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Section 1 8 Review

De.pini'l'fm 3 A Su.,r-cm iS .s']ocuc.e Jlﬁ-d"l’ LOca,u?z Leok.s l:l-ze. le

< ie., ZOM  ia cLose i—]' J'us-l' (ooles L‘k»e a
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Exanles? © Sphere = S @
@ Torus = T @

@ Kleivl Lo']"HC,
&>
® Tntectebes w/ ml'{'ilple holes .



Remarld s *We want o way of vie,w-v Swrfoces as combinaterial

) j_eds,
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-
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§pa,ces s .CAMLMG“'DNQS‘

Surfaces —> PO\Uonql COmrltweS



Dz{:inihmg A Po\yjo«al comflcx IS a Jr;q,oe, o!o‘l'a,.'necl b, Jl,u,:.,j
‘-]'bje,-uvﬁr Polyjms P e,J&S ) aw-cl ver-l-;‘oe.sj qu,ere. \,y
J\u.& we mean dhat e :lewl-:ﬁy edges w/ edges
imd  verdices w/ vertices (could aluz, ‘ooLYJ.A bo self)

Example © Graph .

@ gome.'MN\r\ l*’ lcl
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C"D Msbius Band
Zz= (O

@ CY(,:A—(J&(‘
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Remask s 0 lA)e coam a.lwa.)(s Lnepf-o Su.rfa.c,es wp into f)ol,yjma\ cfxc,s

« A Suxﬁac.e. ¢S \'\omeowwrph:c, o H\JS a.SSoc,o‘a.'l'ecL
POLYJ°'M"[ c,ow.‘)le.x

7-) ’Dmer& ore amnm ?aﬁ-‘m-':‘e #’ o{: wa.)(s we wulcl loneak- i+ u.P

?’) ’Ihre ofe rl'f¢c"'(7 iaﬁ‘m"l’el}/ mmy wiolte, ‘00[7 Joaa( c.'oxe,s 'HAa.u



S'ec.'l‘?w\: N.ore on ?la,w Die rams

De.pga;-l-;mﬁ A ‘alamer JSaijram s o ro(mma‘ COHP'.&X oL‘I‘a.o'n.eA ‘oy
jlu.'wj -lwo'je,-l&er all peirs of etbes of a si«‘njle Zﬂ‘polyjoa.

Eko.mples: ) Sp\ae re -

2) Torus B
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Profosi'(';ow e

Peoof °

Ever7 ‘ola,ua.r cl;tyra,m +S homeowwr‘ohic_ -I'D a S‘wr'Fa.c.e.

° NQ&J -\—o S\fvow J‘La.'tl, loco.[ly abowé' wery Pm‘n"’ n -Hte

?\am.a,r c‘ic:jra.m '“\e S‘.oa,oe lookes like r&l.
\A)e Lcwe 3 roSSiLili‘I‘c’eS

‘) -Hw ()oin{- iS a ver-l-e,x

%) ‘“M' Poia'l’ iS in an eﬁe

3) M;e Poin'l' iS in M\e ?ok{jon,
We dhak obouf each case



* Pwm.c\lt\iv\e .

'kl\& jtw’n\j M.zw?t‘ux 'FN” a PLM Ac‘tjram -Fbrc.es

us -h ?a,l‘c.‘l -lee%r PEj.‘on.s Hat don't look Lke
‘R“' m 'Hn& “Pm‘jlu.ecl ’ ‘)olYJOn fn’('b we Pﬁs’OAS
ot do Looke like B ™ Hhe :]lu-eé i r°l)3°“'



Sectisn e Euler Charactecistic

De'ﬁ'w;‘l‘img Le‘t X = fblYJ‘Ma'l wm'ole.x w/
- V(X)) = # f verkices
. E(X) = # of edges

. ‘.F()() = o‘F‘ -Fac.e,s" # e"(' (olUMS

'TLte. Euler c.ha.rag.-l-e(is-l-tc. QF X 'S

X (X) = VIX) - EX) + F(X)



Exa.mrlc,sg )
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G-ro.Pk

Sphere ‘
v (&)
Torws |

= QD*‘?"‘Z:
Z—lr(:z\‘
) -2+ =



=3 -12+6 = 2

[ -4 +1=-2



Re,ma.c\kg I'\' a.ﬂ)ea.rs J'sl.a,‘{i ou\e, Eu—l.e,r‘ th.a,ra,c:l'er;‘s“’ic,s OF folrjonql
wmplzxas J’twé are V»Mum—orph-‘c. ~|-o Yhe same Su.rfa.c.e.

a.lwa.rs &\jf‘&e

2N /ll»un.k- ' G’iuw “'wo clﬁc'pafen"' VMO.PS/ wa.ys oF Lrukh.j u.|0 e
Sunco-ce. in'l'b I‘Uions ) “»&7 wiu have ‘H/ke Same
Eulec charactecistic .

?toPos;+ion: Let X ad Y be {)olyjoaa.( Com'ole.xe,s Wat ase waoomr?lu‘c,
-Lu -u\e Sameée Sw‘]:a.c,e,. 'ﬂ'lew %e,s‘r Eu,[er claa.ra.c.'l'en's'l'l'c.s a,Jree,.

X (%) = X(Y)



Peoof o X awd Y give two different ways of breakﬂ:f owr
SW‘FO-Ce up in.'l'b f)o(){Joa- ke rEjionS
We com “over l‘tf i X aud Y on  our Swrface ) a.clJ.‘cj
ver'l'ic.&s w\wre vune e(LJe,s ol" X in+er8e0'l' “'-& eAJe,s
of Y, 4o procluu a new \nol_Uma,[ epx for dhe

sucface . C—o.u o+ 2‘






* Nete fhef one can obhun Z from X (simlacly fem Y) Ly
Y Adding edge behoeen oo verkices in o polygon
) Adding verkex hointorior of an elye
D Addng vertex h dhe wherioc of a polygen aud

conne.c'l'iv:j H oo an exishing verfex via ax edge.

© TF Hhese do't change dhe Euler charactershe , Yhon

cequatelly, apfying Hem fo X to get 2 will gie
X(X) = X ().

Sivw?la.rly he Y | X<Y) = 1(2)



T},ee, 4 = 1 jrew eide,) | foce divided inb 2
Llrew ) = Vd) - (EGEd) « 1) + (FEB@) +1) = X(w)

' Ty‘)e. 2 =% ]neu.) \J&r"'&\gJ l eJJe cliviAeA 3n'l'b R

Ty‘)t?’ => l new veré&v, [ new e,LJe“



'De.ﬁi‘ni‘l'iow: -ka Eu-\er' c.lﬁa.ra.c."'ea' JS'I'ic o( a. su,r-po,c,e_ z 'S OHL& Eu.[eP

—

characterishe of amy ‘oolyg?am,l cpx Wat s \r\omeow\—oe.o)wic
L, .

RZMMK: ° _T; mlowée %(Z) b l:reak p Mf) ;\n‘(’b f‘%]ions o«»cl c.oum‘l"
he F of yechies

/

ecbes, avd faces.
° '"rﬁs all»ws ws “'D Prw& Hmﬁ we afe pl.O\j\'Q@\ bei:js".

Exemiles ® ) X(sY) = L
) X(T*) = O
) %(k.le.‘n bile) = 0O
4) K (gemus L sucfoce) = 2 -24



Definkend A J““P‘" is o (JolyJona,l oomple.x composecl of e,cbe.s.
A Jro.()k is o +ree 'nF cuery Pa.ir oF ver'l-‘c.es S

cormcc:l'ecl Vi a uni?_u,e_. Sc?u.ew.c.c o)c eclde.s.

'De#iai-l'fmg A 3mpk 'S {Jlauar if i+ s Js’um ‘oy »“xe eAJes 0(’
a ‘Oo(yjona.l c_omr,.&x ‘G,r S .

FQ-C'I' ° A JMPL\ 1S P‘.GM.OJ' o'F ;'l' Wl—a')/ ‘oe, Arc..wv\ ia mz "-’/ eut
lmwirj eclJes in%e,rsec,-l-:n j / layr:.j over eoch othe
Proof Remove o face fom sphere and lay Jhe remainder

'plo.‘l' on J‘ne f)l one



Question

Ans'wer °

R&o.Son .

Noh ¢

Claim 3

Ts every ijL planar 7 ﬁ_’//\t(
—

No

TLe Eu.le,r c\u—ra.c-(-zr ?S"'ic oF J"ae Spl«ere. \oucl'-s (GS‘l'rt‘Cfl‘ions

on Luow ec(ljes Cam Come 'I'OJQJ’L—&P.

Let WKy = Jr‘apl«\ w/ S vertices and |O e%?e,s st
&Jery Pa.sr of uer'l"-c.es 1S Connec'l'&:l b7 a u.m'?u,e eclje .

s s not a }olam.o-r jm‘PL\'
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'pl‘oo“:g \Ue wse Pmoc b;l Coa‘l‘ra.clic.'l'\'on. So we asSume K: is

\o\.amax a.vul A&riue a CM'I'raJ,ic,‘I'im. les olc

aSS'uW\.P'I'iM w:ll be wro:lj a,«.cl k-: wqu*]' e Mn-'alauua.r.

I‘F k-r is f\ma.r =% Aa'l‘e.rwines fo‘.y. c{ik -Fu- St}
5&7 X

By Ae Euler characteristic fmfos{"’?m fom 4—»40.7,
2= X(s*)
= V(X) - EMX)+ F(X)
= V(Ke) - E(ks) + F(X)

= & — o+ F(X)
=> F(X)=7



° ‘KNO"% w&ry ‘Fa.c.e of X lhas at least 3 wh-f'zu&

eJJes.
Té wo'l') Hhen Hhe two vertices on Hhe face

o-fe c,wm.eu"&c,l via pR d: -ﬁfe l‘ew‘l' e%j es

But s caunt happen for I



We claim hat 3F ¢ 2£

K

P

L&{: X =  denote Mne h Pnjlu.zcl ) c»u.ec:l«?m of ro\.)oous

7
,X Yot we ‘jlu.e -l-oje;l&cr do form X,

Note SZ is self a \ookyjma.l Com‘olzx.

Wote
2E(X)= E(X) » 3 F(X) = 2F(X)
(S Used = .
O
21 = 2.3= 3F(X) ¢ 26(X)= 2E(Kks)= 20

=> Con"'ra di c‘l’ion



Nexthimes ) Co\bri'rjs' of MaPs Theorem (L{ Colors ’nueorem.)
2) ?relim:na.r:es '('\ol‘ J’Le ClMSZAw‘l’.im o'F Su,r:rac,es.



Exer s Tf rb = connected ,jm"f\" , then X(r) ¢ {1 W/ e¥‘u',_“[;_j.;,

n
-

i oand o»»\7 F U= 4ree. %:ﬂ. :(_?2: = -t
E«<4 =z Vv

Exer N IS V\S’ '”/Le/ 32)6' 0‘( 63@1‘ o‘r a fol,UMob( cfx o
P

Sowme. J LS J Swr Fa.ce .

Delq2 A Su.ch;ce. o( jwj S o mbecdule T Wi ‘7 loles

° /_\
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