
 

Lecture 7

Outline 1 Complex numbers
2

Complex Functions
3 Fund Thm of Alg
4
Alg Sets

Defn A real polynomial is a fan 7 IR IR of

the form

f X an X an x e c a X't a

where ao an are real S

f x 2x I

f x 42 77 c 66 3 5 2

If an 1 0 then we say that F has deg en

We say Xo is a root of f if f Ko 0

Exe 7 x XZ I

O f Xo Xo I

3 I Xo

square of a real t is neg
no such real Xo exists



Defn A complex is a formal sum of the

form 2 x e 2 y where
i x y are real
I 2 is a symbol that satisfies a

2 I

i Fi

Properties Addition 8 Xo iyo X t iy
Xo e X c i yo e y

Multiple to iyo X t iy l

Xo X t IX y t ix yo t i'joy
Xo x yoy Xo yet X yo i

Complex Conjugate 8 Z X c Ey
I cpx corny of 2 ex iy

Facto 2 X tip then X y2 z I

Proof Xtiy x iy X ixy ixy i y
XZ y2

real

Define Division Xo Iyo Yl Zoo I
X ti Yi Xi iy Z I

Define 1212 z.IE x't ye



Remark We can identify 1122 w apt numbers
X y 1 xtiy in CC

imaginary
axis

y axis

veil Cz i 2 ti

Real axis
X axis

Defn A fan of E numbers is an assignment of

each Z in 6 to some f Z in G

F E Q

f z ZZ
f i I

f j 52 I

f f i 41 I

f Zai 3 4 i

Defn A complex polynomial is a fan 7 G of

the form

f Z e an Zn an z e c a z t Ao

where ao an are cpx Its



f Z iz c Zai Z 42

Defn EZ EE 7Th

Ex 1 0

I C l t I c c t I i ti t

l l Cl 1 l l l s t O

I I ti t C l l t f ti t I

Rink I t z t t c ZINE other stuff
error te mmapproximation

Theorem eiO cos O t ish O O is a real

Rmk IR G
2 yZ I C IR is the set of Q St

1212 1



Thm Fund Thm of Alg Gauss Every poly has a root

over the complex numbers

Define D Two closed curves To S X 8 S 71

are homotopic if
a There exists a map of a cylinder

8

Is x

St top circle is mapped via V

bottom Jo
Ji S Cylinder

Er Fijis

o

b Yo Z are homotopic it there exist a

map H S't o if X st

H S o To s

H S V s

Defu V S Cylinder then deg 8 signed of

times T wraps around the cylinder

Thin's deg to deg Vi iff Jo is homotopic to 2



Proof Spse by way of contradiction that

f Z e Z t an za t 1 a 2 tao

has no roots ie f Zo 0 for all Zo in Q

Define 810 f e 01 1 Fleig I

G

I f

to

1171

to



8 as a curve into cylinder by thickening
unit circle in Q

Claim deg 8
0

fC 117C Il

of
Note f Gol Io Ifc I 0

deg bottom curve on this cylinder O

map is to apt 3 no wrapping

Dekie Vs s f Gigs snf Gifs
s

s f ZG
Sn 2 Ys t an E Is t t a 21st a

Z t an Zn's e t a Z s c Sna t

s I Ct f z
s o Ct Zn
Y 8
yo O e.io einO cosCnO isinCnOl
So as 0 goes from 0 to 22T Jo wraps
n times around the cylinder
deg to n deg 8 deg 8 D

So when n o contradiction



asswyp was wrong ie f had a root


