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De'kai'l't‘mg A CLOSQL clerv in S.= cirele s a c.ow"‘u'«u...ou,s
(Dm“P J: S — S'.
© We Sen,cl e\)er), P".‘. in S' + a Pov'a'!‘ 'n S‘ .
® - Continuows = we send Poin‘l'S mfintesimally elose
‘I‘Djeuer in N -‘-u Poin‘l's MCin"'esima.l(r close
‘l‘bjeu\er in S' .
o \A)e \M.a\o S' ia'l'vo §| ba/ owt J‘i‘)f:'nj oc bwl:'él'fj -+



Remarld ¢ E?u:va(ewuyl o ma‘) L8 §| ‘—”gl ma v be viewed
as a cm+3nwous mayp
¥: 0,22 — g’
w/
V() = Y (>m)

e i,e.., O ma\o o'F a c:rc,le, S j_u.S'\'a. wm.f of awn

interval Hat comects up al s ewd goints.

L Twhihvely, Y05 =8 gues o way of
wvap‘mj/lay:nj o s’rcnﬁ onb o circle such Yt
yow  Com +ie -LoJeH.er 4s ewds.
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YY) = (ws(né) , S (W*—))
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Lemma 3 (Cucve L;ij\ Given o closed ecurve ¥W:S' — 8
bhere exists o funchon F: (o,2n] — R st
dy Fo)= F(zw)+ 2w Lir some h‘!‘sjer n
D Y[ = (cos ($®) |, sia (@)
ot o called o Wt of ¥ H R.

'Iée.o.g :F(.'E) = Accu.mu.(a.:l'eé anle. of Po“'a.'él'of\ o'F 7({:)

wmeasured 1w/ res,oee,-\' o (v,0)

> r‘o‘l‘a.'l‘e. cl.oc.kw-‘se amJle. cle.c.rea.Ses

> ro"'a,']'e counter cloclkivise aM.Jle, incfease s
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'De'fini'l'\‘on:

Remark ¢

E xa.mflz .

The Jezree f o closed eusve ¥ s’ — g is
deg(¥) = (F(2m) - £) /a7
where I iS oy W+ &£ Y b R.
o (n"iS JsA wo'l' Ae,Pev\.cl on -ute- e.\»-»ice. o( l\"H'

') In-l-u.i'l‘iue.ly) Jij (‘X) = s‘.‘jncJ FH of -]-imes 'Z comflefe[y
was around l‘ne. ciccle
bt szjneig Waps clockwise = w,ez,?a:l'a've weap

Wcaps Com+er cloclewise = os."‘-iue wea.
P e P

) cle,j(Xﬂ = N

2) See above ezamr[es.



T ' and ¥ S > S are
'— S am
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o closed curves B
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Definition °

v g
: [0, xS
c»n'l'ivtu.ou.s vwa.P H
ic if dhere is a
»\OW\-D"'DP'C; IF

U=

atistyin
S '7>3H(°,t)=)s(f>
2 H(, &) = Y@

\ w/
0,21t ] — S
H H: [01'3" [ )
w‘.valeu YJ
RemarK 2 E? 1) H(od.&) =}§(‘H
2 H(0 ) = Y@ |
H(s,o) = H(s, 27
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Remw\(g ') H Pa,ro.vne.“‘er?'%es ¥ 'Fo.vm'(/ o'F cufves -Hw:é in er'oola'l'e.s
Le:"we.em ﬁ MA X.
23 In'l‘u.'.-l'iuely_, H fa.ra.mz'l'e.rizes Low we com
‘ou-s)'\, compress defoem dhe imtje of ')3 n ! +
‘Hle ima.je, Q:F ~ in S‘,

Theorew ° Two eclosed ewrves B ' s el Y:st— g

are l’bo\ﬂmb']'b{)ic. if and o«n[y i{: Aij(j?) = clej(.X)



sec.-l'ion 2 ¢ B("OUAAJGFTS 'l:.‘xeel ?o'w\“’ -ﬂAeocevv\

(1>
ma'fhi"'tor\g D= 2(X:Y) in le l Xz*‘)/".é \}
i unht disk n '“te ’o|av1e,
fllwore,mz CJ'u'vev. o C,on‘kvlu.ou.s mar i‘ D— ‘D ; -e}{»e,re e.xu‘S'l'S o

'oo..wl— (x,y) i D suck Hhat F(x,y) = (x,y)
) ;eJ :ﬁ Whas [ -C.‘kecl Poivt'l‘.



Proof ¢ D Suppose by way of contradichion Hat f does ask
have any fixed points .
2) Defwme a map € D — S a5 followss
a)  Constler Me roy from Flxy) 4+ (x,y)
) follow e ray wehil you kit Hhe boundacy
of e disk, which s o circle
D Sk cy) = ot where ray meebs Hhe bowdary
> Note | Hat o get suck o ray we needed
Fxy) # (x,y)

3) ND'I'CJ C S Covrl'iwuov.s.
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4) Define ¥ :S' — S as follows
Take S'} include 4 b loou.mclas"y o¥ D, and
‘Hten a.rfl.y He V"la,o c:D — S‘.
5) De‘FIne /’:’ S — ' as Fa“.ows S
Talte S‘) v\aa.{j \"l' + (.°,°) in D
Hen apply he map D — S
6) B/ cmS'f'ruc."'ion ; ij(X) 3 i
+) )3 is a ceastand wmap So Cl?:j (/3) =0

awd
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S 14
8) 'De,'F-'v\e a ‘n,ovwo'l—of): H : [O,lj x S' — Q‘ as -(zo“ows:

H(s,2) = (s cos(®), sosin(®))

) H(o,t) = c(o0,0) = B
©) H(,t) = (cos@), sa@®)) = V(&)
1) IRPRN, S l'vom"'o(ic 1

= |= %(3): Aej(,s)= o)

& contaadiction

W = Fxy) = (x,y) ke ot least some () W D. [



Exercse® Givew a continuwous fuwction 1 [‘%'3 — [¢,1] j Jhere

exists x€ [01] sueh Hat Fx)= x .

Hin‘l’ . ') You. cbu,lA wse —H\e in'l'erme,cis‘a-l'a Va[u.e. '.H«.eorem

2) oc "l—")f 'I‘D re\o\ica"-e -1418 (.)roo‘g O'F Brou.wer's -F'.‘-\ce.é 'Dom'('

%eorem l:vu,é in one lower dimension.



Seehon 3% Bocsuk - Wlaw Theorem \
(:a:\’\ @ l

Definition o ‘gm= i(xd; 2) i R I %+ y"-e 2= [}

= unid s'rlqere i R
* Tke a,wl'i()oc(a.l roia‘l’ o‘g (X,){, %) tn Sz is "Hﬁ-e, foin']'
(’X, 4 _Z’)

Theorem ° Given o Con'l'»'nuous wma.p I’ SL —> nzz , Hece ex;s+s
a Poin{' (x,)’,%) in ST such 4ot

.:F(X,y, %) = i(’x/‘}’,-z.)



exaw-’)[eg i: Sl — ,R‘L Via. & l,t)c,o.'l-:on an ea,run 'S mqrf)ecl

-l'o (J(empera+wre ) himi clrl'y) .
go J‘Le '-Hdm =2 —l’fn.e,r‘e e,kiS"'S a.h."n')ooia.l l.oca,‘&s‘ows oan
Mne ea.r% w/ %e Same -I'zmpe,ra.-l-u.re and hum-’JH-y.

'De'c.’n:*ion: (I\"e nocwm o{: a frozn-‘- (X,y) in W\z 'S
|Gy | = Koy
& distance of (x,y) from Hhe origin (0,0},




Remack Tf  (x,y) # (0,0) | Hen

(x,y) _ X Y
| (¢, 1O, e, e

1 2,
lies oa S <R

= We've J:u.s-l- scaled ia (X,y) a,c.c.orA»‘:,] + s
clrr"a.nce ‘F('bw- “ne oc:‘jin sSo “n.a.‘L i-l-s new J:s-“wnce.
'From -”\e orija't\ iS i , ie, F lies on S'.
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Proot & D Suffose L): way of contradiction -Pna{.
¥(’<,y,%) # i(‘x,—-y,-Z)

'acw a“ (x./y) 2) in 3.
2) Defie 3 : Y — le Via

3("/)’, z) = i(x/)ﬁz) - ‘#("x,"y,‘ZB
ot par) = (g b
L B)l (1\) j #+ 60,0}.

'3) De-Fme a vmaP cC* St — Sl as -‘:ou.owsg

r(X,y, 2) = j(x;y,Z)/lj(",y,%)\



- 2)
= |~ r(—xl—Yl
Note ) r(x,y,z)

iats on Sz o am'l‘i‘oo&a\
C semls a.n-l-ipocla.l fom
= e,

: - $1)
()O'm“'s on S‘. — O
- r—(-x/—y,-%)

-2)
—qLXx,-y,
= j(

x,-v,-2)]
= -é‘g(fx,—*/,y-ﬂ- i(&yﬂ)?
| $(-%,-y,-2) - f(x,y,2)
(i(x,y,z)-ﬁ(fx,-y,-l)?
| £(x,y,2) = 2(-%,-y,-2)

]

= r(x,y,Z)



"') Define o curve T [O,UUJ —> S' Vio.

Y& = ¢ (cos(4), sta () | o)

$)  Notice Jhat
Y(t+7w) = r(c.os(t‘:-rn'))s‘?n(-(:-rn'))o)
= (- cos(®), - sin (), 0)
= —r(cos (), gia(d), 0)

= - Y(¢)

‘53 => "6(-2;*71.’) N alwa.ys on -Hae, oP'oosu"‘e s:c!e Q:F Hte,

3 ciccle as Y@

¥(eem) :



Let $ be o Liftof ¥

Lt (1) = Yt +m),

Note $(t+7) is o Lift £ RB.

() =>f(t) -$(*+7) = odd multiple of T, say k-TC
$(0) = firr) « kTt = L) « 2w

=3 clej(XB-'— Flarw) - () - k 40
27C

Bu.‘l: Y is koml'bpic. -I'b o c,ons"'a.w(‘ ewrye
“ S‘m’nk— eiu.anl'br clewm Jo .Sow‘"t\‘oole an~d a,?fly .

J

=5 dij (Z) =0 a w‘[’(‘&_JiC“’fof\
=> :F(,x,y,%) = i("'",")‘,‘z) Hr some (x/)’.'?) IS



Theorem o

Proof 2

Let Ao A, A. be subsets of S° Yt cover S*

w/ e condibion Hhat each Poin‘l' in ST is contained
in only one of these subsets. There exists a point
(%,y,2) in S° such that both (X,y,2) ad Cx,-y,-2)

are cav\."'a;'neA n J’Le sameée Ai.

) 'De.\c»"nc -Mne 'Fu.wc:lio* di : 82—3 I3 Via
A;(xlyl 2)
= min ZAis‘l' ((K:y,%\, CX’,y',%')B |(><', y', 2’ ) in A;j

-

- minmum A?S"l'a.wce, neeéec( —\—u +raue\ 'me

(x,%,2) H 334, b A



2) No‘('e) £ c‘i(x,y,%\ =OJ 4{43‘4 (x,y, 2) s ia Aj.
if As‘(x,){,i) *O , Hien (K,y, 2) is net in A;.
2) Define ‘:F" S* — Isz via

:g(xl)’,%) = (Ao (X,)/,z)) Jl(x/)’,a')>

4) By Bofsuk-wa.m) Yere exists (%,y,2) such AR

flx,y,2) = Flx,-y,-2)

= do(x,y,2) = do(-x,-y,-2)
Al(x/)’le) = Al <')<;-)’;'z)



D IF 4(%y,2) =0 thea do(-x,-y,-2) =0
=> X,y,2) and (x,-y.,-2) are i Ao
f d.(%y,2) =0, Hen d,(x,-y,-2) =0
=2 X,y,2) awd (x-y.-2) are i A, _
¢) If AD(X,y,?:) +0 | ‘l*("n"?) 0O
= Peither 4,vi2) nec (-x,-y.-2)is in Ao o A,

:;‘) =\ (X,y.23 ad (——x,—r,-23 are ia Az. N



