
 
 

Lecture 6

title Triple integrals

ection Stewart 15.6



 

arm up Find an integral expression for the surface area

of 322 x y 36 inside of Z't x y 16

Use polar coordinates You can actual integrate

Sohn Draw a picture
z
Zt x't y

2 16

3221
2 y

36

yay 362 0

Where do these intersect
322 36 22 16 22 10

x y
2 6 r 6



 

Phrase as integral for top bottom

SA 2 Sf Mff da

where D ref

f x y 136 x2y413
Computefx.fy
Fx x

Ft
Fy y

Tx2_yz
SA fi f r.fÉs É and

36 r2

fit for r 56 367 drdo



 

Recall o f 7 x dx signed area under graph off
a Sf 7 x y da volume

SSS FA y 2 du volute

Graph of f x y z lives in IR

Want to defined this

Noth F IR IR

B x y z atx b c eyed sezet



 

etup Divide a b into subintervals Xi i Xi of width DX

c d yj i y by
s t tr c Zk AZ

Bijk Xin Xi x yin y Zen Zee

Sample Xi y ZI in Biju
DV AX Ay AZ

Ticture



 

efinition SSS 7 x y z du
him
n o EI EI Ei Fl YI ZI AV

theorem Fubini SSB F x y z du

StSods FG y z dx dy dz

The ordering of doesn't change the integral
B must be a boy not a more general region



 

ample SSS Xyz du w B o I 1,27 10,3

Soln Write as iterated integrals and solve

SSS Xyz du So S S xyz dz dy dx

So'S xyz 3 lo dy dx

J S 9 xy dy dx
So 9xy 211 dx

Jo 18 x E x dx

9 2 9 4 2 6
9 914

4 4
27 4



 

Noth Let E general bounded region
Let B box containing E

f f
x y z x y Z E EF x y z
O else

efn SSS F du SSS F du

Recall this setup from 15.2

In general computing LHS can be extremely difficult

So as in 15.2 we will consider nice types

of regions



 

efn E is of type I if

E x y in D and a x y E ZE Uz x y

So solid E lies over some D E IR and

between two graphs of two fans in x y

ample o E 01 XE 1 0 Eye 1 x y I Z E 5 2 542
E a E x Eb g x eye galt a x y E Z E halt y

E x y I 5 2x sincy I Z E 27 e



 

theorem If E is type I then

SSS F du SS fit f dz da

Cor 8 If E is above then

SSSet du S S S t dzdydx

So D is type I from 15.2

Analogous formula if D is type I



 

x Compute SSSe Z du where E is solid bounded by
X O 4 0 2 0 and Xt y 2 1

Soln Draw pictureZ

volume in this

y L X

Establish bounds

O E Z E 1 x y
O E y I l X

O E x I I



 

Set up integral and solve

SSS Z du

So f fo z dzdydx
So's E 15 dy ax

IS S i x y dy dx

IS 511 x xp o dx

I So lynx i xp dx

I i x lo
24



 

Fact Spse E ly z in Dey't plane U.ly.zlexeuzcy.tl
then 559,7 du SS Sii tax da

think of x as up direction

See type II in book for y as up direction

icture



 

xample Evaluate SSSE At du where E is bounded

by y x't Z and y 4

Soln 0 Draw picture TL
Z Z

Cgt
D

y

Find bounds

t Z E y e 4

Z x in D X z E 4



 

Set up integral and solve

SSSE FE du

Sfo Site TE du

IS ly Fez za da

JJ 4 522 x 24 da

Use polar coordinates for X and Z

D r E 2 x roost Z r sin O

integral SES r14 r r d do

25 Er É o

21T E Z
1285 15



 

In 2 E TX E Z E TX
Ty E x e Vy
O E y 4

Sffe TE du fi tf S Fez dz did

So some orders are nicer than others



 

shysical interpretation of SSE f du

otivation M o yo nd
I lIm An
X Xz

a moment X M t Xz Mz

If pos will swing clockwise on A
If neg counter clockwise on A

When Mi x Xo ma x2 Xo 0 then system
will be balanced on A

O moment Mi yo Mz yo moment m m2 Xo

Xo moment total mass

Such an Xo is the center of mess



 

Noth o E region in IR

p x y z mass per unit volume density

Jefn fffe p du mass of E wrt density y
The moments of E wit p are

Myz SSSe x p du

g
some measure of

Muz Sffe y p du tendency for E to

Mx fffe Z p du rotate about origin in IR



 

The center of mass is the point
Myz Maz Mxy
SSS edu Sss edu fffeedu

balance point

icture



 

sample Spse E is the cube 0,13 10,1 oil w

density f x y z x't y't 22
What is the center of mass

Soln Find mass

Mass So f So x y't Z dx dy dz
So'S xy xz lo dy dz
So So 3 y't z dydz
So ft y E lo dz
So 3 Z dz

I
I etc



 

Find moments

By symmetry May Mxz Myz

May So So f x xy't xz dx dydz
So'S e E lo dydz
So'S It E dydz
I t 3
7 12

Center of mass 7 12 7 12,7 12


