
 
 

Lecture 7

Title Triple integrals in cylindrical and spherical coordinates

ection Stewart 15.7 15.8



 

arm up Spse E is bounded by y 4 x2 z and y o

Express the volume of E as 6 different

iterated integrals

Soln Draw picture

Y



 

Set up integrals
2 Fx

g4
x z

dS.a
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greedxdydz.at
f f f dx dzdyt
o ft ft

The others are similar

Fact SSSE I du volume of E



 

Cylindrical Coordinates

Defn cylindrical coordinate is a triple r O Z where

r O are polar dir in Xy plane
Z height of point above xp plane

Fact 8 Polar to Rectangular
X roos o y r sin O Z Z

Reet to Polar

r y't y tan O y x Z Z



 



 

x 1 Describe r constant cylinder
2 Z r cones

3 r 22 4 sphere



 

Triple integrals w polar coordinates

theorem Spse E x y Z x y in D and a title ZE lez x y

w D r 011 210113 and h O e r e halos

SSS F x y z du

SS Jui f x y z dz dA

JI Sii Sii r.flrcoso.rs no e dad do

Montra replace x ul roos o y Wl r sin O leave Z

du wl r dz drdo

Idea Do polar rectangle type setup 15.3 w 3 var integral



 

sample compute SSE Fey du where E lies

inside x y 1 below 2 2 X't y and above

Z 1 y't y

son

x



 

Determine bounds

1 x y I Z I 2 x't y
x y in D x y I l

Set up cylindrical integral and solve

SSSEFy.LV
J S f r dz drdo

Jj fo r er l r drdo

Sj f r 1 22 dr do

Sj fo r t 2r drdo

zit 25 o

25 It



 

Find the volume enclosed by x't y
2 1 andxamplet

ya ya 22 2

Soln Draw picture Z

J
Z I x't y L

Y't22 2
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E i

Solve for bounds

FF E Z E XE
xx in D x y El



 

Set up cylindrical integral and solve

Volume SSSE l du

Sj f f É r dz drdo

285 fo r F drdo

45 So r F dr

2 IT f f du
j
2 r u

2nd r du

25 34312 I
45 I 58



 

ample Evaluate f i SEE Sfg x y dzdydx

using cylindrical coordinates

Soln Identify E

E region between 2 2 and Z ray
over D x y 4

Set up cylindrical integral and solve
SSSe Fdu Jj'S Sir dz drdo

25 fo 2r3 r drdo

zit E 5 to
ZIT 8 37



 

Spherical coordinates

ictures

Noth p distance from the origin Otp
O

g
angle wrt x axis 02 O E zit

angle downward from positive Z axis



 

ample If C sphere of radius c

O c vertical half plane
o c cone centered along Z axis



 

Fact Spherical to polar
x p sin X cos 10

y p sin O sin O

Z y cos O

y x2 y
t z

icture

Proof SOHCAHTOA

Ex 8 X r cos O y sin O cos O p



 

Example 1 What is the Cartesian coord for 2,5 2,514

X 2 sin 5 4 cos H2 O

y 2 sin 514 Sin T2 V2
Z 2 cos 514 A



 

8 2 What is the spherical coord for 0,253 2

p FEET To 4

cos 0 Zx 112 g 2
O 8

cos O X p sin o O 0 5 2
t

y coord is pos O E



 

Fact If E Ceo 01 I aspeb as Osp cased then

SSS F x y z du

f f f p since fly sink cos 0 psinosino pcoso dpdo d4
X psi 0 cos O

y p Sino sinO

Z i p cos 0

du p since dodo do



 

x 8 Evaluate SSS exp x y 227312 du where

B unit ball x y z I x y't z e I

oln Find spherical bounds for B

B e o o l o see i

Use spherical integral formula

integral Jo Jtf p'since exp e3 dp dodo
tf since exp p 3 to dodd

ft Sj sin 4 I e 1 do do

St 25 3 e r sin o d4

e i cos a It
e i



 

Fact If E 210413 CEO Ed g 0,4 a peg 0,9

then

SSS Fox y z du

f f f since fly sink cos 0 psinosino ecoso dpdodd
gildo



 

Trample Find volume of solid above Z Tty and

below Z't x t y z

Soln Draw picture



 

Convert equation to spherical coords

p p cos 4 f cos o

p cos 4 ptsiiocosotpr.si coso

p since
S cos o sin G s 4 514

Find bounds
O p E cos o

O E O E ZI

O E O E IT 4



 

Set up integral and solve

ft fish p sin 4 do do do

2k sin lol is do

St cos o sin ol d4
y

u cosa
du sinceEff u du

do
I 64 Fk
E E

I


