
 
 

He8 ZoomLecture1 Notes Remarks Class Format 0
ate8 April4th 2020 1 1.5 2 Hr of Lecturefrom

iPad w breaks
ction8 AdministrativeDetails 2 Duringlecture I'll periodicallygive

mini exercises that you'll have a
mark ZoomEtiquette a few minutes to thinkabout

I keepmicrophonemutedwhennotspeaking Myattempt to keepyouengaged
2 Whenmicrophone ismuted holding 3 Conclude w exercises hints andQA

spacebar will temporarily unmuteyou
good forquickquestions Remarks Notes

u3 Using thechatfeatureyou can l I'll post non filled in handwritten

type questionsand raise hand note before class on classwebpage

during lecture 2 Post filled in notes afterclass
4 Initially let'ssaythatyoucan use 3 Notesformaterialthatwasskippeddueto
thespacebarfeatureto intercept me variousconstraints hasbeenpostedto
or ask questions class webpage

5 Enabling video is appreciated so I

won'tbetalkingtomyself
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1 Homology X it X

Algebraic description detection Encodes loops

ofvoids in a space Now 8 X H X
Provethat non orientable Encodesvoids

surfaces can not be Example Torus
realized in 1133

Can'tactuallyvisualize O din't void is corn component
2 DifferentialTopology l din't voidis loops so 0 O

Vectorfields z din't void is insideversusoutside

Eulercharacteristic via calculus
vectorfield arrow at everypointHairyBallTheorem

3 Wild world of Topology that continuouslyvary
Examplesof crazythingsthat
can happen in topology
StableHomotopyTheory
What I do Hairyball comb a ballsurface w hair when

must it have a cowlick



 

ctionsMotivationforHomology Example what are theloops inthiscpx
e ez es
a L c

finition A polygonal complexis agluingof e v e en res
s oo s esvertices edges and polygons Gluing es es en s eeq

means edges are matched alongvertices neco

polygons are matchedalongedges
ene Eze

ample8 1 Random complex e I'esesere
e.iezeses.ee e

Def sincepushacross

a
Purple Blue t pink

2 Torus Green isn'treally loop So we shouldn't

b b n care about it
So intermsof loopshomologyshouldencode8

3 Torus 2 1 Ignorenon loops and identifyactuaa

br db loops

a 2 Havenotionof addingloops
4 Sphere

a f a
3 Facegivewaysto deform loopsto
equivalent loops



 

ctions GroupTheoryandwordGroups Example I t So G Z t

So we addnumbers toget new one
finition A commmutativegroup is a set G and EG O

an operation that eatstwoelements 21 IR o so G LR o
of G and spitsout a new one stoo multiplicationof positive real s

l Unital F e EG st forall

g EG eo g g
EG iscalledtheidentityInnit

21 Inverses for all gE G F g EG
est g g eo

3 Associative

g gz gas g 92 93
4 commutative

91 92 92 9



 

finitions A wordgroup consistofs Example 1 a b

An alphabet ie list of symbols Forexample things look like

ao ae ai ai aab aba abb babebba
2 Listofgenerators w Wm St we write a a a etc
each wi is wordspelledwl alphabet so aaabbab n a b n a 4xthenb3x

3 Listof relations r rn St equiv tosaying
each ri is wordspelledwi wi wi 2 La b c l bcY b c

ai na
f where wi is samewordas wi butw a ai The relation bc b c Indeed

abc Gives a group wi own tri rn b bcc cbc e
ab c 1 Elements are wordsobtainedfrom Soanywordweget w a b c is equiv

concatenating copiesof wi or wi to a word weget wi just a b
Two words are equiv if La b c l bi e La b
i Rearrange letters where means theyabstractlygivethe
iit cancel ai wi ai same language
Iii Removesubwordthatis a ri or ri

2 Additionofwords is by concatenation
If Eri f empty then Lw win is

called a freewordgoup



 

3 La b c l c bz ab O
As in 2 ab a rel a b i

a b I bae 0

So abstractly
a b c l c BZab e a c la a

4 A La b c d Iacdb a b c d ad
Let's simplify

1As above a c a d t bnd
So A a lazy

we can replace b c d or inverse

w an a or a



 

emark w Wn l ri rn gives a Definition Agrouphomomorphism betweengroups
presentation of a wordgroup G and H is a map G H st
Differentpres cangive samegroup as goge g o ga
we saw above It respectstheadditiveIgrpstructure

laimoo W Wun l ri rn is a Example H Q Z 7L by n 77 n
commutativegroup ntm 77 nem

77n t 77M
roof8 Unital n t Cml

Identity empty word d is grphom
Inverses 2 of IR t IR o o Mx e

Switch ai wi ai o ai wi ai to X y e t

get inverse Eg a ai'az aja.az Ee
Indeed PCH y
a ai ar ai a ai aoaja.aia.az o 4 is grphorn

Associative com

Follows from rearranging letters D



 

mark A grp homomorphismbetween free Definition The kernel of a group homomorphism
wordgroups is assignment of words of G H is
in oneto words inanother Ker 91 g E G I g EH

Sufficesto specifywhathappens
togenerators Questionswhat is kernel for homomorphismof
4 w wn Vi Ve freewordgroups
wi v eke whereKjc 2

Answer8 Words that don't have translations
2

trample Leo e ez Vo V vz Words senttoemptyword

by 2Ceo avi
2

2 e VzUj Examples Leoer ez Vo Y vz as before

2 en Vivo Anyword in LHS is of theform
Nothardto thatits agrphorn eoneineze for n m l E I

aleie.net vivinvzmvomu.euoe
soZoev vom l f n animu word J
ie
empty O m l O l n o n c mword

s l n m
n iKer2 eone et eoe ez



 

aim Ker O is a group Remark 9 w wn Vi ve

Ker P Xi xx st
roof Ker O E G so we add X words in Wi's o wi's st

as we would in G Xi emptyword 0

Comm Ass
Its commassoc in G so it is when Question What are thekernels of thefollowing'sa
restricting to elements in kernel D la b c Le f by
Unital a t e b t e c e

Bypreunotes co EH
Ker O has unit Answerswrite elmof LHS as a bmol

u m lInverses anbmce en e me l e

Bypreu notes 0cg 9 g Zero iff emptyword
so Cg o 9cg 6cg O all powers are zeroo
Ker Q has inverses D 3 O n m l

Ker 9 a bone m



 

xample La b c Is Le f Remark If B E W win G is a

4cal e F collection of wards obtained from Wi
b f B Lbo bk
Ccl e then we obtain new wordgroup GIB
anbmce enfnfme e

en Ifm n GIB wi WnIbo bk

Zero iff n 1 0 m n

n L m Example 1 La b c d G

Ker 9 a b c Labo B Laccadddd
GIB La b c d II

2 La b G
B Lab 7 y a b

GIB a b lab 7
Ca



 
wordshitby2

ction8 Chain complexesand PolygonalHomology Lemma8 Im 2e E Ker Q

initian A chain complete consistof Proof8 y word in imageof 22
3 wordgroups F x CCz St 2 x _y
co Vo Ve 21 y 2 o22 x O
C Leo en y E Ker 2
Cr Cfo fm Im 22 E Ker 2 as desired D

2 2 grouphomomorphisms

called y
22 Cz C Definition The homologygroups of CC 2 are

operatorsor 2 e C Co Ho co 2 Co Im L2
paritial are
etc St 2,02 X O Lvo Vel2Ceo 2Cen
Denote thisby co 2 HiCC 2

Ker 2e Imca
LXo Xk 122 fo 22 fm

where 2 Xi O

Hak 2 Ker Z

yo ya
where 22 Yi O



 

xample co Vo7 Examples Co Vo Vi
C Leo C Leo e

Cz fo z Fo
2 co Vo 22 fo O

22 fo O 2 eo Vivo 2 et Vi

We compute We should check that this is actua
Ho Vo 12Ceo a chaincomplex ie 2,022 0

Lvo Ivo 7 Indeed 2,022Fon 2 01 0 ten
We claim Ker 2 O We compute
2 eon Vo'm O iff n _o Ho LuoV I 2Ceo 2 let
eon E Ker iff n _o ie Eon O Vo Vi Vivo Voui

H 0 I 22 fo Vo

Lolo 0 2 Leone.m unwonvomvim lvov.tn

LY iff n m Ker 2e LeoEi

By defn 22fo 0 It Leoe I 22 fo
Hz Ker Zz fo e e lo

eoe

Hz Ker 2e fo



 

struction Let X polygonal complex Construction continued

Pick direction foreachedge Label vertices Wo ve

Pickorientation ofeachpolygon edges Eo en

way to sweepout edges faces fo fm
Theseneedto be compatible w any Define

gluingsthat we did Recalldiff Co X Vo ve

between Tories and Kleinbottle C X Leo en

Calx fo Fm
emark By sweep I mean clockwise Define

or counter clockwise directionto 22 face 22µg faeread of seq of edges on boundary i
i

egesezeze

ample 2 edge 2 v

unit

a2

on
Example 2 f.eeq

e eieniejsotgrtIogreaddidn
eieie5 mattera



 

Iain C X 2 is a chaincomplex Definitions Thehomology of X is the homology
of the chain complex C X 2

roof8 We need Denote it by H X

2 022 polygon O
example X point v

Byexample Co Luo
V2 C L2 022
z ca Cd

2 eoe.ci Ho pt Vo Inca Lu
No edges faces so H O Hz

Uo v us vivo
vz Uj v v vous
O D



 
V

ample S2 sphere f Remark Topologically what does each Hi X
an J or Oa mean

D Ho X II of conncomponents
co Luo v H X Loopsthat are equivalent
G La up to pushing acrossfaces
Cz F 2 H X 2 dim't voids
Ho S2 Vo V I 2 a Will explain more next week

Lvo v l v Uj
Lvo

Hi S4 Ker 2 lim 2e

we compute Ker 2
2 an vivon O iff n O
Ker 2 O

It 5 L
We compute Ker 2e
22 Fn an a a O

HzS2 Ker 22 LF



 

trample T Torus Need to determine Ker 2e
a U Note 2 a w 1 0

FJ 2 b v t Ob r n b

s Ker 2 La b
u a H La b I 22 F

La b l aba b Y
b a b l OS

Fv
a La by

co LV Note 22 F abab O
C La bS Hz Ker 22 F
Cz LF
We compute Example8 Youshouldcompute It of
Ho VI 2Cal 2 b i circle va v

VI VV t uu i
b

V o O ii fDisk w or v
Lv a

just toget a feelforthemethod
of computation



 
v a v

xamples Kleinbottle s Claim X surface then HIX is independent
Fb v I r b ofthe choice of polygonalstructure
7
a

co Lv Proof8 I maysay more next week but
c La.BY the idea is the following
Cc LF Given 2 different polygonal structure
Sim to torus case Ho CV say Xo and Xi we find some
Note common refinement Xz

2 a w 1 0 Then we show H Xo H Xz
2 b vv O and H Xi H Xz which

Ker 2 La b implies the claim
H La b I 2z F We get from X to Xz via performin

La bl aba b 3 different typesof modifications
La b l b So onejustneeds toshow that these

Note modifications don't change It
2 Fn a bna b b 0 Theargument is in a similarspirit
iff n O 3 Ker Za O to the proof that the Euler
Hz L characteristic is ind of poly Str D



 

rollary8Thetorus is not homeomorphic to the
Kleinbottle

roof8 If so then a poly str for torus
determines a poly str forKleinbottle
since theyhave a commonpoly str
theirhomologies mustbe thesame
However byour abovecomputations and
the above claim we see thatthiscan't
happen

Cannot be homeomorphic D



 

ctions Exercises Exercise8 Explainwhy H2surface isequivto
a freewordgroup w either 0 or

erase compute the homology of a collection I word s
of 42 disjointpoints

Exercisesshow that if X orientable surface

ercisesCompute homology ofMobiusband then H X is equivalent to a free
wordgroup w 2g words where

eroise show that Ho tree Luo for g donutholes in X
Vo a vertex in the tree What do these words correspond to
Show that Hi tree Lo for start w g L or g 2

a 1,2
Remarks In the solutions below we try

ercisesShow that Hi Graph 1 407 if to highlight the keypoints via BB
andonly if thegraph is not a TheBfd is thetakeaway thatyou
tree should focus on Everything else is jus

additionaldetails tomake it precise
and rigorous



 
v a

lution co V Vaz s w
Solution Mobiusband b v F J e b

C L No edges faces w c u
Cz L Co V W

b
Finally Ho Lui Vaz Im 2 Cz F

But no edges so Imca 0 We compute
Ho Lui V4z Ho V w I21cal 2 b 2 C

toys f one letter foreachconnected Lu w l wi wi w i

component V or Lw samething
Compute Ker 21

2 Canbrace wnunwmvn.vew e O

iff n m l O e n m

Ke ai anbmentm

ac balm

Lac bc



 

H ac bc I 2 F solutions The secondpartof thequestionfollow
ac.ba cba bLF'a cb from the solution to question
L c b bc Thefirst part we prove by induction
be Spse we build our treeup insteps8

We compute 22 F baba 0 To Tn where we add the
Hz Ker 221 0 vertex v and the edge ei to Ti i to

So one connected component one loop obtain Ti and To Uo

and zero 2 dimevoids Inductively we claim that
Mobiusband is connected has Ho Ti E Vo Vi

no 2 dim'tvoidsand reallyonly For 5 0 this vacuously follows
we want

So these computationsagree By defn
w our intuition Ho Ti c Lvo Vi il 2 ei 2 ein

Ho Ti v vitae 2Ceil

So simplifies to say Vo v vi i

Now 2 ei VUj for some 0 e j e i i
V Vj Vo etc in Ho Ti



 



 



 



 



 

For g 2 this look like combining all of thisyields
Ho LV I 2 Cail 2 bi

a Lv I w w t

b b Lv I o o

21 pushingaroundcurves Lu

H Ker 2e Im 227
Un Lai bi ag.bg I 22 F

Lai bi agbg1 Of
co Lv La bi agby
C Lai bi ag bg Hz Ker 2e LF
Cz LF
2 ai VU 1 0

2 bi u O

Ker 2e Lai bi ag.bg
2 F a b ai bi agbgajbj

O

Ker 2e LF


