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Section 1 & Review

befinibiont Given hoo Sucfaces X ad ¥, Hhe conmect sum of X and Y,
devated X #Y s obhmed via
D Rewove am open diske fom both X and ¥ b cuate
hoo  Sucfaces w/ boundacies”
D Glue Ye resuH'-'wj bowndacies together ¥o create

e vnew swface X2V,
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D) TreTs < Jomes 2 sucface
2) P ST o= S*

E'Xa.m‘:\e. E

(B

D SPHET = T
W) Tr#..wTh _fj‘*‘”‘"’s = gess g sweface.

X(X#y)= X(X)+ X(¥) - 2

Pro?o?i'l'img



‘Proo‘Fg l) Kecau_‘ we cam com‘;wLe e Euler characteristic of
O Swr Face l:7 u.s'n‘nj o_»_x (o[Uona( cpx aSSOc:q:"ae\

b it
2) Pick ‘30[7 cpxes fr X and Y Wat bodh have ot

(ea.sl— ene -pa.c& %a{: 1S a Z‘Po‘.yjon w/ uni_?u.e-
eclJe,s amd vertices.

2) Remov:rﬁ said l-PolzJons jiues removal of disks

from X oud Y
4) To jlu.e , we Jlu.e kJe'Ha&r Hhe bound aries of

J‘hese fewmove d l-folyjons.




5)  This gleing gives poly epx for X #Y  wy
¢ Vertices (X#Z7) = V(X)+V(Y)-2
*Edjes = E(X)+E(Y)-2
© Faces = F(X)«~ F(Y) -2
&) X(xev¥)= V()+V(Y)-2
—-(E(X)Y+ECY)-2)
+ F(R)« F(Y) -2
= X(X)+X(Y)-2
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&

Defiaition o * A closel ecwrve in a cucfoce 2= s a  contimwowns

®ma‘) 3 S'= circle — z .

®© We Sewcl e,\)er)/ P-é in Sl + a Poi‘n“‘ n i.
@ " Continuons = we send Poin.‘l's MCin'i'esima.l(), close
~"o‘jgu‘er in s' +o Poin."'s Mpin']'esi;«a.l(’ close
",'DJ e“\er in Z .
o e \M.a.\o S' ia"‘b 2 w/ out n")ru'nj oc bwl:'él'oj -+
¢ A cwrtve s §\_v:\‘)_\_€_ i‘F «M«e image e‘: Mte cusrve in i
dves vw'l’ ecDSS / meet H'self and %.e crele  cane be

*\ouskeci"/ Je-fom'\eé o look lilee o S‘e,?, a‘f e{jes



Exa,mflesz ‘) CQ'IS‘I'M": cwrve

Ve = . (X

2) C-“OSS\'vj cweve

. o
e = q@

q) Cra.'-ay cwrve s




Definction s e« A S:‘m‘)le closed ewrve is l-sided i a4 swall “M'Qk(.m'/j
o{: J‘Le cwetve W Z: s a MSLiuS bawcl

s A S:‘mPle closed euwsve is 2-sided f a4 swall '“M'ok.cni/j

of J‘Le cwfve Z: is a C)/[fuéed"

Exmp\e.sg D 2) l
A v oA "‘ v L’ 91 )
o
- sided cutve
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Rewmasrhs T§ Wiere are l-sided curves on , e we don't fwowo what

is u.‘) /&:wn of \'n/ou.'b . We l"-wc no re,{:erence. outwacd

&Wec.-l'ion. .
De.-‘im"l"s'u\: A su.r-ﬁa.ce, 1S of fen‘l‘a.\ale EF f'l' l‘l.a.S no 1= s.‘AeA cwecuves.
EXMMP[& S l) Cown.ec,'l' Swums o‘g ‘l‘br’n = ol e,vcl'a_‘ale,

) klein bottle s non - orienta ble



Depin;'\'iow% A Sur-Fa.c,e. 'S c.om'pa.c,"" 'u-f i+ O,AM?-"S o. FolrJenal

)

complex structuce w/ o finde . of verhices, e,éje,s

and  foces.

"n\eore\m 3 E\léf‘y oompa.c,“' or{eu‘('aue Sur'-Fa.c.e, 'S lwmeom,ohec, o o

1 “ il
comnect sum T #E_.&#T # S* Jor some FE oF TUis.



Se,chm Z% Prelivnivmr-'cs on G'ra‘ol\s

Dz‘ini'kong ’ A Jr‘aPh s [, % {DOonno\J umf)le.x cam,oosecl o{: e:}jes.
A Jme\v\ is o +ree if e.ue,ry Pajr mc u&r'l-ices 'S

conncc,"'ecl Via a unigue Sequence of ecl\je.s.
[ |

& A -l-ree 1S a Jm'fl‘ w/ wo loo\oS
d

Profosi'\’ioag Le‘ll.'v r = C.onnec.'l'eﬂl Jra?lﬂ . 'ﬂn.en e,xis-l-s (- % Su.lacouean‘o« .-F
eeljes of € Wt form o tree T Yot douckes every
Ve,rée.x n f“ T s C.Qu'eA o Sfauniv\c' tcee "fbr r

Re\marKg A ‘jro.,f\\ com ltl,wue M["'IPIC Sloa.um'\:j +ree.s,



E xamf\e °
G‘ Co f\ﬂ

S fMﬂ-'lV:-j

Tree

Awoun.zr'

s‘)a.vmtnj
+ree



Proof 8

/H
<

)| Ew,Uu,‘o f’ owe eéje, at o time.

Add Add Add Add
r — r[ — r'_‘- — - — r’
o d d

¢¢b¢ ¢J¢ cgbg eJe

1) w& Seiuen-‘ially 'ow'(cl spa,vtm':j +re,e.s —r:z -ﬁcr ﬁ
?) r’; = e%jq_ B To = T"Q

'-l) r‘o — h ° eivH»er

a) A new vertex is added to % Lo create (et
& create new “s"l'ee )
b) MNa new vertex s . T 7"

e crta.-l-e a Loof:

Y Tf ) => Set T, =T, U wew 6%76
IF bB = Se‘[; Tt = To



G)l/: — [ % cither

el

a) A new vertex is added to I} b create T

1\

-

b) Mo new verfex s
B Tl ) = Set T =T, U wew ede
Tf b)Y =5 Set T. = T.

1\ hY

3) By CMS“‘ru.c,“'iM) ea.c,‘n. Ts' is a ‘Lf&e MJ '|'Du-c.ln.e.5

e\)ery vertex o“: T'Z- - So re,\oe.o:{-eé we o\o"‘ain Hae
I‘eSu.H'. .}




Lemma = Let M= connected JraPlA. We have
X(r) |

w/ e?u.qli'l‘): U s o dree.

Proof © D) I'F = tree B} Jhen we claim “«a‘& %(,f'"\ =1
i) Build up N sequowl’iau)( ° r\, f‘,, s e, f} = [
) Since lA is a +ree ecach +ue we add o

6{7& ,we also 2dd another vertex

& ;‘F no'," we wou\.é Conn ‘l’wo uer-l'fc.e,s Vit

ot least 2 different segs of eéje.s
-i'n";) SD r‘ = e{je’ => % (r'|) = 7_ -l = l
= V(R)-E(C) | - = |



W Repeatedy K (i) = VI(G) - E(M)«L-1=1
VIio=s Y (= dree) = 4
2)

stc [Fis ot nace.SSa.r:lY a *ree.

Let T= S‘Pa,mﬁtj dree for .

L) = N(EY - ECE)
CV(T) - E(T)r ECut )

¢ |

N Refe, if E(net uT) =0  then [M=TT.
= K()=[ :f o orly if "= 4ree.



’lLeor&w: L?-'lf i = comfac;l' Su.r'Fé-c& . TL‘G‘“ X(Z) £2 ad

X(z)=2 it and ewly d Z s lwme.cmrfla.-'e. s S*

Proof ) Fix o pdygenal epx dhat gies Z.
2) et T = Spanning dree for e graph dmat is wade
up of the edges of X.
?) Yefwe a gragh (* (thet com be drawm on X yia s
2

Pla.c,e, a  vertex in dhe center of cach Fface of

X

Covmeo‘l' +wo ver"’ices via oam 6436 ‘Fbr eam,(r\

eé?e in X thot is net in T Fhat dheir
foces share

b)



Pictuce °



W) ¥%(2) = x(X)

2. = W) -E(X) - E®
= NIT) - B - E() +v(D)
= x(—r)‘+ x(r)
L 2

2 This gives e fiest claim
Spse X(Z) =2 then X(f)=1
= [" is a tree
Thicken T amd Y inbo  weird Look?tz diskes | which
ore trees  uwhl they fill bt

= is jlwﬁ of 4wo cl-:sks aij Mxeir lnomda-ries
=> Z is komeowsorpl\ic +o Sz- O



Lemma. ° Tf o surfoce T has a 2-sided curve Hhat does
M" separo.'l'e, 2 b dwo f)\‘e,e.e,S, Wen Z. 'S

_ L‘DM&OWW"PL'O ‘l’D :l# Tz *pal‘ Sone Su,nca.c,e Z/.

Proof 2 D let ¥ = 2-sided curve in .
2) Thicken Y 4o cylinder in = .
 Note | Z#T" cam alse be obtained vinl
D Rewove +wo disjoint disks from Z°.
1) Connect dhese boumdares vie Jlu,n'nj n oa cyl.';\iep.
4) So re meving ¥ fom = and cappig £t e

Lowwcla.(‘ies w/ Atsks undoes a osmnac;,' Sum .

s) ufsl«ol: ) 'b' lei's s rea,lf%e Z as cewmect sum v/ T‘&.
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Proof © D let X-= poly. cpx fr 2
2) Let T and 17 be defined as before .
3 TE "= tree | then as arqued vefore Z = S*.
1) So we assume [Mis wot o tree.
= [ has a loep ¥ = 2-sided cucve
$) We claim ot ¥ does neot seea.m:l'e. z.
© TE wot, Z-% = o O, huo separbe
pieces
> T we remove Yhe foces and edges that ¥
fouches . X | then s divides X b

fo\y. cfxes Xo MJ X, -G,r 2o o-d Z.



“ Y doesn't meet T
=> T is complebely contained say, X
S But T contains all the verhices of X.
=> X, has wo vertices and Hws wo polygons
== X, s emply | a  contradichion.

&) By Prevtou.s \emmo., Z = z'#_rl for some

Sur-po.c.e Z,. %()WV)‘ %O‘) *’%(C\)f)
-2
N HK(z')Y= 2(=) +

Vo= Repeating Huis sebup v/ T cepleced 1y T’
fealizes Z = T T
?) Evewﬁml(),) Wis will fermmate as Z(=") - Xz,
e, oectally ZL(EV=2 ad dus T°=S*












