L ecture t Yy

Outline s D) Retﬁew 'Frovn last +ime
2) Co(.od':j s of Ma.PS 'n\eorer\
3) 'ﬂ\e Conn&c‘" Sum s of Su.r-ca.ces

"‘) Or.‘e.,d-e,& Surfa.c,es aud curves



Section 1 & Review

Defiaition 8 A swuclace s space dat l»ca,ur looks Llike IR”

< ie., ZOM  ia cLose i—]' a..l'us-l' (ooles L-‘@ce. a

“‘o{e,c,e. o-f Pa,lge,r_’/

ngini'\'img A P—O\YJW—Q—I iOMf)L@_)E s a sraq,oe o!a‘l‘a,{necl b7 Jl.u,:.,j
"LDJC-“\'&F Pokyjms , QJ&S, AM-A UG("";‘O&S) qu’e,rz by
J\u,e, we wméan JLa'é we iiew(-ipy e,Jes w/ e{?es
imd verdices w/ vertices (coull Glu.e. folm» bo self)



Definition s Lef X = ‘Oolyamal wm’ale.x w/
VvV (X) = # o'F vertices
- E (.X) = ¥ of e,c%?e,s

FX) = # of Saces
The Euler charactecistic of X is

X (X) = VIX) - E(X) + F(X)



Exa.mrlosg ‘) ?\GM-ADM ?o\yjmo,l Conflzx

%(Aﬂ) = (-3 =O

2‘ Toru.s |

X<///>: |- 2+ 1 =0




Pto()osi‘l'iong Let X sd Y be dejonal com.olexe,s Wat are [wwe.omrfk‘c_
-\'b u\& Samée 3M‘Fac,e,. 'ﬂ‘l&w H«z.‘r Eu,[er cl/ta.ra.¢"‘er.'$'l'fcs A.Jree.

X(x) = X(Y)

ﬁe'pa‘ni‘l'ion-g ‘TL\-L Eu.\er cLarao'l'e: :s‘l'ic o( o. su,,-,co,ce Z is 'HL& Eu,[eP

chacacterishe of amy ‘oolycﬁma.,l cpx Wat s komeow,oe'ohc‘c
L £ =

Remark?  To compute X(Z) | beeak Z wp ik regions oud cort
he # of veckies , edges , and faces.



Examles Y OX(S) T2
y X(T*) = O
¥ K (klein wotte) = O

4) K (gows g surbuce) = 2
L_sj docet  holer \7



Sechon 12 Colorings of Mags (U Colocs Theocew)

Questions * Whot s Yhe minimum number of colors needed +o color
amy map of Hhe globe 3o Hat o two adjocent
regions are colored Yhe same coloc ?

* What s dhe minimum number of colors needed to color
amy wap of o surface 5o that no dwo adjocent

t‘%ju‘ons aore colareA “«& Same co(or?



Depin;'l'iwt% A Su-r'Fa.c,e. 'S c.oma.c,“" 'u-f i+ a.Aw».’-"S o f)clrJonal

)

c.ow‘olcx sttwetuce w/ o Finde # oF vertices | ecijes
and  foces.
e Secre;(:l\/ , we nng&A -l—o asSStwe J'tv.a:e owr su.rFa.ces

were c-omfmc;l' when we defired Heir Euler

cl&ar a_c,-l-e.r iS"’fGS .



Example® Y Sekere heus, mubtiple donut loles

c°**‘<°“ @ @

35 Tn‘{:ini'l’e. Ends




De{::'ai‘l'c'on: A J@ogcaphic COMP[CK a.sSoca.‘a:l'e,A '-(—o Ce C.ov-«fa-cfl'

Suctace & is  a polygenal complex Hhat is homeomorphic
b T and sabishies?

) Every face does wot weet Hself

D Aey two faces dhat meedShace o unigue edge

3) At  least Hthree faces meet ot each vertex.

'Rema.rl{: In"‘u—:"’iueky) a jeﬁra.r\m‘.c, c.rk S a Ma_f) o)c -Kae Su.t"pa,c.e.

Hw.’é Sa’&isl}es

) A (‘e;jiw\ camnet boacder tself

2) Twe rej\‘ov\s con Onl)/ Slaare, one uni?u.e Loorder

3) \le,r-l-.‘c,e,s are w\‘ere, 3 or wmeore re:].‘ms me.e,t



E xamf)[e °

— ' e ‘que erder

3) Verdices are where 3 or wore l‘e‘,];‘ms meet



De~£iai‘|'ion3 i A Lja.[ c,ol.of‘mj o‘F a Je,o c. X. 1S  oam a,ssijnmm“'
o€ o c;olar -l'o ea.c,h 'ﬂo.c.e, S‘(: wo "l'u:o a.cla:a.c.ew‘|'

'Fa.c.es l'\aue Jjne. Same Cb\,or.

° /ILL& colocin Aumlo N o‘p o Jeo crx X
Minimuwm F oy colors vteeJeA -

M(X) = Pmiu.ce, o leja,\ Cco c;:j OF X

* /n’le C°"°r”j Vl.u.vu‘ocr o:‘: c covn?a.c:l" Su.rﬁac.e Z_ isS

minimum # of colors needed
2| = .
N(. ) f;rbiu.ce o leja,\ c,o\bntj oF gﬂ jeo,

cf" O.SSOC.CQ:I'C»A "l'b Z .



Theosem ° N(Z) ¢ + +'l°|?-2;l-74(5)

Cot‘o“a.ry% Am;« Jeo. cpx  on 2. can be l'ej“u)’ colored u,s»-.j
2+ ] 49-24. % (Z)

2
oalofg,
E)(a,vnflo.: \) Z = Sz => need at wmost Y colors
y T =T = =~ - - 7
) 5 = Genwss Y surface = need at wmost 10 calors



Remark? To ‘Jcoue, “«e M«eocem -F..— Z"'SI is e.x+reme,ly diffeen 4.
We will prove it for X(Z) =1,

Notation s Let X be e geo. epx associeted o T Hhat
satisfies ¢
DN = N(E)
D 2 Y is swolher geo- cpx associated o =
w/ N(Y) = N(X) | Hen  F(X) ¢ F(Y),



Lemma O2 Everr foce of X lhas of least N -1 erzs .

Proof 3 D We suppese by way of codrmdiction Hiak Here exists
o face w X wf sh.-d-l}, less dhan N(X)-1 edges.
) Dewote s foce by t.
3 Shenke T oad all of s edges down b o single vertex

/

This Prko.c_zS a new Jeo. epx X .






D S, N(X) & N(X)

6) TE N(X) = NX) | then by assumpthton o X,
F(X) ¢ F(X') = F(X)- |
=> we actually must have N(XY) 2 N(X)

P So we may edee X' w/ Nl colors .
But Jhis allws us b ewlor X w/ NOO-| colors .
Namely, we clor X', thew since I Las less Hhan
N - e%je.s S it has at mest N(K)-2 a.elia.c.en‘l'
faces. So we cam always pick on of Jhe WX)-|
wlors b coloc T diffesently Hhan all s adjoceat
foces. = N(X) ¢ NOXOY-[ | 4 contradiction.

8)  => Euery face of X has at least NCX) - edges



Lemma | o

?"09 F °

(NGO -1) - F(x) & 2-E(x) 28
c TF

M(‘%b -
1 Every ec}je towches two uv..:?u,e foces .

= Average # & edges gor foce 15 2600 /FOO
2) By Lemma O, each face has ot least N(X)-)
ec&jes
=> Aw—o:jc # of edges per foce > N(X) -1
7 cm;,.awj Jhese megualihes,

N(X) -1 & 26(X)/F(x)



Llemma L3

Proof ®

X %
3V(X) ¢ 2E(X]) A (2
| = 5
) Let K= prglued clleckion of polygons dhet we glue
J’DJG‘H«B:‘ -‘-o fl‘oalu.c.e X

2) No'l'e) 2 E(X)= E(SZ)

D Suce ot least 3 laces weet of cach vertex,
3V(X) & V(X)
) Sinee X is disjoint clechion of polygans
E(X)=V(¥)
5) Combining,
26(%) = E(X) = v(X) » 3v(X) |



Lemma 22 N(X)=N(E) ¢ F - 6-%(=2)/FW)

Proof $ N(Z) = M(XB j S
¢ | +2E(X)/F(X)

¢ |+ (GEMYZGUR)/F(x)

= |+« (6N + 6F () /F(x)

= F-6-X(X)/F0)

= F-6 X(Z)/F(X) |

Lewma 2.

66( :GV’QETH:
GE” o\J = 6F - ¥6



doof 2 (X(S)=1)2
N(Z) ¢ 7 - C/F(X)
¢t b

= ?--t-'\["lc[-l'-(-l
2

o+~ 49- 24 %(E)
2

n

poof 8 (X(Z)e0)
D N(E) = N FX)
2 N(Z) & 2- ¢ 2(=)/Fx)
£ F -6 X(=Y/N(T)



3)

s)

A

=> N = ZN(E) + 6-X(E) & O

TLL;S ()olywomial " N(ZS is quarcls oPem'vj w/ a.'é

lea.s-l- one Poin"l’ on M(i)"o.xis.

=> LarJes-lr N(Z) for which Hus holds s la.ve.s-l-
zero of €°\7'

7« 41 - 24 %)
2

=S

N(Z) &

1]




Section © The convect sum of sucfaces

'be.cini-l-ion: GNM "!1;:0 Su,r‘pa.ce,s X o»& Y 5 -Hﬂ,e conwec;l' Swim o‘:F 'X a«.4 Y,
dendted X#Y, is  olbhined vio

) Remove am opew diskk fom bodh X and Y % crate
"hpo Su.r#ac.es w/ ‘\‘ooum.ela,rieg )
2) Glue dhe resu.Hn’vj boundacies 'l'ode,%er Yo creatle

JLe new Su.r'Fa.ae. X"" Y.






"\

E‘Xa.m?\z: ') TZ#T-L
2) ¢*# ST

2 Voled sucface = jw.s 2 swface .
89-

2

D SPHET =T

l‘l) TL#w-'ﬂ'Tz .}j--&?mes = ‘jeﬂu—SJ Su.r"Pch.Q..

ProPoS'i"'iw\% %(X#Y) i %(X) * Z(Y) - 2

Ex: 0 Z(T*z7") = (7)) ~ K@) -2 =0~+0-2=-2
& d
2) 2= Z(5%) = X(8*) ~ () -2 =222-2=2.

5\ —

YWok(rd. = T4 < Z—-Ej_



