
 
 

Lecture 8

Title Change of variables in multiple integrals

ection Stewart 15.9



 

arm up compute the volume of x y over the

triangle in the xz plane w vertices
o 1 1,0 I 1

Use a triple integral w cylindrical
coordinates



 

oln8 Draw D z
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Set up integral w bounds

fo f fÉdydxdz fo fiz x dx dz etc

Draw t
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Review o

f f x dx f f xiu Iu du

where X u X X c a d b

X as a function of u

So x u c d a b transforms an interval

into another some stretching shifting
Idea Undo the chain rule
Find a better looking system of coordinates that

makes the integral easier



 

otivation Polar integrals x roos o y r sin o

If f x y da Sf FCrcoscol sin o r drdo
D

where S region in ro plane that corresponds to

D in xy plane

y

Xlr.O rios 0 it

D Ic.dersind s



 

eh A Information from the uu plane to the xy plane
is a map

TCU v x un y u u x y

Assign point in Uu plane to point in xy plane
X luv determines x coord

y un y coord

T fan w domain IR and range IR

x 8 1 Tlr O roos O r sin O x y
2 Thu u utv u v x y

3 Tcu v et env sin un x y



 



 

efn 1 If TCU v Xi y then x y is said to be

the image of the point u v

2 If no two points have the same image then T is

said to be one to one

3 If T transforms S in uu plane into R in xy plane

then R is called the image of S under T

1 Tlr O r cos O r sin O

i E E is the image of 1,514
ii T is not one to one 8 T 0,0 TCO t



 

2 Tcu u utv u v

i
Image of i i is 2,0

i T is one to one If same image 3

U Ui Ui Vi hat v2 Uz Uz

U V t Uz V2 V t U t Ve V2 V2

V V2

U U2

actual the same point

emark If T is one to one then it has an inverse

T xy plane uu plane So U x y L Vex y v



 

Ex Consider T u u u v2 2W x y
What is the image of S 0,1 o under T

Soln Determine where boundary curves go
a yo n u o x y

3 I n u I 24 x y
c I v2 o x y
d I i v2 2n x y

Solve these parametric equations toget images
a x u y o O XI 1 y o

b x W l y zu x I

etc



 

Sketch curves

iffyU

Describe region
I t X E ft o e y e 2



 

efn the derivative of a transformation

T un x UN y u u

is the matrix

DT
I

x

Yu yu

The Jacobian of T is the determinant of DT

Xu Xu
JCT

Yu yu
XuYu Xuya



 

theorem Change of variables

Let T be a c transformation w non zero Jacobian

Spse T maps S in u plane to R is xy plane

Spse T is one to one away from the boundary of S

Sfp f x y da ffsflxcu.us y un t JCT dudu

Idea Show DA Indus
stretch factor



 

example Tlr 0 roos O rsin o

DT cos O r sin o

sin O roos O

JCT roos'D t r sin O r

Sfp f x y da ffs r FCrcoscol sin o drdo



 

8 Consider X W v y Luv and evaluate

Sfry da where R is bounded the x axis

y
2 4 4x and y

2 4 4 x y 20

So n Draw picture

Y
4

4
4 4x

R

T maps
o I o into R from before

Sry da fi fi Luv 1J t dudu



 

Compute DT and JCT

Xu Xu

I 1 1
Yu Yu

JCT Yu't 4v

Plug in and solve

Sfry da f fo su v 8in dudu

8514 t I lo du
85 Y E du

8 5 411
2



 

Remark Pick transformation that will either
i Simplify integrand or

ii Simplify region of integration



 

ample Evaluate SSR exp Xy x y da where R is

trapizoid w vertices 1,0 2,01 Co 2 Co i

Soln Draw region

yet 4 0

R
y x 2

X O



 

Pick transformation U xty V X y
Thu u utu u u x y

T x y x y X y u u

Compute new region Image of R under T

X O U V it ye 2 11422

y 0 U V

x y 2 3 V 2 01 1 I 2 412

x y I V 1 Osx 12 LE WE 2
v

L

U V

y

U V

u



 

Compute Jacobian of T

JIT
I I I I I

Set up integral and solve

Sfr Fda S S I explain dudu

S E v exp ulu ti du
Si Iv exp i Evexpt it du
Ice e 1
Ice e


