L ecture ’*g

Outlines Y Reuiews

2)

Some C.omrle.x Ana.[rs‘is

3) Funéamewl'al TLeorem oy Abe\ara,

‘-l) Camf[e.x abebmtc vacletles



Section 1 & Review Q

®

De'kai'l't‘mg A CLOSQL clerv in S.= cirele s a c.on"‘u'«\u.ou,s
(qu‘) J:8'— S ',
© We Sen,cl e\)er), P".‘. in S' + a Pov'a'!‘ 'n S‘ .

@ " C.ow“'?wuou..s I we WP S' ;a'l'o S" la-'/ ou.‘é rifft‘ﬂj

ec bwl:'él"j -+
Revnar[‘.’» E?uiva[en‘uyi Y S‘ — S‘ Mo..y l_->¢, \n‘eweA as a cm‘l’inwou.s
map W: 0,22 — S’ w/ \(('9): Y (27

[ i.e., (6% Ma\o of a circle s j_u.s*l-a, wl.o.\p of an

in"‘erva\ Hot commects up ot s ewd f)o-‘n't's.



Lemma s (Curve Lifking) Given o closed curve ¥:S' — §°)
there exists a funchion F: (0,27 — R st
d F)= F(2w@)* 20 n  fr some :Afjer n
D Y(#) = (cos (F0), 5ia (F))
o> F s ealed o W SF Y b R.

Tdea 9 T = Accumuladed wjle of cotation of Y (¥)

wmeaswred w/ resPecA— 4o (1,0)

> rotate cloclewsise omJle, decreases

= (‘o"‘a.'l'e c.ou.u.-l'er clockwise aM.Jle. mnecsfeacse S



'De-‘:}n('lﬂ'oc\: Tl\e é&JSe_e, of o. ol.osecl cusve ‘X: S‘ — S is
deg(¥) = (1) - £(9)) /a7e
whee T s amy W F Y b R
& This dd not cle,Pev\.J on u\e clhoice o{ IC'H'

Mrkz Jij(z) = S‘n‘jneJ H e'f -J-imes 'X wrafs a,rou.nJ }Le ctrc.le-

Definikions Two closed curves B¢ S'—S' and ¥:8'— g are

WMO"‘D ﬁ if J‘nere iS a c.on'l‘i«luou.s mq\o H’ [°-'] * S\ — S‘

S‘a‘éi?‘y inj

-] 3=\
1) H(OJ-{:) =j§(‘(7) W o= u(':»,ﬂ
B O s=z9

2 H(, &) = Y@



RemarK ® In'l'\:.’.'l'iuelyJ H Pa.ra.mo.'l‘eri%es how we cam
lou.sl'\ , Compress deform dhe im:.je of ‘)3 w Sk
‘er ima.je, of ¥ in Sl-

Theorewm © Two eclosed ewrves B ' s’ sl Y:s8' — ¢

are l’lom‘]'b‘aic. 3-,“ am.J only i{: Aij()‘g) = Ae:j(X)



See‘l“sor\. Z-: Some amrlex ana[;/sis

Definition d - A I‘&O'" ‘o:(}m;omia.l ‘S o 'chl ?‘ IR — I of We ‘Form

i(X): aan + Gn- Xn-‘ + ...+t Q. X t a,

w\»ere_ e.m'a a; S a (ta[ nu.vnlae.r-.

* When M*OJ we Say '“ne fl—ﬁrf’ﬁ of :f,’ (S
clej(i) =n

* ITf #O‘"’) =0 ) Hen we Sa): Xo i & roo(: oZF :ﬁ




Example 3 f(x)= x* - |2x%%+ H2x - 26

i &ej(:“= 7
ety =0

RemacK 3

r NO‘l' a.u Peo..l fol.ymmials laa-ue F&a( f‘OO'l:S
© P(x)= x*+ |

Tf £063=0  Hen O= xFel = yia-l

Eu‘t 4HAe S‘?u.are. a‘f a f‘ea[ wu.m‘o&r ‘S neves v\-l;j 4.'l‘u'ue.

=> :F has wo roots

* There é‘us{- aren+ cum:jl« real numbers .
u 1§ ‘l‘.= 8_| ) 'H/tevt :F(‘I.\ =0 So :L wm\L L\-a.ue a,ro:n‘s.

e Need 4 mwale sense of such nuwbers.



Definition ¢ The c_ﬁv:lf[e,k numbers € s Jhe set
@»:' E(.XJ)’) in [Rz} = %X* ‘l.)’ l (X,y) in \?z}

hid ie-J a_ c.om‘olex mm‘acr is o #rml Suewm xh‘),

where X and y ore real wwmbers.

o x s called He r’ea;lﬂ.ﬂs_ of X*iy

(& 8= e ~ . [ hid
> 7 ima ma.r7

—

Nb+a'l'ion: \k)e, w;ll O‘F‘l’&ﬂ wr-’-l-e, Zz = X*‘z‘y {o A&m,ojf’e. o_

a)mfle,x wwM‘oeA\ |



RemacrK s We con add Cpm')l.e,x numbecs
(%o ¢iye) + (Rieiy) = (xe+ &)+ 3Cyaeyl)

3N (13* ‘.7.,’) + (—7_5'—2.-{)= -t ~S:

RemarlA S Ne. com m"l'iPly COMP[CX V\.u..mbe.rs Ly reiu;‘,"‘:j s % = - \

A \f% (% o) - (xus iyl\
+x = XeX, + ;(Xoy.\ t i()lox\\ ¥ ;i/zYoY‘
= XoX, - Yo)/l 1-‘;()4',7. * X;)h)

o (2+1)-(2-%) = 14 - WYis P BE= 20— P

'ﬂr\.& nefm rc o complex n.umbe,r )C+'i7 'S

De-piw:'('ton:
X+ 1}/[ ‘J X% ¢ y




RemacK $ f | +avl +0 Hhen we can divide X*-'f)/ ‘o7 U+ 1V

Xeiy Uiy _  X+iy | Y-y

U tiV w-1v UiV “=-1V

(x+iy) - (w-iv)

ul_. r_t. 7_:‘1\/&

(xeiy) - (- iv)

Il

+ 2
w *+v

(xtiy) - (w-iv)

(%)

|u,+'ivlq.

\IUe. cam Mmalle Sense e‘(; (.*) Since we cawn Ju.S'l'

S‘cale 'H-e. rea,l a«-J imtj.‘na.ry ea.r{:s o‘g wumerates XY

Hhe denow?aa'l"’f,wl«.ich is a real number



Rema.rlig ju.sl- as we can -l'a“(. c«.‘aou‘l: -FCMS *ﬁrow TK 4o ‘2’
we Com ‘l’a.“‘ a.‘aou:é -(-‘cn.S 'prevv\ @; S C,,

Definition 8 A ch\ :F C - & is awn ass;;jnmew‘l' of o. C.O\MP\.CX
\n.uwz\aer 2 4o he covn(\e,x uwber :( (2),
O e.j, f (%) = 21 - ¥



Definition d 1 A ml&x fiymwu‘al 'S a 'ch. fg‘ G — G o)c 'Mn.e, 'F‘orm

i()(): aﬂ?‘n + an-cz"‘ + ...t Q. 2 + Q.o

w\here_ ea.c,la a; S a CQmPlex nu.vn)pe,a—.

* Whar a0*0, we Say dhe éfj@ﬁ F T s
clej(i)zn

° ITf :FC%J =0 , then we go..), Zo is o root of i



Remo.c‘K: ¢ Owve uua.y -"o Ae.-f;we 'u\e -ccm e.‘ A — KL iS Via To.rLor’:

Secies °

L}

-5
nl

Noe L]

) Tecms o‘ o Taylor's sefries jiue,s Sucessive a.rfnxima."‘n'ou.s

o e actual for. e
S e (V/nl =1
Zoae W/l = 14122
Zie W/l =1t =as
I L P R e N 1T
Zlo O/ml = e 1e T2+ 5 = 2.708332



RemorK o Se a Ta.}:lor Series is ar(roxzma-l—e& by a Seg. of polymoumials.
These Ta.y(or series have b Sa.-|'is-f-7 Some ~ converagence
()refer-\wes Jie, His afinde swm alway needs do comverge o
cmemg finite.
“ So seme caleulus is required do make dhis rigocous.
< ‘The caleulus aleo carries over o Jhe complex case .

=> Use Ta),l.or series w/ com\a\zx wuwbers.

De-‘:ia-“l'loa: /!L\?, g:_mp_l_gx g)i\oonen"'ia\ —r-c.vt 1S “»e, .(—gv\ e,z: Cc — ¢

gioen \»y

vo

ee=Z 2"

w=o Yll

N



o 0 _
Lemma ° e’ -

cos(e)*- 'ism(e) Lor > a r‘e,a.l wumbes,

Prost We use He Tayler sesies for Sin amd cos and compute.

() n
10 (+0) e
€ %o y\‘. ‘;1.:.0 5;632) "'("“)z
(') AR 2k (] 22+ 22«
- Z 1 6 o Z ] (9
=0 (ar) ! L=0 (=)
09 K 2k & 2 _ 22+
. . -1)
s e v S
w=0 (1}‘-)‘.

cos(8) + 1 sin (8)

1

y T
Corg 61 -\



Remack s * When  we ;Jen-kfy C v/ R v Xeiy = (x,y)
the worm of X+iy agrees w/ e worm  of (x,y)
o |y = distance from (x,9) do He origin
* When we ;Aen-kfy C v/ R Hhe wnit circle i
R®  becomes

g'Z' | l%l=l}= %cos(t)*ri-sin(-&) | octe 272:}

= { e | oeészn‘}



Sec+ioﬂ 3% Fuvlcla.mewl'a.\ Tl«eorem J Abe\ara

n
=n
) d
Theorem Ev&ry amp\e,x Polrmmial w/ J:.jre.e. V'O has a root .

Proof 8 ) Consider o poly nomial

¥(Z\= izn + Qna-, 2.“-' + ...t a & t Qs

k\o’['e, ﬁ(»%) =0 i@ awnd °nly ;F :r(-23/a,‘ =0

go i‘l’ Swf-‘:;c,e,s -lo esSsume an — i

2') SPS‘e L}' "‘“"7 of c.m'l‘r‘a.c‘ic.‘l'u‘ovt -quta-‘é :F has weo “°°‘l5%.



C <

w

3) 'De-‘:iae X : Su“ — Sl ‘
() = ‘¥<°°S(t)*isin(-k)) 1(et)
\"F(oos(é)-e 1Sia (-t))\ l #(e"*’)‘
Picture © " T~
In [

ﬁ\/\




‘—l) De-pine. H : {Oll-l "S‘ — S‘ vioo

His, &) = f(s-e't)
[$(s-e)]

S) No*‘k.@. -uvla‘t
H(-D)'é) = (o) /l’f(o)l = comstant
H(1,8)= Y (@
= Y s Luoml—of)ic b o constant curve
=> Jej(l) =0



27+ an., 2! -t aZ t a,
3) Notice dhat no 27+ €

2's 2
s*¥(z/3) @<_" ““_’—-—'q‘?

n

= 2

So whan s=1, s"¥(/s)= F(2
So whew s=0 5" {(2/5) =
D Defue G :fo 105 — S i
s"- F(e't/s)
|5+ F(e™rs) |

G(5¢) =

+a“2: S*a.nz.% - ST o+, +Q‘ES“"

fv‘lo)

wn

*00S



3 G(et) = (e%)"/[(e)|
= (@) /Ice)|

cos (ut) +1sia(nt)

| cos (WI L

cos (nt) + isiw (nt) @
=1

c,osl(WR
= (us (nt) , S (4-&)‘) = Bn

D e(,t)= I

L) =\ Aejus) =n = Ae{j (t)

= O = A%j(.x} =n 20 , O c.on‘l‘radic"‘t'o&.

i



(Sets) l

Section 43 Com'p[e.x a\JeLro.tc, vaciettes

RemacK 3 Given a 'ool){womia.l :F: C —a , He set of 2eros

V(#)=72wc (D=0

iS Some -civ\i'l‘e se:ﬁ o'p foin"'s,
& Domain s l—cl.'m'.l.llm:é He constraint cuts

down He dimension 177 2.



Deﬁinihon?’ ‘1 Le{: 2 ey T n Le o- S‘e{; og Vo.r'c'o.\’les .
.A rwmomta,l n 2.; IS a P°l7MW5al °~P .u,e_ -F‘g-,u.,
a2
w\«ere a- S o comple.x nu,mLec- OMA wl s a Mn-n?.
.‘n“’ejer.
* A ()o\meia.‘ n Zt_,,..J 2n 'S a ‘Fim."l'e f)roéu.o‘" awA
Sum o'é' wwhomia,ls in ‘H\& 2;.
L i(%u %,_) = @Z;! -\-[?- z?l-& (l@ zfiz,‘g.
fﬁ(x'ylz) = xta }'L+ 2
Fle,.,2)= 2, « 2,
9 @[Z‘r-—) ;"3 = get .f ()e\ymmia.‘s in 24, ey B
o AAAJ m“’\f)[y PA’MMM[S =5 a.[jelom,ic s'l'm.c"‘ure.



RewmarK S

Remack ¢

No“'s'ce -“,w.f o folywomfa.( i’ 2;,..., 2n que.s o :‘:cw.

QA x...%

¢ — @

via e\)al,ua“'ftj :F at (2,,_-_) Zn) ia Q.

'ike Zero [.oc.u.s o{ :ﬁ is M\e suLse£ o‘ﬁ @* jiuen Ly

V#) = (@) | $@nr) =0 ]

‘6 W/ PNL\&\".[""?’ i) V(-:” ‘ﬁ’f a candowm 'ﬁ will
be (2n-2)- dimh and, in fact, o (n-2) = wanifld

w-t

° locally losks ke R™™ " & C

& curfoce s o 2- manihld



Exnmfle,? Let hC%) be a Aejree, n Fol)lvwmia.l. i8)
Then w/ {;rol.;a.\oi“"'}/ i’ ‘f(‘z\,%z\ = ZZ-" L\C-Z.) will
'Be. a S‘u.r'Fo-C-e (‘W/ some open e,n.cls) w/ 3 CL,M-J' Lvo\es)
where
_ n-|
j T 2 n=o dd
n-=<
¢ 3 = 2 ) W = gueéev
De-‘:ini'l'iov\g

/llne :és;a,;l je,ne,r‘a;l'ecl Ly :F is e Su\ase:é
T ¢ €22

j;um \:.»7

T($) = 23 o € [2,,,24) | 3= F-h foe come poly. v.}



Remack © P I‘F j is in 1(4)) Hien -.E-(j) < I(.:F)
e p is i ’11'.(33 => f>=j'\m

3 is ia E(—f\ =5 3 = i -\4.,_ \V(‘g)
s Fohyhe WV (£)
= P is in I(:F)

"If L9 LEH A V(3 2 VD,
» T(g) ¢ T = g€ ™ ($)
Se i £(2,.,2) =0, e
‘j(z.,u., 2a)= F(z,24) ch(zy,.,24) = O

((Gooj\e/lu"ul s H'-uaer't"s Nu“?‘\‘ellmsa{-z_) ~—> Hacd shtf...

)
’]keo(‘emg If V(j) 2 \\/64)) Hren I(j'b) < I[(i) for seme R -



RemasK © T 0 l'z'j Determime
[-¥ol-) \/ L

V (#) e T(#)

Alje'om.






