
 
 

Lecture 9

Title More change of variables Vector fields

ection Stewart



 

emark o

J fix dx f F xiu fu du

where X u X X c a X d b

If u x U u a c u b d then

fab flu x II dx S F u du

These are equivalent We just changed the roles
of x and u

I g ft sin x cosa dx g fo ne du

U sin x du cos x dx



 

theorem Spse The v X un you v

Spse The image of S under T is R

Spf x y dA

SS F Xian you v JIT dudu

where
Xu Xu

JIT
y y

Xuyu X Yu

partial derivatives wit u v



 

Not The v X un y un x y

T x y u x y V x y u u

Fact If f ucxiyt.ve y JCT d A

Sfs flu u dudu

where

JCT
Ut Uy
Ve Uy

act JLT x un you u JCT un



 

ample compute Sfr sinly x 1 2 3 da over the region
bounded by y x y x't l y 3 x y 3 x 1

Soln Draw picture

I



 

Pick substitutions U y X V y 3 x

Find new bounds o sus 1 I E V E O

Compute Jacobian
Ux Uy

v u

2x

3
2x 3

Apply change of variables formula

u 1J T dA

ffp f x y da SS sin y x 2 3 dA

Sfs sin u du du

S fo sin u du du

cos i t I



 

example compute SS da where D is region enclosed

by x'la t y b l

Soln Draw picture

b pyare y b
I

b

fix transformation X a le y b v

Thu u are bu x y



 

So for new region
Ya't y b I u't v I

Compute Jacobian

JCT L
a 0

I ab
o b

Set up integral and solve

SS da Sf label dudu
Stfo r label drdo v rsino

ab y

I k rcoso



 

Review A vector IR is a triple a b c where a b c

are constants

Sometimes write

a b c a i t b j t c te

coeff on I x direction contribution

j y
I z

these are the components of the vectors

A vector gives a direction and a magnitude

emark vector in IR is just a vector w k component zero

I v i t V22 V V2



 

Vector algebra

Noth Let I Vina Va I w wz w be two vectors

emark8 Addition 8 T t t v Wi Vet wz Ust wa

Scaling c I C V C V2 C v3

Norm til Tig
C't
a

go
ooo

g



 

efn Dot product F To V w Vaw t vow

fact i i lil.tw cos O where O is angle between

T and W

Ftw 0 512 3 E W O

efn Cross product

x I V2 W V3 Wa V3 Wi V W3 V Wz Uz Wi

mark

Txt a b e



 

act Ftw is orthogonal to it and I

lixwl lil lol sin Ol

If I I are parallel then Ftw 8

Fact Exit txt

a x Etc a x b tax E

E 5 8 ax 5 E

a x 5 2 a c b a b c



 

Vector Fields

efn A vector field on IR is a function F that assigns
to each point x y a vector in IR

Idea to each point we associate a direction and magnitude

xample 1 Wind blowing over surface
2 Force in electromagnetic gravitational field



 

emark To each x y F x y have i component and

j component
F x y P x y T t Q x y j Pait x y

where P Q are functions on IR

sample

t t T



 

efn8 A vector field on IR is a function F that assigns
to each point x y z a vector in IR

F x y Z P x y z I Q x y z j t Retry Z

Example

F x y yi yj
o

g

g

tt i



 

xample



 

Spse C is a plane curve given by the parametric
equation X X t y y t

Often think of position as vector write

F t XIA it yet J
for this curve

x 8 C unit circle
x t cos t yet sin t

C graph of fan fix

XCEL Z yet F t

C crazier example
x t sin Zt 3 sin t y t 2 sin 37



 

efn The velocity of a parametric curve Ect is the vector

F Lt It T If It j
This is tangent to the curve

cture 8

rt t



 

1 x t cos t yet sin t

F t sin t i t cos t j
2 XCEL Z yet 7 t

F t I F t j
3 t sin Zt 3sintt y t 25in 37

F t 2 cos at 3 cos t i 6 cos Jt j



 

efn A parametric curve Flt xtttityltij is a flow line for

a vector field F if

F ret F XCH yet É CH T DELHI F t

Velocity of curve at xlt yet agrees w vector

from vector field F at x t yet

paths traced out by particles being push by
the vector field



 

I

d



 

xample F y I t x j F t cos t i t sin t j
F x t yet sin t i t cos t j

x t T t y E j
it is a flowline

in

sample F x i 2 y y Ect et i testy
F x t yet et it Letty X'Ct t y t y


