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Section 1 8 Review

©]

Definidion © « A closed curve in o gux-ﬁo.ce. 2 s o contimwons

—

®‘V‘IQ‘) 'X : S‘= cirole a— Z-.

O We send every pt in S' % a point in .

@ “Cov\"'i'mws Y= we sencl Poia‘l's .\ncin"'esimau): close
*"D(jeu\er in S' -l-o Poin‘l'S Mpin‘]'esimal(, elose
%Jeu\er in Z.
o e WP S' :A"'D 2 w/ out rifr;‘nj oc bu:&'él'fj -+
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i T
comnect sum T # . #T # S* Lir some # of Tk,

up Nex-l': ‘) Bf‘ ouwe 'S Fier Po:n'l' Tln.core.vvt
2‘) Fu.vlcla.mcnj(a.l TLICOFGW\ oJ: A‘JQLPG-



See‘\'ion 2 2

MQ!)S o# Sl 'l‘b Sl

Definition s

Definition °

. g 2(x,y\ in IR* X*+ y* = i}

S.(
/ R
‘u.n.‘"' c.%rclc Yo J’Le- 'olaw.e \

A closed Clrve in

c;)nap '3’3“""’8’.

l
S = cirele s a  continwons

®© We sewcl e,\)er), P‘é in Sl + a Poi‘n"‘ n =
@ " Continuows )

we Sencl Poin.'I'S MC[n"'esima.u’ elose

‘I'ngu\er in s' -‘-o Poin+$ Mﬁia‘]'esimal(), close
",’D H\er in S' .
Je

o \We \M_a,f) <' :a"'u §| w/ out ri‘)r;‘nj oc bu.’é'él"j -+



?\evua.rliz E?uiva.[ewl'lyl (1 8 maf) v S' —‘gl ma.7 be V;‘eweé
as a cwrl'iuwou.s ma‘n

Wi [o,27]) — ¢

w/
Y (o) = ¥ (2)

ie., a wmap of o circle s j_u.S“' o wap of an
interval Hat comects up ol s end points.

& Tahahvely, ¥: S' — ¢ gues o way of
w?&Pe\'Aj/lo.yfnj o s’rm:j onb & cirele sucl Yhat
you Com Fie -I»Jeﬂ-er 4s ewds.



Eranfle” 0 Yot [0 d — 8 e R guen 1y (ne ooy

Ya(t) = (cos(nt) | sin(nt))

o What 5 o P D

= constont L > (cosCe-2), smie-01= (\,0)

o What s Y. ?

cloclewise WPe'\\j cucve (Wg) $\
& What \év‘ ? 1= =k

1S

owve  dhad weaps N= tmes  gowd ST e e

ss'jhcn) - drechin A Z Z ) -0 C\, oD
= o)
t® 3

oz

ks-'z.fr (o -



$aro

2)
Let :
e f R — R be £
am.r u.uc.‘l'r‘on $'é
f (o) = f(ow) + 27T n

2IT/.

20
2«

'Fbr Some Y1 am iﬁ-"'e
‘X | jeP.
1 fo,2r] — ¢
Wi () = e
1 = (cos(3®), 5in(£(6)) )
#(O)= (c'os(¥(’°))l Sin C‘:F(")))
= (c,os(:F(Zw)-»Zﬂﬂ) si (i(
= " , sin 2T) « zﬁn}
(cos (), sin (£0em))) |
= ¥Y¢(w7)

=> \J,e
is
a closed cw
fve .
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Seetion 32 LIF-l-inj closed cucves b IR

Lemma® (Curve Lifkag) Given o closed curve ¥:S'— 8
Yhere exists o funchion F: [o0,2m] — R ¢t
d F)= T(2@)* 20 fr some a'n‘j'fje.r n
DY) = (cos ($@®) | sin ($@)))
o Fois eadled o W of Y Hh R,

RemaclA. ¢ 2 ¥ need wol be unigue .
2) I'F :F 1S a \\'H of XJ Yhen i*’-n“" is o

Ii“ o'F X '{"Dr eve,ry fn'l‘ejer' k.
3) These are Hhe on\¥ oller lifts f S .



proo.F ° l) Tdeo o 'unw;,.&"«l'he cwrue L)’ m!-..:j Ye MJ\e"
2) Notice Wat F(&) = (coslF@D), sin (£0)))

if amd only if ) = mﬁle between B and (1,0)
3) :F(.'e) = Accumu(u"eé a”jle of Po"‘a'{:l'oﬂ o:F Y (€)

wmeasured v/ res,oee-l— 4+ (v,0)

S notate cloclewise MJle. decreases
> ro""a,-]'e counter cloclkivise MJ[Q, incfease s

L d

jo around S times om.Jle, ‘nes eases Ly

lo7w = §.(2n) |

1) By construction ad (2, ¥(¥) = (cos($(H), sin(F(®))
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S) The cm(y Paw’; in Agf;n::j 4 where we have
ol amy choice is ‘m'c.k.:tj #(o) ) J'Laé is He

(e
+ S'l“a.rl:‘rlj MJle, -‘rom (l) o ) ; on )/ +wo c]mo»'c,cs

differ \97 w»u.u'i‘)\e.s & 2.

Se acui\ﬂj rsu.('l';(;[es oF 2 :Fjiue,s oll 1ifds
6) Notice that (o) = X ().
So “‘D‘l’al a.ccu.w;u[a'l-ecl aM.Jle, wens 1 Le o ml-l-'f[-e. of

27T f‘,u.s Mne. S'l'a.rl:i:j Mtjle..
Se (o) = f(aw) +« 21T-n

pbf‘ Sovme wn,

Example 3 ) A K £ Ve b R s T = n-t
A A S Y b RO T,
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Sechion 43 The deqree of o rap of S' b S

'De'pin:'l‘\'on: .-rl\e— AGJQ_C °‘F o. ol-oSeJ cusve ‘X: S‘ —> S‘ iS
deg(¥) = (1) - £9)) /a7e
-—> M‘*“jw
where i is am i+ & ¥ b R.
Rem&rK:

) A%j (V) &5 independent of lhe choice of L+ T,
L Tf j 3 aMJ’Ler L4 b‘p -X, Wheun
i = J + 27T - e
e EUm) - ) = g(a) - g (9.

2 7Tv

270



Remark @ D) In-l-u.:-l-iue.ly) ij (%) = s:jncJ # of times ¥ comfle'éel}/

wraps around the circle
&> SZjneJ: wra.f»s clockwise = nﬁa“'ive wca,P

\»ra‘)s COM'I’er coclewise = Pos.’-‘-iue wraP

Exa.mf‘a : ) A&j (Xn) = N

2) See o bove exa,mrles.
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Sechion 52 Homo'l’o,py classes of curves
7

Deacin:'l-Io.n: Two C\OSQA cucryes /3: s _5$l and b S' — S' are

»\OMO'l'b'_if i‘: ‘u\e,re, is o c,en'l'ivtu-ou.s V“‘t\o H‘ £°.;'2 X S‘ — S‘

g

Sa-éas¥7:n3
D Hle,t) = g
) H(,¢) = Y@ lir'

Remark $ Equivaloatly  H: [0,13x To,2w] — §' W/
D H(e,t)= g
2 HO, ) = Y
D H(s,e) = H(s,z2w)



RemacK 3 D For each so i (00T K, k) defines o closed
cwrve i S
3 H parameterizes a family of cucves Hhab interpolates
behveen B and ¥,
3) Tntwtively, H pacametesizes how we cam

- - l
Iou..sl‘\ ) Com{fess ) 42—'[:0('1'1. ~H~e lmtje of: P N S 'l'b
\H\e imaje, ,;F 'Y in S‘,
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Seckion G o Hovuo"'opy myariewce of cle.qre,e,
) J

Theorew . T\PO elosed ewrves )3 : S‘ — S' o~ d Y S‘ —_ S'

are howolopic if and only if ciij(/?) = Aﬁ(XB

Remask 3 D Notice Jhat rotating o mage of & curve in S' defines
- ccn"'?a,u_ou.s ga.mily o'F cuwtyes aM-cl MAM.s o Luom.olory
=> Aﬂr cwrve s l’\«ovwo"'bPic. 4 o cucve w/ Y(o) = (1,0)
2) TF we rotate b L)‘ 8} When Ye liFft changes
Lx) e O - LI E
Ly ¥+0 ¢ -
m=> clfjc'x) = clz.j of rotaled ¥.

./_.__,7:



Claim 1.9 ~f Aej (F) = dej('X) , Hhen ﬁ is \ADMo']-oric. b 7.

Lemma Spse 'X(O)= (\,0). 1'1[ Jej('X) =wn R J)nen 'X is
\/wvw-l-opic- o Xm.
P(‘oo'F:' D Let -'ﬁ be o i€+ o % w/ I()= 0.

S we can do dhis sace F(e)= (1,0).

M Defe H: Topdxle,end — R ),
Hist) = (=) -3 + 5. (n-+)

) Define H:lo,Ixfo,2m] — 8"

His,¢) = (cos(H(sA)), sia(Hs,2)) )



9 We claim that H s a howotopy foom ¥ kX
5) Cheoke H glues up ot ends )
D H(s,0) = (1-5)-f(e) = O
D fis,2m) = (1-5) - F(2mn) + 5 2mm
= (1-) . zrréej(é“g *_S. 27w
= 27w
) = H(s,0)= (cos(0), sin (6))
= (cos(zw), sin(z=))
- (s, ore)



Peoot 3

6)

*)

2)

Cheecke H is a4 homohpy from ¥+ Yu
Hie,0) = T

=> (o, t) = (cos(2®), sin(#®))) = ¥ (4
Alu,e) = net

= H0,2) = (cos (nt)  sin(nt) ) = Fa(¥)

Spse 43010 =n = At? ()

n o= Aej () = Aﬁ(ro'&a-l-cd ¥« stacting gt (1,0))

By lemma omd fact Hat rotation is a howeloyy,
VE cotated Y2 ¥,

Similocly, B = rotated B = Fa

Chain hymr Hese homaotoples +o get B=7%.



C\aim e I‘F ﬁ s kom.o'l'bfic. -I'O K , %\.PM- A%j(%) = c‘ﬁ(}?)

Theorems  (Homotopy Lifting) Let B aud ¥ be closed curves
in S . Given a homolopy H:[e3xfo,2n] — s
w/ H(e,4)= B&) and HU )= Y().
There evists a  continuous me.p
H: o010 [e,m] — R

tat, satisties

) UG = (eos ({0, sia(H(5,6)))

2 for dl s H(s,zm) - (5,00 = 2ma

S

3) H is U'”;%U.e' up 'l'b aAJ;‘_ a mw“‘trl& o'f 27 .



Remack 2 D Pove the theorem by “wawrapping” in famdies .
NE#) = 1 of dhe curve H(S,%) v/ s fixed.
2 This essetialy Wil mply 0V, (3) in theocen
%) Sisce H parameterizes some family of curves | as
we vary 5, e accumulated amount of rotation
con't fump (4 35 continuwons) .
D Tor amy it f(em)- $ is o multiple of 2.
Se H(s,2@)- H(5,8) 1s a mulhple of 2 for

each .

But i+ con't j"""'P as S varies =3 panst be a:ns+an+.



?t‘o o‘F 2 \>

)

3)

5)

LC‘L H l:e WMJD‘OY 'Ffbm )g 4o X.
Let Fl be a Lf f H

ﬁ(.ojts is o Lift of ‘/5 or [en] — @

& (cos(ﬁ(",‘l:” , Sia (ﬁ(o;&) ))

]

H(o, &) = /Sét)

ﬁ(':é) is o it o'F Y

So clej()‘Z)

= (Fl(o) 2w ) - ﬁ(oJo)>/zTE'
= (H(1, 27) -H(,0)) et
= clej('ﬂ.









