgroup
concatenating copiesof wi or wi
Two words are equiv if
i
Rearrange letters

Ii Cancel ai wt ai
Iii Removesubwordthatis a ri or ri

2 Additionofwords is by concatenation
If Eri f empty then Lw win is

called a freewordgroup



 

xample's Leo e ez Luo Vi Va Remark If B E W Wn G is a
Ceo Vzvi collection of wards obtained from Wi
of ei vzv5 B Lbo bk
ez v Vi Then we obtain new wordgroup GIB

what is Ker T GIB wi WnIbo bk
LHS gen word looks like eoneckeze

Plane.net viuinvzkvokv.evoe
7
0 Examples Lb E La b c

Happens when n k n l l K La b c l b a a

n L K
Kerce eoneinei

eoe ez



 

ction ReviewofHomology Construction continued

Label vertices Vo ve
nstructionsLet X polygonal complex edges eo en

Pick direction foreachedge faces fo Fm
Dickorientation ofeachpolygon Define

way to sweepout edges g f
Co X Luo ve

Theseneedto be compatible w any g
C X Leo en

gluingsthat we did Recalldiff Calx fo Fm
between Tories and Kleinbottle Define

2 face 22
tae

emark By sweep I mean clockwise i
ior counter clockwise directionto egesezeze

read of seq of edges on boundary 2 edge 2 5
vivo

ample

g
Lemma's 2,022 0 and consequently

2 Im 22 E Ker Qb r v ab



 

finitionsThe homologygroups of X are HzX Ker 2e

y Yb
HoX LV ve l 2Ceo 2 en where 22 yi O

Spse 2 e VW 22 0 iff edgespairoff
v e w as words 2 y eoeiezeiejei.es
Ho of connected

components w one form 2 dim't voids
vertex foreachcomponent

H X KerCa Imc 2e
Xo Xk122fol ZzFn
words that form loops
Two loops are equiv if we
can pushacrossfaces



 

ample8 section8Homologyof Surfacesau b v E5ne nd
w

claim X surface then HIX is independent

Ho Lu w l VW v ofthe choiceof polygonalstructure
In 22 22 F Cb
For Ker 2 we noticethat Question What is H X when

2 a w u t X T2 T2
2 b w u

2 Lol vw what is HzX when
2 dl w

X T2 T2 P't P2
So

2 ad w vw 0

One can deduce Answer Hz X FO
Ker 2 Lad a b do bc Hz X 0

Consequently

H Lad ab di be lab
Lad ab do Icb



 

ution X surface thento computeH X For g 2 this look like
we shouldpicka nice polygonal Str
Usingthe connectsumoperationw planar

a

diagrams we couldcreate a planar dgm b b
21 pushingaroundcurvesfor a genusg surface bygluingedges

of 4ggon to themselves in pairs as Az a
illustrated below

bz V ai b b
L d u

g 2
a L f ab Ho Lv

c V H Lai b ac be
r nb a

Hz T T2 Ker 2ev s bar v 22 F a b aibi a b a2 bi
o bas ag b Og arbitraryo as r a

O Qb 3 Ker Zz 0
F Fa
c Qb Hz to

ja
b The argumentfor g arbitrary isa

b Similar



 

v a v w
lution We compute

bn ab no 22 F bi b ace CZ to
a w Ker 221 0

f f He O
v a v woo s a The moregeneral case is analogous
bn E Ouen

a w

f f
5 v w e

cr w
b r v de

fbd
a w

t
v a vto
Y Ybd u

a E Ov

f
v a ve

rotiattf Ov



 

ction Proofof SurfaceEmbeddingTheorem claim8 If X can be embedded in 1123

then Hz X 0
eorem Thefollowing are equivalent

1 Thereexists an embedding Idea Pretend that X has an insideand
X 1123 outside We orientfaces via a

21 Hz X 0 righthand rule
3 X is orientable insidetooutside
4 X e T T2 5 face directed

in X ft
i orientation

emarkswhat we already know BeBe

What we showtoday BBB of course apriori we don'tknowwhat
whatwe willshow now BBB is inside andoutside Buteverytime

a line meets X it eitherenters or
5 exits which is enough toget orientations

Tf that will cancelout on edges to produce
a 2 dim'd void andthus Hz O

es



 

oof Theproofwillbebrokenup intoparts 2 Simplifyingthegeometry
Since Hz X is ind of poly Str

1 What we need to show we pick a structure st each
If we canorientall thefaces face is nevergluedto itself
so thatanytwoadjacent ie not
faces alwayssatisfy5 g

ab T
b r r b

an d
Gro
e
d t To obtainthis we just refine

faces until we achieve it
then 22 Fi Fk O

HzX Ker22 1 0
Indeed thisimpliesthatedges in
2 Fi Fr willpairoff in cancelling
pairs ofedges

ooo ooo



 

3 SimplifyingtheEmbedding Pictures 41

Wehave X 1123 ooo

Fix a direction in 1123

After rotating translating X and ix y
refining poly structure we may Lex
assume8

1 X is aboveXy plane G
2 Every line face

can'thappen
Lexy verticallinethrough

thepoint x y exy
meetseachface atmost
once 3

3 Lex never runsalong an

edge in X can't happen
Again we may need to refine

thepolygonal structuretoobtain Lex11
thisresult



 

4 Assigningorientations Pictures l

Given F face
a xsPick X y st la y n F t

Let X Xia orderedintersection

points of Lexy w X
Spse Lexy n F Xe

ur x
Define orientationfor Fby

d
F v F

d

x
Laxmi lays

us Xo



 

5 Orientations arewelldefined 6 Checkadjacency condition

Spse X y alsohas la y n F to SpseFo F share edgee
Push lay le y 2 things Pick Cxy St Lexy liescloseto
can happen8 e and Lexy nFo t 0
I don'tcross edge Pushdays across e Either
2 cross edges l l slidesover into F

If 4 thenwedon't lose any
2 l slidesoffFoandF

intersections sweep opposingly across e

same sign which is what we originallywanted
If G theneither

pusha cross one faceintoanother Picture 1

b pushofftwo facesat once J O
parityof l will remainthe
same

well defined ie orientation 2
I

didn't depend on Lexyi it

D



 

ctions Manifolds Example We have another equivalent
description of spheres

finition Manifold An n manifold is a space Circle x y e11221 x y I

that locally looks like IR S x yZ ETR'tx'tyre22 1
S x yZW e11241X ly'tz'tw L

ample8 circle 1 manifold i

surface 2 manifold S Xo xn cIR I EIo x L

Thesegive riseto std embeddings
xamplesS Co w endpointsidentified s IR

S2 1123

n S3 1124

S2 disk w boundaryptsidentified
0

a a 111 5 A

S Bn n dine ball w

points on boundary all collapsed
to a uniquepoint



 

eorem Foreverygroup G and n 4 there Section Whitney's EmbeddingTheorem
exists an n manifold M st

E Mn G theorem8 Whitney Every n manifold can
beembedded in IR

eorem It is impossibletoclassifyallgroups
Theorem Whitney Every n manifold thatcan

corollary There is no classificationof n manifolds be coveredby a finite collectionof
for n24 n din't balls can be embedded in

112Nfor some N
mark8For n 2 we provedthe classificationthm

For n 3 there is a classificationtheoremProof8 Let Bi BR betheballsthat cover M
but it is muchmore complicate Associated toeach Bi we have a

It is intimately relatedto knots composition

M E M u Sn Sn pit

i Pinchthe boundaryof Bi to a point
2 Collapse Mpart to a singlepoint
3 Stdembedding



 

Proof8 continuedtime 4

y o µ Sn IR

Note embeds Bi in 112I pinch
but sendspointsoutside of Bi to
samepoint
combinethemtoobtainembedding
Defn

2 E M IR x x IR IRK

BY
Ecp yep 9dm

I collapseM This is an embedding
Indeed if Icp Icq then
p Qi g Hi

p f in sameball say Bj
EIteddding G p Pj g

same since Oj embedspoints
in Bj D


