
 
 

Lecture 7

outlineReview from last time
2 Brouwer's Fixed point theorem
3 Borsule Ulam Theorem
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Section 18 Review

efinition A closed curve in S circle is a Qontinuous

ma

s
Egypt

in s to a point in S

Continuous we send points infinitesimally close

together in S to points infinitesimally close

together in S

We map S into S w out ripping or cutting i



 

emark Equivalently a map 8 S S may be viewed

as a continuousmap
8 O 25 S S

w

J o 8 ZT

i e a map of a circle is just a map of an

interval that connects up at its end points

Intuitively 8 S S gives a way of

wrapping laying a string onto a circle such that

you can tie together its ends



 

sample 1 On 0,24 S given by

V t cos nt sin ut

On wraps n times around the circle

2 Crazier examples

The



 

Lemmas Curve Lifting Given a closed curve 8 S S

there exists a function F 0,2T IR st
c f o f 2K 21T on for some integer in
2 8ft cos Fct Sin Fct

F is called a lift of 8 to IR

Idea f t Accumulated angle of rotation of Jlt

measured w respect to 11,0

rotate clockwise angle decreases

rotate counterclockwise angle increases



 

ample 1 A lift of On is given by flt n t

2 agent

y
axis

accumulatedangle

of a

y

it

to



 

efinition The degree of a closed curve 8 S S is

deg 8 flat f o 12
where F is my lift of 8 to IR

This did not depend on the choice of lift

emark 1 Intuitively deg 8 signed of times 8 completely

wraps around the circle

signed wraps clockwise negative wrap

wraps counterclockwise positive wrap

xample deg Jn n

2 See above examples



 

efinition Two closed curves 13 S s and 8 S s are

yt
if there is a continuous map H

o i x s s

ii D
1 H o t p t at

2 All t 8 t

emark Equivalently H 0,1 x 0,21T S w

1 H Ost p t

2 All t 8 t

3 H S o Hls 25



 

Remark 1 It parameterizes a family of curves that interpolates
between B and Y

2 Intuitively It parameterizes how we can

push compress deform the image of p in S to

the image of 8 in S

theorem Two closed curves B S s and 8 s s

are homotopic if and only if deg B deg 8



 

ection 2 Brouwer's Fixed Point Theorem

finition D x y in IR I x y I 1 41unit disk in the plane

theorem Given a continuous map 7 ID ID there exists a

point x y in ID such that 7 x y x y

ie F has a fixed point



 

Poof 1
Suppose by way of contradiction that I does not
have any fixed points

2 Define a map r ID S as follows
a Consider the ray from f x y to x y

b follow the ray until you hit the boundary
of the disk which is a circle

c Set r x y point where ray meets the bounder
Note that to get such a ray we needed

7 x y x y
3 Note r is continuous



 

icture

o
L

f x y2 x y
r x y circles.radius



 

4 Define 8 S S as follows 8

Take S include it into boundary of ID and

then apply the map r ID s

5 Define B S S as follows
Take S map it to 10,0 in ID and

then apply the map r D S

6 By construction deg 8 I
7 J is a constant map so deg 13 0



 

8 Define a homotopy H of x St s as follows

H S t r S coset s sin t

9 ACO t r o o Blt
10 HCl t coset sin t 8 t

11 8 is homotopic to 13
I deg 8 deg437 0

a contradiction

12 F x y x y for at least some x y in ID D



 

xercise8 Given a continuous function F 0 I o i there

exists E lo i such that f x x

int D You could use the intermediate value theorem

ore try to replicate the proof of Brouwer's fixed point
theorem but in one lower dimension



 

Z
Section 3 Borsuk Ulam Theorem

tefinition S x y z in IR I x y't 22 1

unit sphere in IR

The antipodal point of x y z in S is the point
C x y Z

theorem Given a continuousmap 7 S IR there exists

a point x y z in 5 such that

7 x y Z 76 x y z



 

xample F 5 IR via a location an earth is mapped

to temperature humidity
So the thin there exists antipodal locations on

the earth w the same temperature and humidity

efinition the men of a point x y in IR is

I xx I MY
distance of x y from the origin o o



 

emark If x y o.o then
x y X

I ix y x y x y

lies on S c IR

We've just scaled in x y according to its

distance from the origin so that its new distance

from the origin is I ie it lies on S



 

Proof 1 Suppose by way of contradiction that

7 x y z FL x y z

for all x y z in S

2 Define g S IR via

glx y z 7 x y z FL x y Z

temp hum temp hat

By 11 g 0,0
3 Define a map r 5 s as follows

r x y z g x y z Ig x y z



 

4 Note r x y z r f x y z

ie r sends antipodal points on S to antipodal

points on S

Onre x y Z
s rest

gtx y Z

Igt x y z

fl x y z f x y z

FL x y Z f x y z

f x y z FL x y Z

17 x y z FL x y z

r x y Z



 

4 Define a curve 8 0,21T S via

8 t r cos t sin t o

5 Notice that
8 t it r cos ttt sin t it o

r cos t sin t o

r cos t sin t o

Nlt
6 8ft a is always on the opposite side of the

in ft circle as Jct

Rt



 

7 Let f be a lift of 8
8 Let 13 t 8 ttt

9 Note f txt is a lift of 13
10 6 f t F ttt odd multiple of IT say le it

11 4 o Flat HIT F 2K 2kt

12
deg 8 7 2K Fco

Zit
le O

13 But Y is homotopic to a constant curve

shrink equator down to southpole and apply r

deg 81 0 a contradiction
14 F x y z FL X y Z for some x y Z B



 

theorem Let Ao A Az be subsets of S that cover 5

w the condition that each point in S is contained

in only one of these subsets There exists a point
x y Z in S such that both x y z and C x y Z

are contained in the same Ai
I

roof 1 Define the function di S IR via

di x y z

min dist x y z x y z x y Z in A

minimum distance needed to travel from

x y z to get into Ai



 



 


