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Section 18 Review

DefinitionA closed curve in S circle is a Qontinuous

map 8 S S

We send every pot in S to a point in S

Continuous we map S into S w out ripping

or cutting it

emark Equivalently 8 S s may be viewed as a continuou

map 8 0,25 S S w V10 8 ZT

i e a map of a circle is just a map of an

interval that connects up at its end points



 

emma's curve Lifting Given a closed curve 8 S S

there exists a function F 0,2T IR st
c f o f 2K 21T on for some integer in
2 8ft cos Fct Sin Fct

F is called a lift of 8 to IR

Idea 8 f t Accumulated angle of rotation of Jlt

measured w respect to 11,0

rotate clockwise angle decreases

rotate counterclockwise angle increases



 

efinition The degree of a closed curve 8 S S is

deg 8 7121T Flo act

where F is my lift of 2 to IR

This did not depend on the choice of lift

emark deg 8 signed of times 8 wraps around the circle

efinition Two closed curves 13 S s and 8 S s are

metopic if there is a continuous map H
o I x s s

satisfying

D H lo t BCH E H 112 t

2 H I t 8 t B



 

emark Intuitively It parameterizes how we can

push compress deform the image of p in S to

the image of 8 in S

theorem Two closed curves B S s and 8 s s

are homotopic if and only if deg B deg 8



 

Section 2 Some complex analysis

efinition A zeal polynomial is a fan 7 IR IR of the form

f x an X t an X t t a X t Ao

where each ai is a real number

When an O we say the degree of f is

deg F n

If f Xo O then we say Xo is a rootof F



 

Example8 f x Xt't 17 66 42 x 26

deg f 77

f l O

emark Not all real polynomials have real roots
f x x't 1

If f x 0 then O XZ I s x I

But the square of a real number is never negative
f has me roots

There just aren't enough real numbers
If i FI then f i 0 so I would have a root

Need to make sense of such numbers



 

efinition the complex numbers Cl is the set

x y in IR Xtiy 1 x y in IR

ie a complex number is a formal sum x tip
where x and y are real numbers

X is called the real part of x iy

y imaginary

Notation We will often write Z x try to denote a

complex number



 

emark We can add complex numbers

Xo ti yo x t iy xox x ti yo t y
18 Fi t 25 25 7 52

Remark We can multiply complex numbers by requiring 52 1

y G Xo ti yo Xitiy
t Xox t i toy I t i yo x t yo y

Xox yoy ti toy t try
2ti 7 7 14 145 75 752 21 FiR

Definition The norm of a complex number x iy is

Ixtiyl Tty



 

emark If lutiv I 0 then we can divide Xtiy by Ut iv

Xtiy U it Xtiy U iy
utiv u in utiv u iv

X tix u iv

UZ Luv t j v2

X tix u iv

U2 v2

Xtiy u iv

latin
2

A

We can make sense of CA since we can just
scale the real and imaginary parts of numerator by
the denominator which is a real number



 

Remark Just as we can talk about fans from IR to IR

we can talk about fans from A to G

efinition A fan 7 Q Q is an assignment of a complex

number Z to the complex number 7 z

eg F Z 22 17



 

finition A Lomplex polynomial is a fan 7 G G of the form

f x an z t an z t t a Z t Ao

where each ai is a complex number

When an O we say the degree of f is

deg F n

If f Zo O then we say Zo is a root of f



 

One way to define the fan e IR IR is via Taylor's
series

ex E

to the actual fan e

Ei 1 In I

Ent o In It 1 2

Zito i n It 1 I 2 5

Zito In It 1 I I 2 665

Zito i n I t t t t t t t 24 2.708333



 

emark So a Taylor series is approximatedby a seq of polynomials
These Taylor series have to satisfy some convergence

properties ie this infinite sum alway needs to converge to

something finite
So some calculus is required to make this rigorous
The calculus also carries over to the complex case

Use Taylor series w complex numbers

given by
e E In



 

emma e
O cos O isin O for O a real number

oof We use the Taylor series for sin and cos and compute

e
O 20 iO

i ice 52 sie istn o n

E E
n o

i 2k

2k g

ie set

2kt 1

C1 02k y 2 a egret
12 0 2K e o 2kt 1

cos O i sin O D

Cor eit I



 

emark When we identify 1C w IR via Xtiy x y

the norm of x tip agrees w the norm of Ct y
X y I distance from x y to the origin

When we identify 1C w 112 the unit circle in

1122 becomes

Z l 121 1 cos t i sin I OE te 2T

e't l o Ete 21T



 

Section 38 Fundamental Theorem of Algebra

n

theorem Every complex polynomial w degree o has É root

Proof 1 Consider a polynomial

f z Benz t an Zn t t a Z t do

Note f Z 0 if and only if 712 an 0

So it suffices to assume an I
2 Spse by way of contradiction that F has no roots



 

i
3 Define 8 S S via

8 t F cos E isinct

7 cos E ising

Flett
Flett

cture Include

scale down
to IIeÉ

o



 

4 Define H 0,1 x S S via

Hls t f s e't
f s.eit I

5 Notice that

HG t f o 117cal constant

HCl t Jlt

8 is homotopic to a constant curve

deg 8 O



 

Zn t an Zn t t a Z t do6 Notice that

s f z s Ift am ta tao

En an Znt s t an z z
d s t t a Z S t Ao s

So when 5 1 s f Z s 7 Z

So when 5 0 s f Z s Z

7 Define G 0,51 St S via

GCS t Sh Fleit s
Isn fleitis



 

81 Glo t et eit

eine eint

cos ut isin nt

Icostuttisin I

cos nt isin nt

cos'luttsinent I

g

9 Gli t 8 t

10 deg o n deg F

O deg y n 0 a contradiction D



 
Sets

Section 48 Complex algebraic varieties

emark Given a polynomial 7 A Q the set of zeros

f Z in a 17 z o

is some finite set of points
Domain is 2 dim'd but the constraint cuts

down the dimension by 2



 

efinition Let Zi Zn be a set of variables

A monomial in Zi is a polynomial of the form
A Zim

where a is a complex number and m is a non neg
integer
A polynomial in Zi Zn is a finite product and

sum of monomials in the Zi

7 Z za 177ft MEI
F x y Z x't y't z
F Zi Zn Zz Z

Zi Zn set of polynomials in Zi Zn

Add multiply polynomials algebraic structure



 

Notice that a polynomial in Zi Zn gives a fan
x x Q

F En e

via evaluating 7 at Zi Zn in E

emark The zero focus of f is the subset of G given by

1 f Z Zn 7 Z Zn o

W probability I Nlt for a random f will

be 2n 2 dim'd and in fact a lzn ztman.it
locally looks like IR

2
E f

Surface is a 2 manifold



 

sample Let h z be a degree n polynomial
NLF

be a surface w some open ends w g donut holes
where

g s n o d

definition

The ideal generated by 7 is the subset
II F E G Zi Zn

given by

II f g in E Z Zn I g f h for some poly h



 

emark If g is in ICF then Ilg e ICF

p is in Ilg p g oh

g is in ICF g F ha

p f h ha

p is in ICF

If I g E ICF then Nlg 2 W 7

I g E ICF g e F

So if 7 Z Zn 0 then

g Z Zn F Zi Zn h Z Zn 0

Google wiki Hilbert's Nullstellensatz Hard stuff
G
theorem If Nlg 2 NCF then Ilg E II F for some te



 

emark
Topology AlgebraÉ ICH

each
N f



 


