
 

Lecture 3

Defino A surface is a top space that Loc Looks like a piece of

paper Loa Z din

5 a a

combinatorial models
a

for surfaces
T bf b planardgm

a

a a P real projective plane

b b K Klein bottle

a
bc
a red X yaE

b

Defn A connect sum of two surfaces Xi Xz is the surf

Xs obtained as follows
1 remove disks from Xi and Xe X

X

CE
2 Glue resulting boundary comp together

tt X



we denote this by Xp X Xe

this construction is und of the disks that we

remove

Ex i T2 T2 intertube I 2 holes

iit 5 52 5

Iii X 5 X

Ito

Rink Connect sum can be realized a level of planar dgms



Ex T2 T2

b b dF d

b b d d

b b dn d
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Rink Each surf ha O of poly cytes that are
homeo to surface We call these poly structural

triangulations
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Thun Every surface admits a decoup into a poly apt

Proof

B

Defn The Euler characteristic of a poly cpx K is

X K VCH Eckl FCK

Kl vert of le

Elle edge al k

f le faces

Ex i X pt I

X E 12 12 I I

iiilxfbf.aag.is I 2 1 0

x

S2
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in X 2 I I 2

X bt b I 2 1 0

Define X X whee X surf equal to X K

when K is any poly structure homeo to X

Thin8 XCX is end of the choice of le

Proof Let K K be any two poly opt homeo to X
Ove lap le wi k to obtain a new poly cpx K

K

n

OverlapTAI
to
ED

e XCle
So to prove the claim it safe to show XCle t X le

We obtain K from K via applying the following op
in a seq



EA EFI ol

II 17

So we just need that these steps

it X LHS is L X RHS il I

new vert cancels new edge
2 same logic applies
9 divudin face cancels the new edge creation

these steps don't charge X
XCK XIN D

Thm S is not homeomorphic to T

ProofE If 5 is homeo to T then poly opt fo 5

gives a poly op for T2 w out charging U E F

2 X S2 X T 0

Contradiction original assumption must have been

wrong S F T D



9
Fact X X Xz X Ki t XCX 2

Ex i 5 5 5
X s 5 XCS c X s t 2

Z e Z Z

2

Proof Pick poly px for X X that have

tr sa
w V

b b
b

in the triangulation a

So to remove our disk from X I reap Xc we

remove the face of this bigon

Xz

rewou

disiT X.z dusk

we bigions along the boundaries to glue up X wi

Xu to get X Xz



XCX Xz
X X Xi c Xz 2

e X Xu E X ECXal 2

f X Xc f Xi I c f Xz L

f Xi F Xz 2

XCX Xz XCX x X Xa Z D

Ex
X X T2 x X T Z

O t O Z

Z

X Cfa XC exes a

Z O Z

4

Defoe A graph is planar if it can be realized as the

edges of a poly opt on a sphere



Delrio Ks graph w 5 vertices and each par or

vert is connected via unique edge

V Ks 5

E Ks to

claim Ks is not planar

Proof Spse by way of contra that Ks is plane
3 realize Ks as edges on sphere

z X 5 VCRs Elks F
5 10 t F

F 7
Notice that each faces has at least 3 edges

if not then we see bigon

W
a

V and W are corn via more than one edge
whooh doesn't occur



21 3 F E 2E 20

K opt on 5 I denote the ops before we

glued to obtain K E

ECE 2E K c AI
vF E FCK

3 FCK E E E
21 7 E E E 2E K 20

contradiction

original ass wrong ie 125 is not planar I

2.4.25 E X Cg holes z 2g
2.4.26

construct planar dgm for a intertube w g holes
O

XCX TH XCX x x z

2 2g

Coloring Them for maps

colors 1 any map on S2 4

colors E 7 t T49 24 XCX
Z


